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FOREWORD 


The  theme  of  the  Twenty-fourth  Conference  of  Army  Mathematicians  was 
"stochastic  processes".  Four  of  the  six  invited  speakers,  listed 
below,  spoke  on  topics  related  to  this  theme.  In  recent  years  there 
has  been  a shift  of  interest  from  the  deterministic  descriptive 
processes  to  the  stochastic  processes.  This  has  been  brought  about 
by  the  need  to  explain  many  of  the  phenomena  arising  in  such  fields 
as  physics,  engineering,  biology,  and  medicine.  The  complexities 
and  uncertainties  that  appear  in  these  fields  have  forced  mathematicians 
to  make  frequent  use  of  probabilistic  concepts.  Army  scientists  are 
having  to  deal  with  stochastic  equations,  principally  those  associated 
with  ordinary  and  partial  differential  equations.  These  are  concerned 
with  such  phenomena  as  wave  propagation,  turbulence  and  diffusion  theory. 


Speaker  and  Institution 


Professor  E.  J.  McShane 
University  of  Virginia 

Professor  R.  E.  Kalman 
University  of  Florida 

Professor  Y.  K.  Lin 
University  of  Illinois 

Professor  Roger  Brockett 
Harvard  University 

Professor  Ronald  DiPerna 
Mathematics  Research  Center 
University  of  Wisconsin-Madison 

Professor  Eugene  Wong  A Martingale  Theory  of  Random 

University  of  California-  Fields 

Berkeley 

The  Twenty-fourth  Conference  of  Army  Mathematicians  was  held  31  May  - 
2 June  1978  at  Charlottesville,  Virginia.  The  U.  S.  Army  Foreign 
Science  and  Technology  Center  (AFSATC),  together  with  the  School  of 
Engineering  and  Applied  Sciences  of  the  University  of  Virginia,  served 
as  its  hosts.  Colonel  Anthony  P.  Simkus,  Commanding  Officer  of  the 
US  Army  Research  Office,  played  a key  role  in  obtaining  the  hosts  for 
this  meeting.  This  fact  is  borne  out  by  the  following  quotation  from 
a letter  by  Colonel  Claire  J.  Reeder,  Commanding  Officer  of  AFSATC. 

"I  was  pleased  to  receive  the  proposal  by  your  office  to  hold  the 


Area  of  Talk 

Choosing  a Mathematical  Model 
for  a System  Affected  by  Noise 

Nonlinear  Realization  Theory 

Stochastic  Theory  of  Rotor 
Blade  Dynamics 

Optimal  Multilinear  Estimators 
Hyperbolic  Conservation  Laws 
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24th  Conference  of  Army  Mathematicians  in  Charlottesville.  As  another 
Army  Organization  with  a scientific  and  technical  mission,  I welcome 
such  opportunities  to  interact  with  the  Army  research  community.  In 
this  case  the  University  of  Virginia  will  be  cooperating  with  us  as 
joint  host  for  the  meeting  and  will  provide  the  conference  facilities." 

This  conference  is  part  of  a continuing  program  of  Army-wide  symposia 
held  under  the  auspices  of  the  Arn\y  Mathematics  Steering  Committee  (AMSC) 
to  promote  better  communication  among  Army  scientists.  In  order  that 
this  mission  be  accomplished,  a large  number  of  individuals  must  expend 
a great  deal  of  effort.  It  is  not  possible  to  single  out  all  the  persons 
involved  in  making  the  1978  conference  such  a scientific  success,  but 
members  of  the  AMSC  would  like  to  recognize  a few  of  these  individuals 
as  well  as  certain  organizations.  First  of  all  they  would  like  to 
express  their  gratitude  to  the  University  of  Virginia  and  the  AFSATC 
for  providing  the  necessary  facilities  and  the  cordial  atmosphere  for 
this  conference.  Special  recognition  is  due  the  outstanding  arrangements 
made  possible  by  the  two  chairpersons  on  Local  Arrangements.  Mrs. 

Betty  Jane  Pruffer  who  handled,  without  a hitch,  the  administrative 
details  and  Mr.  Kent  Schlussel  who  handled  in  a similar  matter  the 
technical  problems.  Finally,  the  members  of  the  AMSC  would  like  to 
commend  both  the  invited  speakers  and  the  authors  of  contributed  papers 
for  their  excellent  presentations  and  the  valuable  contributions  of 
their  papers  to  the  field  of  science. 
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ABSTRACT . There  are  several  kinds  of  stochastic  integrals,  each  with  its 
own  calculus.  No  one  method  of  setting  up  stochastic  models  is  appropriate  for 
making  a mathematical  idealization  of  every  problem  involving  random  noises.  The 
nature  of  the  system  determines  the  integral,  or  other  limit  process,  that  is  suit- 
able for  the  mathematical  model.  Three  examples  are  presented.  In  the  first  the 
appropriate  stochastic  differential  equation  is  in  "canonical  form";  a Stratono- 
vich  equation  would  serve  as  well.  In  the  second  the  appropriate  equation  involves 
an  Ito  integral.  The  third  example  is  an  optimal  control  problem,  in  which  for 
each  control  of  a certain  special  operationally  feasible  type  the  response  satisfies 
an  equation  in  canonical  form,  and  the  control  that  can  be  called  optimal  for  con- 
tinuously acquired  information  is  a type  of  weak  limit  of  controls  of  the  special 
type. 


I.  INTRODUCTION.  Whenever  we  use  mathematics  involving  a limit  process  in 
an  experimental  situation  we  are  performing  an  idealization.  A frequently  occur- 
ring example  is  the  replacement  of  the  sum  of  a large  (but  finite)  number  of  terms 
by  an  integral  whose  value  is  acceptably  near  to  it,  the  integral  being  more  manage- 
able in  theoretical  studies  and  even  in  computation  than  a sum  of  extremely  many 
terms.  But  every  such  idealization  will  lead  us  into  error  if  pushed  too  far.  A 
fluid,  made  of  molecules,  can  be  replaced  in  theoretical  discussions  by  an  ideali- 
zation that  is  spatially  homogeneous,  and  this  is  convenient  and  adequately  accurate 
for  hydrodynamics,  but  cannot  be  used  to  draw  conclusions  about  regions  of 
molecular  dimensions.  However,  usually  the  limits  on  the  use  of  the  idealization 
are  easily  grasped,  and  the  idealization  works  so  well  that  we  get  into  the  habit 
of  thinking  that  it  ijs  the  physical  quantity,  and  not  merely  a simplified  and  not 
perfectly  accurate  model  of  it. 

When  it  became  important  to  study  systems  affected  by  random  noises,  a new 
type  of  difficulty  arose.  These  problems  often  involved  at  least  two  types  of 
idealization.  A sum  was  replaced  by  an  integral,  and  for  this  to  be  accurate  the 
time-intervals  need  to  be  short;  and  the  random  disturbance  was  replaced  by  some 
more  manageable  stochastic  process  with  nearly  the  same  finite-dimensional  dis- 
tributions, but  this  approximation  is  valid  only  if  the  time- intervals  are  long. 

It  is  not  surprising  that  deductions  that  involved  both  kinds  of  approximation 
sometimes  produced  puzzling  results.  What  I wish  to  bring  out  is  that  at  least 
some  of  these  puzzles  disappear  if  we  give  the  central  role  to  those  finitely- 
computable  quantities  that  are  within  reach  of  experiment.  We  shall  see  that 
there  is  no  universal  answer  to  such  a question  as  "what  kind  of  stochastic  inte- 
gral should  we  use  in  modeling  noisy  systems  ?"  . Different  kinds  of  systems  re- 
quire different  idealizations.  Integrals  and  different,  ’1  equations  are  merely 
tools  needed  to  make  a useful  model,  and  their  forms  should  be  dictated  by  the 
requirements  of  the  modeling  procedure. 
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II.  RAPIDLY  RESPONDING  SYSTEMS.  The  first  kind  of  system  that  we  shall 
consider  is  the  type  whose  evolution  in  time,  in  the  absence  of  noises,  is  des crib- 
able  with  high  accuracy  by  some  differential  equations.  Suppose  that  the  state 
of  the  system  can  be  specified  by  n real  numbers  x1,***,  xn,  and  that  according  to 
some  well-verified  theory,  in  the  absence  of  disturbances  these  variables  satisfy 
a system  of  differential  equations 


dx1/dt  = f 1 (t,x (t) ) 


(i  = 1, 


,n)  . 


(1) 


Now  let  the  system  be  subjected  to  r disturbances,  the  accumulated  amount  of  the 
p-th  disturbance  up  to  time  t being  zP  (t)  (p  = l,**-,r).  Then  the  intensity  of 
that  disturbance  at  time  t is  £P(t),  if  the  derivative  exists.  We  shall  assume 
that  the  system  is  simple  enough  so  that  at  each  time  t and  state  x it  responds 
linearly  to  the  disturbances,  the  sensitivity  of  xi  to  the  p-th  disturbance  being 
gxp  (t,x) . Then  the  system  will  satisfy  the  differential  equations 

r 

dxVdt  = f1(t,x(t))  + J g1  (t,x(t) ) zP(t). 

P=1  P 

These  can  be  profitably  re-written  in  the  integrated  form 

rt  r ft 

x (t)  = x1  (a)  + f 1 (t ,x (t) ) dr  + l 


if  the  z are  of  bounded  variation. 


P=1  1 a 


g1p  (t,x(t) ) dzp (t) , 


(2) 


To  avoid  unessential  difficulties  we  shall  assume  that  the  f1  and  g1  are 
three  times  continuously  differentiable.  In  any  specific  system  there  will 
usually  be  some  physically  imposed  bound  L on  the  absolute  values  of  the  difference 
quotients  of  the  noises,  so  that 


I zp  (t)  - zP  (s) 


< L(t-s)  (a<s<t<b) ; 


(3) 


disturbances  that  do  not  satisfy  (3)  will  either  be  impossible  or  will  wreck  the 
system.  So  we  shall  assume  that  all  physically  realizable  zP  satisfy  (3)  with 
some  constant  L.  Also,  the  physically  attainable  values  of  the  x1  will  be  bounded. 
Beyond  that  bound  we  can  change  the  f1  and  glp  arbitrarily  without  affecting  any 
realizable  solution,  so  we  can  and  shall  assume  that  the  fi  and  gi  and  all  their 
partial  derivatives  of  first,  second  and  third  orders  are  bounded. 


The  integrals  in  (2)  are  Stieltjes  integrals,  and  can  be  defined  in  any  of 
several  ways  which  for  Lipschitzian  z are  all  equivalent.  We  choose  this  defini- 
tion. Let  6 be  positive,  and  let  f and  z be  real-valued  on  an  interval  [a',b'] 
that  contains  la,b] . A "6-fine  partition"  P of  [a,b]  is  defined  to  be  a finite 


set 


(W 


,t 


V 


'V 


of  real  numbers  such  that 


and 


fco  = 


< t <• • •<  t = b 
- 1 - - q 


(4) 


for  j = 1 , • • • ,q,  t.  is  in  [a',b’]  and  t.  - 6 < t.  , < t <t.+6. 

J 3 3-1-33 

The  "partition-sum"  corresponding  to  P has  the  familiar  form 

S(P;  f,z)  = ? f(T  )[z(t  ) - z(t  )]. 

j=l  3 3 3~ 


(5) 


(6) 
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If  there  is  a number  J such  that  to  each  positive  e there  corresponds  a positive 
6 for  which 

| S (P;  f,z)  - J|  < e (7) 

whenever  P is  a 6-fine  partition  of  [a,b] , we  define 

[ f(t)  dz (t)  = J. 

' a 

When  z is  continuously  differentiable  this  can  easily  be  shown  to  be  equivalent  to 
the  ordinary  Riemann  integral  of  fz  from  a to  b.  In  particular,  when  z(t)  = t it 
coincides  with  the  Riemann  integral  of  f. 

1 r 

Corresponding  to  any  one  accurately-known  disturbance  z = (z  , •••,z  ) that 
satisfies  the  Lipschitz  condition  (3)  the  response  of  the  system  is  given  by  (2) , 
with  a credibility  as  good  as  that  of  the  physical  theory  underlying  the  theory 
of  the  system.  But  we  seldom  are  much  interested  in  the  response  to  any  one  parti- 
cular disturbance.  Usually  we  have  some  sort  of  estimate  for  the  joint  distribu- 
tion of  the  values  of  the  zP  (t)  at  certain  finite  subsets 


a < t < — < t = b 

i q 


(8) 


of  values  of  t,  and  we  wish  to  find  out  something  about  the  distribution  of  the 
end-values  xMb)  produced  by  these  disturbances.  The  actual  noise-functions  will 
be  members  of  some  class  of  functions  on  [a,b] , and  there  is  a probability-measure 
P defined  on  a o-algebra  of  subsets  of  that  class  of  functions.  But  usually  the 
stochastic  process  thus  defined  is  neither  accurately  known  nor  mathematically 
tractable.  We  wish  to  replace  it  by  an  idealization  in  which  there  is  a probabil- 
ity P assigned  to  the  sets  that  belong  to  a o-algebra  of  subsets  of  another  class 
of  functions  on  [a,b];  the  members  of  this  new  class  we  shall  denote  by  z.  This 
idealization  should  be  manageable  by  some  definable  mathematical  procedures,  and 
should  produce  end-values  (b)  with  nearly  the  same  distribution  as  that  of  the 
xi (b) . For  instance,  suppose  that  the  increment  zP (t)  - zP (s)  is  the  sum  of  small 
independent  disturbances  occurring  in  the  interval  [s,t] , and  that  these  small 
disturbances  have  a uniform  distribution  in  time.  By  the  central  limit  theorem, 
if  the  time-interval  [s,t]  is  long  enough  to  include  many  of  these  small  distur- 
bances the  increment  zP (t)  - zP(s)  will  have  a distribution  that  is  nearly  normal, 
with  variance  proportional  to  t - s.  In  other  examples  too  we  shall  meet  the 
phenomenon  that  the  replacement  of  the  actual  process  z by  an  idealization  can  be 
made  with  acceptable  accuracy  if  we  use  only  finite-dimensional  distributions 
corresponding  to  sufficiently  widely  spaced  times  to»'*',tq,  but  not  if  the  inter- 
vals [t.  ^,t_.]  are  short.  This  implies  that  such  essential  information  as  the 

value  of  x1 (b)  should  be  estimated  by  procedures  that  provide  acceptably  close 
approximations  even  when  the  intervals  [tj_i,tj]  are  not  very  short. 

Suppose  then  that  we  wish  to  estimate  the  solution  to  (2)  using  only  the 
values  of  the  zP(t)  at  times 


t„  = a < t,  <• • •<  t =b. 

0 1 q 

The  values  of  x1(t)  on  each  [t.  ,t.)  satisfy 

ft  3 r ft  . 

x1(t)  - xx(t.  ) » f1(T,x(T))dt  + £ g1  (t, 

3 , p-1  Jt4  , P 


x (t ) ) dz  (t)  . 


j-1 


j-1 


(9) 


(10) 
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As  a first  approximation  (Euler's)  to  x(t)  we  can  replace  the  integrands  in  (10) 
by  their  values  at  tj_j.,  computing  the  estimates  Xj^i  ( tj ) for  the  xMt.)  by  succes- 
sive applications  of  the  formula  3 


V(t)  " x11(tj-i)  = fr1(tj.i'x1(tH,)(t-tJ.i) 

+ l g1  (t._1*x  (t._  ))  (zp(t)  - zp(t  )).  (ID 

p=l  V 3 3 D 

But  this  is  a poor  approximation  for  xx(tj)  unless  the  intervals  [tj_^,tj)  are 
very  short.  There  is  a well-known  improvement  on  this  procedure  (the  "modified 
Euler"  method)  that  for  equations  (1)  yields  better  results.  We  shall  extend  this 
method  to  equations  (2)  to  obtain  a better  approximation  X2,  thus.  Having  computed 
x2(fcj-l)'  we  obtain  a first  approximation  y(tj)  to  X2(tj)  by  (11): 


y1 (t . ) = x ( t ) + fX(t.  ,x  (t.  ))  A .t 

3 2]-l  r 3-1  2 3-1  3 


+ ^ %(tj-l'X2(tj-l))  A- 

p=l  J J 


z, 


where  we  have  written 


(12) 


A . t = t . - t . , , A . zP 
J 1 3-1  3 


zP (tj ) 


zP(tj_l). 


(13) 


Now  we  form  a better  estimate  for  the  right  member  of  (10)  by  replacing  the  inte- 
grands by  the  average  of  their  values  at  (t j_i ,X2  (t j^) ) and  at  (tj,y(tj)).  This 
yields 


1(t  ) - x 1(t.  ) = ~ [f1(t.  , ,x  (t. 


3-1 


3-1  2 j-1 


))  + f (t.,y(t.))]  A .t 


+Ip51[glp(t3-l'X2(tj-l,)  +glp(t3'y(t3>)]  A j"'  • 


We  can  simplify  this  by  applying  the  theorem  of  the  mean  to  the  terms  involving 
y(tj)  and  discarding  all  terms  with  three  or  more  factors  from  the  list  (13);  these 
tends  to  0 with  max  (tj-tj_i)  for  all  disturbances  that  we  shall  consider.  The  re- 
sulting approximation  X3,  differing  little  from  X2 , satisfies 


x,  (t.)  - x (t  ) = f A .t  + i OfVat)  ( A .t)2 

3 3 n 3 . 2 3 r . 

+ ^ ^ OfVa*  ) (f  A .t  + l g1  A ,zp)  A .t 

2 k=l  3 p=l  p 3 3 

+ l g1  A zP  + J l Og1  /3t)  A .t  A ,ZP 
P=1  P 3 p=l  P 33 

1 r n i k k r • 

+ 2 l I (3g  n/3x  } (f  A + I gln  A -iZ°>  A -izP  ' (14) 

p=l  k=l  3 0=1  3 3 

wherein  the  fi,  g1  and  their  partial  derivatives  are  all  evaluated  at 
(tj_i,X3 (t j_^) ) . It  is  well  known  that  if  all  zP  are  0,  this  is  a much  better 
approximation  to  the  solution  x of  the  differential  equation  (1)  than  x^  is.  It 
can  also  be  shown,  more  tediously,  that  this  remains  true  when  there  is  just  one 
noise  (r  = 1) . When  r > 1,  X3  is  sometimes  but  not  always  a great  improvement 
over  x-^,  depending  on  the  properties  of  the  gLp  . For  brevity,  we  suppress  de- 
tails. But  in  all  such  cases,  including  the  important  case  r = 1,  we  can  obtain 
a required  accuracy  of  approximation  to  x by  using  (14)  with  longer  intervals 
[tj.^.tj]  than  the  Euler  approximation  demands. 
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The  second  stage  of  idealization  is  to  interpret  the  zP(tj)  as  the  values  at 
the  tj  of  a function  zP  of  the  idealized  process,  with  the  probability  measure  P. 
For  each  particular  set  of  values  zP(tj)  this  requires  nothing  more  than  replacing 
each  symbol  zP(tj)  by  zP(tj),  which  has  the  same  values;  but  for  computing  expecta- 
tions of  functions  of  the  xi3(b)  with  the  idealized  process  we  must  use  the  pro- 
bability measure  P,  and  the  tilde  over  the  z reminds  us  to  do  this.  For  the  same 
reason  we  shall  write  XjMb)  for  the  estimate  of  the  end-values  of  x*-  as  computed 
by  (14),  with  zP  in  place  of  zP. 


Ir.  a certain  sense  we  are  now  finished;  (14)  gives  us  an  approximation 
x3-Mb)  for  x*(b),  with  a distribution  computable  by  (14)  from  the  probability 
measure  P.  But  this  k3Mb)  is  a finite  sum,  and  as  usual  finite  sums  are  harder 
to  work  with  than  integrals.  If  we  add  equations  (14)  for  j *»  l,--*,q,  in  the 
right  member  we  obtain  several  types  of  sums.  The  first  is  of  the  form 


^(t._1)  At, 


j i 

where  for  notational  simplicity  we  have  written  0(t.  ) for  f (t j_3 ,x3  (t j_^) ) . 

Cauchy  defined  the  integral  of  ^ to  be  the  limit  of^such  sums  as  max  (tj-tj_j) 
tends  to  0.  But  except  for  continuous  functions  this  definition  proved  itself 
hard  to  work  with.  Riemann's  definition  is  technically  much  superior;  it  is  equi- 
valent to  defining  dt  as  the  limit  of  partition-sums  (6)  (with  in  place  of 
f)  for  6- fine  partitions  P as  6 tends  to  0.  Thus  sums  (15)  will  tend  to  the  ordin- 
ary Riemann  integral  of  # as  & tends  to  0. 


Another  of  the  sums  is  of  the  form 


l *(t.  ) A ,zK  ; (16) 

j=l  3‘A  3 

and  this  is  not  so  tractable.  Fortunately,  we  do  not  need  to  know  that  the  sum 
(16)  tends  to  a limit  for  every  function  2P . It  is  enough  to  know  that  (16)  con- 
verges in  probability  (with  measure  P) , and  that  this  happens  for  all  processes  in 
a class  large  enough  to  include  all  those  that  we  have  any  interest  in  using,  in 
particular  for  Wiener  processes  and  for  processes  that  satisfy  the  Lipschitz  con- 
dition (3).  Such  a class  can  be  described  as  follows: 


(fi,A,P)  is  a probability  triple,  and  z a function  on  fa,b]  x fi; 

, . (17] 

{ : a _<  s b}  is  an  increasing  family  of  o-subalgebras  of  A; 

for  each  t in  [a,b]  , the  function  up  z(t,io)  is  Fs-measurable; 

there  exists  a real  number  K such  that  if  a < s < t < b,  almost  surely 

| E (z  (t)  - z(s)|Fs)|  £K(t-s), 

E([z(t)  - z(s)]2(F  ) < K(t-s), 
s — 

E([z(t)  - z(s)]4|F  ) < K(t-s). 

s — 

Now  if  the  random  variable  w H-  eS(t,w)  is  Ft-measurable  for  each  t in  [a,b] , 
and  is  bounded  and  almost  everywhere  continuous  in  mean  of  order  2,  it  can  be 
shown  that  the  sums  (16)  will  converge  in  probability  to  a random  variable.  But 
as  in  the  case  of  the  Cauchy  integral  this  is  technically  an  inconvenient  defini- 
tion for  an  integral.  Naturally  we  attempt  to  repeat  what  we  did  with  the  sums 
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(15)  and  seek  a limit  for  sums 


l izf(x.)  A . 2P  (18) 

j=l  3 3 

for  all  6-fine  partitions  as  o tends  to  0.  But  this  limit  is  easily  shown  not  to 
exist  even  for  some  very  simple  0 and  zp.  Fortunately,  only  a small  modification 
is  needed  to  ensure  that  the  limit  in  probability  exists.  Instead  of  using  the 
6-fine  partitions  defined  in  (4)  and  (5) , we  define  a 6-fine  belated  partition  to 
be  a finite  set  (tg, t^, • • • , tq,  t ^ , • • • , Tq)  such  that 

t = a < t <••.<  t = b (19) 

0 - 1 — - q 

and 


for  j = 1, 


q_.  is  in  the  interval  [a'.b'j 


(that  contains  [a,b]) 


and 


T . <t.  , <t.  < T . 

3 - 3-1  - 3 3 


(20) 


Now,  if  0 is  bounded  and  almost  everywhere  continuous  in  second-order  mean  and  is 
Ft-measurable  for  each  t,  the  sums  (16)  for  6-fine  belated  partitions  will  converge 
in  probability  to  a limit  as  6 tends  to  0.  This  limit  we  call  the  "belated 
integral" 

rb 

0(t)  dzP (t) . 


Still  another  of  the  sums  is  of  the  form 


j=l 


A zp  A z° 
3 3 


If  we  replace  tj_^  by  ij,  where  the  Tj  satisfy  (20),  the  sum  becomes  the  parti- 
tion-sum corresponding  to  a belated  partition,  and  it  can  be  shown  that  if  & is 
bounded  and  almost  everywhere  continuous  in  mean  of  first  order  the  partition- 
sum  will  converge  in  probability  to  a random  variable  as  6 tends  to  0.  This 
limit  is  called  the  second-order  belated  integral  of  0 with  respect  to  d2  and 
dzP,  and  is  denoted  by 

fb 

D 0 

0(t)  dz  dz  . 

There  are  two  other  kinds  of  sums  in  the  expression  obtained  by  adding  the 
right  members  of  (14).  One  has  factors  ( Ajt)^,  the  other  has  factors 
A jt  AjzP.  Both  these  sums  tend  to  0 in  probability  as  6 tends  to  0. 


Now  all  the  integrals  in  the  equation 


x1 (t)  = x1 (a)  + 


fX(x,x(x))  dT  + l 

a p=l 


ft 


+ ~ l 

2 p,o=l 


n 


g1  (x  ,x(t)  ) dzP(x) 
_ P 


{ £ Og1  (t,x(t))/3x  ) g (t  ,x  (x) ) }d2  (x)  d2  (x)  (21) 
a k=l  P 


have  meanings  as  Riemann  or  belated  integrals.  It  does  not  follow  instantly  that 
the  equations  have  solutions,  nor  that  the  X3i(tj)  computed  by  (14)  are  good 
approximations  to  this  solution  (or,  rather,  than  the  solution  of  (21)  is  a good 


approximation  to  the  xjttj),  which  are  closer  to  physically  significant  quantities) 
when  the  partitioning  is  fine.  This  demands  that  a whole  integral  calculus  be 
developed  for  the  belated  integrals,  and  also  a theory  of  differential  equations 
including  equations  (21) . This  is  clearly  not  a task  to  be  carried  through  in  a 
few  minutes,  but  it  has  been  performed,  and  the  results  are  available  (1) . Since 
the  definitions  of  the  integrals  so  closely  resemble  that  of  the  Riemann  integral, 
it  is  not  surprising  that  the  calculus  of  belated  integrals  closely  resembles  that 
of  the  Riemann  integral,  and  in  fact  includes  it  (since  the  case  of  a "stochastic 
process”  in  which  one  single  z has  probability  1 is  merely  the  deterministic  case) . 


Equations  (21)  are  said  to  be  "in  canonical  form",  and  the  integrand  in  the 
last  integral  is  abbreviated  to 


? i k,  k 

l (3g  „/3x  )g 

k=l  P 


o 


Such  equations  have  a large  number  of  useful  properties  not  shared  by  other  equat- 
ions involving  stochastic  integrals;  we  do  not  have  time  even  to  list  those  pro- 
perties. For  our  present  purposes,  the  crucial  point  is  that  when  r = 1,  or  more 
generally  when 

g1  „ = g1  (i=l, • • • ,n;  p ,o = 1, • • • ,r)  , 

P,o  o,p 

the  approximations  x33  to  the  solution  of  (2)  with  Lipschitzian  noises,  and  the 
similar  approximations  X3  to  the  solutions  of  equations  (21)  with  noises  2p  that 
satisfy  (17),  converge  rapidly  to  the  solution  of  the  differential  equations, 
hence  that  the  solutions  of  the  differential  equations  are  acceptably  close  to 
X3  and  X3  when  the  intervals  (tj_^,tj]  are  long  enough  so  that  the  distribution 
of  (zt3  (tg)  , ‘ ' ,zp  (tq) ) is  well  approximated  by  that  of  (2P  (tg)  , • • • , 2p  (tq) ) . 


III.  SLOWLY  RESPONDING  SYSTEMS.  Having  made  all  these  complimentary  (or 
self-gratulatory)  remarks  about  the  canonical  form  of  stochastic  differential 
equations,  we  now  shall  look  at  an  example  in  which  the  canonical  form  is  inappro- 
priate. A good  example  of  this  type  is  furnished  by  the  stock  market,  as 
discussed  by  Barrett  and  Wright  (2).  Here  the  disturbances  are  sales  of  securities, 
and  the  state  variables  x3  are  indices  that  specify  the  state  of  the  market.  Since 
each  zp  is  the  total  of  sales  of  something  up  to  time  t,  it  is  constant  between 
jumps,  and  an  integral  with  respect  to  zp  is  in  fact  a finite  sum.  A change  in  z 
produces  a change  in  the  x3,  but  there  is  a delay  t*  in  publicizing  this  change  in 
the  x3.  So  the  sensitivity  g3  of  x3  to  change  in  z is  a function  of  the  values  of 
the  x3  at  the  time  t - t*.  Thus  the  xi,  instead  of  satisfying  a differential  equa- 
tion (2) , will  satisfy  an  equation  of  the  form 


<i(t)  = x1 (a)  + f fi(x-t*,  x (t— 

' A 


a 
r 

- I 

p=i 


t*))  dt 


(T  . 

g1  (x-t*,  x(i-t*))  dzP  (t ) . 
o P 


(22) 


To  estimate  this  by  a finite  sum  we  first  subdivide  [a,b]  by  points  tg  = a < tj_  < 
•••<  tq  = b with  all  tj  - t j_3  less  than  t*.  We  again  use  the  modified  Euler 
method,  replacing  each J integrand  in  (22)  by  the  arithemetic  mean  of  its  values  at 
1 = tj  - t*  and  at  t = tj  - t*.  Then  the  right  member  of  (22)  is  approximately 


*‘u)  .i  ? £f 


+ 2 i f (t.^-t*,  x(tj_1-t*))  A .t 

+ T I f1 (t .-t*,  x(t  -t*) ) A .t 
2 j-1  3 3 3 

q r 

+ ~ t ).  g1  ,-t*.  x(t  -t*))A  s 
j=i  p-i  p 3 3_i  3 

• q r 

+T  I y q1  (t.-t*.  X(t  -t*) ) A 2P. 

2 j-1  P=1  p 3 3 3 


But  the  sot  of  numbers 

(t  ,t  .---.t  , t ,-t*)  (24) 

0 1 q 0 q-1 

is  a belated  partition  of  la,b],  and  so  is  the  set 

W-'-'V  Vt*..-.,tq-t*).  (25) 

The  first  and  third  sums  in  (23)  are  partition-sums  corresponding  to  the  belated 
partition  (24) , and  the  second  and  fourth  are  partition-sums  corresponding  to  the 
belated  partition  (25).  So  if  t*  is  small  (23)  is  a good  approximation  to 
i rb  r <b  . 

x"(a)  + fl(t-t*,  x(i  — t*) ) dt  + y g1  (T-t*.  x(x-t*))  dzP(r).  (2b) 

a p=l  ' a 

No  second-order  integrals  are  needed.  Moreover,  if  t*  is  small  the  quantity  (26) 
will  be  near  the  value  at  b of  the  solution  x of  the  equation 

i i ft  • r /t 

xX(t)  = x (a)  + fl(t,  x (t ) ) dt  + }'  g1  (t,  x(t))  dzp(i).  (27) 

*■'  D 

1 a p=l  'a 

The  last  integral  is  a first-order  belated  or  Ito  integral.  The  delay  t*  makes 
the  model  different  from  the  first  example  by  the  absence  of  second-order  integrals. 

IV.  STOCHASTIC  OPTIMAL  CONTROL.  For  a final  and  most  complicated  example 
we  consider  a problem  in  stochastic  optimal  control.  We  suppose  that  functions  fi 
and  g1  are  defined  for  all  (t.x3-,  • • • ,xn)  and  all  u in  a set  U in  a finite-dimen- 
sional space.  If  the  z are  Lipschitzian  functions,  satisfying  (3),  and  t H u(t) 
is  a sufficiently  well-behaved  function  with  values  in  U,  the  equations 

xMt)  = xL(a)  + f f1(T,  x ( t ) , u (t  ) ) dt 
' a 

r rt  i 

+ J.  g1  (t,  x (t  ) , u(t))  dzP  (t)  (2fl) 

p«l  > a p 

will  be  solvable  on  (a,b) . We  wish  to  choose  a function  u,  depending  on  t and  on 
available  information  about  x(t),  for  which  a certain  cost  function  C(x(b))  will 
have  the  smallest  expectation  among  all  such  functions  u.  Even  in  the  absence  of 
noises,  non-linear  control  problems  are  very  difficult,  and  stochastic  control 
problems  cannot  be  any  easier.  However,  by  ill-advised  idealization  we  can  make 
the  problem  much  more  difficult,  and  even  obscure  its  very  meaning.  The  purpose 
of  an  idealization  is  to  replace  the  problem  by  a more  tractable  substitute.  If 
our  idealization  makes  things  harder,  it  is  a failure  and  should  be  replaced  by 


something  better. 

In  (28)  it  is  tempting  to  replace  u by  u(t,x(t)),  where  u(t,x)  has  values  in 
U.  But  this  is  unrealistic.  It  would  assume  a knowledge  of  x(t)  for  every  t in 
[a,b] , which  would  involve  knowing  infinitely  many  bits  of  information.  We  are 
closer  to  reality  if  we  assume  that  information  about  x(t)  is  acquired  at  the 
times  tj  in  a set  FI  = {to»-,-itq}.  If  at  each  time  t we  know  the  values  of  x(tj) 
at  those  times  ti  in  II  such  that  a < tj  < t,  then  on  the  interval  (tj-i,tj]  we  ac- 
quire no  more  information  about  x.  WeJehoose  a function  u on  (tj«]_,tjj  which 
depends  on  the  known  values  x(t0, ) , • • • ,x(t j_^)  but  not  on  other  values  of  x.  For 
each  such  choice  cf  a function  u equations  (28)  are  of  the  same  type  as  equations 
(2) . If  we  wish  to  idealize  the  noise-system  by  replacing  the  zp  by  some  other 
processes  satisfying  conditions  (17),  as  before  we  re-write  the  differential  equa- 
tions in  canonical  form.  The  problem  now  becomes  a succession  of  "open-loop" 
problems.  Such  problems  have  been  discussed  by  V.  M.  Warfield  (3)  under  the 
assumption  that  the  increments  of  the  zpin  different  intervals  [tj_i,tj]  are  inde- 
pendent. Let  Cq  be  the  function  we  called  C,  so  that  the  expectation  of  the  cost 
is  the  expectation  of  Cq(x(tq))  = Cq(x(b)).  To  each  point  x = (x1 , • • • , xn)  in 
n-space  there  corresponds  a function  u on  (tq_^,tq]  that  minimizes  the  expectation 
of  Cq(x(tq))  under  the  condition  that  x(tq_i)  = x.  This  minimum  value  of  the 
expected  cost  is  a function  of  x,  which  we  call  Cq_^(x) . For  each  point  x in 
n-space  there  is  a function  u on  ltq-2'tq-il  that  minimizes  the  expectation  of 
Cq_2 (x ( tq_i> ) under  the  condition  x(tq_2>  = x.  Continuing  backwards,  u is  deter- 
mined on  each  interval  (tj_^,tj]  as  a function  of  t and  x(tj_^). 

The  action  of  the  disturbances  zp  has  now  been  idealized  from  a finite-sum 
procedure  to  an  integral.  But  we  are  still  left  with  a finite  step-process,  de- 
pending on  the  points  in  the  set  IT  of  times  of  acquiring  information.  It  is  a 
reasonable  conjecture,  verifiable  in  at  least  one  example,  that  this  finite  step 
process  can  profitably  be  replaced  by  something  in  the  nature  of  its  limit  as  the 
length  of  the  longest  interval  [tj_j_*tj]  tends  to  0,  just  as  finite  partition-sums 
can  profitably  be  replaced  by  the  integrals  to  which  they  converge.  When  this  is 
possible,  it  is  that  limit  that  we  shall  accept  as  the  idealization  of  the  physi- 
cally unattainable  concept  of  "optimal  control  in  the  presence  of  continuously 
acquired  information". 

Let  X be  the  class  of  continuous  functions  (xl(t) , • • • ,xn(t) ) on  [a,b] , and 
let  1/  be  the  class  of  functions  (t,x(*))  u(t,x(*))  with  values  in  U defined  for 

t in  [a,b]  and  for  x(-)  a function  belonging  to  the  class  X,  and  almost  everywhere 
continuous  in  t for  fixed  choice  of  x(  To  each  set  II  = {tg,--*,tq}  with  to 

= a < ti  <...<  tq  = b there  corresponds  a subset  (/pj  of  \)  consisting  of  those  u 
which  on  each  interval  (tj_j_,tj]  depend  only  t and  x(tj_q) . If  the  zp  satisfy 
(17),  and  in  (28)  we  replace  u(x)  by  u(x,x(-))  any  member  u(t,x(-))  of  Vfl, 
equations  (28)  will  have  a solution,  and  the  expectation  of  C(x(b))  for  that  solu- 
tion will  be  a real-valued  function  on  Vjj.  Let  its  greatest  lower  bound  be  denoted 
by  w (II)  . This  is  then  the  greatest  lower  bound  of  the  expected  cost  when  the 
choice  of  control  at  time  t is  based  only  on  knowledge  of  the  values  of  the  xMt) 
at  times  to»***«tj_i  in  H preceding  t.  It  may  happen  that  there  is  a function 
(t,x)  t>  u*(t,x),  defined  for  all  t in  [a,bj  and  all  real  xl,-**,xn  and  with  values 
in  U,  such  that  if  for  each  set  II  we  choose 

u(t,x(-))  = u*(t,x(t^._^) ) ^j-i  < * i * (29) 

the  solution  of  (28)  with  this  control  will  be  nearly  optimal,  in  the  sense  that 


for  each  positive  r there  is  a positive  6 such  that  whenever  IT  is  a set  with  max 
(tj-tj_^)  < 6,  the  solution  of  (28)  with  control  (29)  will  give  an  expected  cost 
less  than  p ( IT)  + e.  In  this  case  u*  will  idealize  the  concept  of  "optimal  con- 
trol in  the  presence  of  continuously  acquired  information".  It  does  not  really 
demand  knowledge  of  x(t)  for  all  t,  any  more  than  the  definition  of  the  integral 
requires  that  all  intervals  [tj_jftj]  have  length  0.  Instead,  it  is  a limit  of 
quantities  each  based  on  a finite  set,  and  thus  conceivably  attainable. 

I am  not  aware  of  any  published  attempt  to  carry  out  this  program  in  any 
specific  example,  and  it  remains  pure  conjecture  that  it  would  be  helpful  in  any 
complicated  situation.  However,  in  one  simple  example  it  can  be  carried  through 
in  detail,  and  it  clarifies  a problem  whose  meaning  (let  alone  its  solution)  is 
not  easily  comprehended  otherwise. 

Let  U be  the  interval  [-1,1],  and  let  z be  a process  that  satisfies  (17)  and 
has  increments  z(t)  - z(s)  (0  s < t < 1)  that  are  symmetrically  distributed  about 
0 and  are  independent  over  disjoint  intervals.  The  state  variable  x satisfies 

ft 


x ( t ) 


x (0) 


udt  + f dz  ( t ) . (30) 

'0  -*0 

We  seek  to  minimize  the  expectation  of  x(l)2.  It  is  easy  to  conjecture  a rule  for 
minimizing  that  expectation;  the  rule  is  "at  all  times  t at  which  x(t)  >0,  choose 
u(t)  = -1;  at  all  times  t at  which  x(t)  < 0,  choose  u(t)  = +1".  But  if  z is  a 
Wiener  process,  if  it  vanishes  at  time  t1  it  will  change  sign  infinitely  often  in 
every  open  interval  that  contains  t'.  We  cannot  even  solve  equations  (28);  and  if 
we  could,  the  requirement  to  change  u from  -1  to  +1  and  back  again  infinitely  often 
in.  a nanosecond  cannot  be  met.  Moreover,  we  would  need  to  know  the  exact  value  of 
x(t)  at  all  times  t in  [a,b] , which  again  asks  us  to  know  infinitely  many  bits.  In- 
stead of  this  conjecture,  we  need  a solution  that  can  be  applied  when  x(t)  is  known 
at  the  times  t in  a finite  set  FI  = {to»***»tq},  and  that  gives  nearly  the  least 
possible  value  to  E(x(b)2)  when  the  intervals  [tj_i,tj]  are  all  short. 

If  for  t in  [0,1]  we  know  the  values  of  x(tj)  at  all  times  tj  in  H that 
are  not  later  than  t,  the  choice  of  x(t)  on  interval  [tj.j_,tj]  is  to  be  made  on 
the  basis  of  that  information.  That  is,  the  permitted  controls  have  values  on 
[tj_i,tj]  thi t depend  on  t and  on  x(tg) , • • • ,x(tj_^)  only.  Among  all  such  functions 
the  optimal  function  u^  can  be  specifically  determined.  Let  tj 


min  (tjftj-i  + |x(tj_i)|}.  On  [tj_^,tj)  choose 


un(t) 


+1  if  x(tj_^) 


0, 


= -1  if  xft..^)  > 0; 

on  [tj,tj)  choose  Up|(t)  = 0.  Corresponding  to  this  u equation  (28)  has  a solution 
which  we  call  Xjj,  and  we  can  show  that  E(Xjj(b)2)  is  the  least  value  of  the  expec- 
ted cost  for  all  permitted  controls. 


Now  let  us  define 


u*(t,x)  = 1 (x  < 0) 

= o (x  = 0) 

= -1  (x  > 0) 


(31) 


II 


xi  i 


If  for  each  n = {t0,-*-,tq}  we  use  the  control  which  on  [tj_1(tj)  is  constantly 
equal  to  u* (tj_i,x(t j_^) ) , we  obtain  a solution  x*  of  equation  (28)  such  that  the 


expectation  of  x*(b)2  is  not  exactly  equal  to  the  optimal  value  E(xjj(b)2)  given  by 
the  optimal  control  ujj.  But  the  amount  by  which  E(x*(b)2)  exceeds  the  least  pos- 
sible value  E(xjj(b)2)  tends  to  0 with  max  (tj-tj_j) . The  application  of  u*  to  any 
II  is  the  simple  "bang  bang”  rule:  whenever  you  find  the  value  of  x(tj_^)  for  some 
time  tj_j,  set  u at  +1  if  x(tj_^)  < 0 and  at  -1  if  x(tj_^)  > 0,  and  leave  u at 
that  value  until  the  next  determination  of  x comes  in.  If  information  about  x(t) 
comes  in  frequently,  the  result  will  be  nearly  the  best  possible. 

Similar  considerations  should  apply  to  other  problems,  but  while  the  concep- 
tual troubles  are  thereby  resolved,  the  computational  troubles  remain  with  us. 
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ABSTRACT 

A problem  of  some  interest  in  the  understanding  of  fire  control 
systems  is  the  following  pure  prediction  problem. 

Given  the  class  of  target  trajectories  X_  for  which 
-B 
-B 

and  the  class  of  predictors  P which  satisfy  the  causal  principle,  find 


/■» 

r" 

X 


(t)]2dt  = a2  where  xG  X 


and 


where 


sup  inf  „ 
el~xGX  p £ P 


inf  sup_ 
:2=pGP  x e X 


e2  = 


28  J- B 


[x(t  +T)  - y(t  + T) ] dt 


and  y(t  + T)  is  the  predicted  value  of  x(t  + T)  based  on  values  of  x(t  - t) 
with  t > 0. 


It  is  shown  that 


-1  - e2 


for  general  N.  For  the  particular  value  of  N = 2 which  corresponds  to  a 
limited  acceleration  for  the  target,  we  have 


el  = E2  = * 0.569[isaT2] 
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precsqing  pjujs  m m 


where  X is  determined  from  the  solution  of  an  eigenvalue  problem  for  a 
fourth-order  differential  equation. 

The  prediction  algorithm  p^  for  which 


e,  = e (x  ,p  ) 

1 v a ra 

is  a linear  operator  and  the  optimal  subclass  of  maneuvers  x is  based  on 
a second-order  correlation  function 


/•  CO 

E[x(t)x(t  + 1)]  = / a (s)a  (s  + r)ds . 


For  the  particular  case  of  N = 2 we  have 

_ a I"  cosh  X (s  - T/2)  sinX(s-T/2)l 
alSJ  L cosh (XT/2)  ' sin  XT/2  J 


for 


0 < s < T 


and 


ot(s)  = 0 otherwise. 

No  restrictions  were  placed  on  and  P other  than  those  stated  above 
(i.e.,  X was  not  restricted  to  stationary  processes  and  P was  not 
restricted  to  linear  operators). 

It  is  further  shown  that  the  strategies  given  above  are  good  approxi- 
mations for  the  more  general  analysis  in  which  hit  probability  is  the 
performance  measure.  This  is  the  case  at  least  for  "first  cut"  analyses. 

Bounds  such  as  this  help  avoid  the  expenditure  of  resources  to 
achieve  the  impossible  or  to  achieve  marginally  small  improvements  in 
fire  control  design. 
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INTRODUCTION 


1 . 

The  goal  of  this  paper  is  to  give  some  insights  into  how  well  a 
fire  control  system  can  be  expected  to  perform  with  noiseless  informa- 
tion and  how  well  a target  can  avoid  being  hit  with  limits  on  its  abil- 
ity to  maneuver.  Such  a goal  is  very  ambitious,  so  we  shall  make  three 
simplifying  assumptions: 

• The  tracking  data  are  noiseless.  This  gives  an  advantage  to  the 
gun  (see  Reference  1)  but  is  not  too  significant  since  optical  and  milli- 
meter radar  systems  promise  very  accurate  tracking  and  also  since  in 
many  cases  the  errors  from  evasive  maneuvers  far  exceed  errors  resulting 
from  errors  in  state  estimation. 

• The  target  is  limited  only  in  the  r.m.s.  value  of  the  N*^ 

derivative  of  its  path.  That  is,  the  class  of  maneuvers  is  limited 
to  those  x(t)  for  which 

„ 2 11”  1 /*R  r (N),.,,2j.  i , 

S ' R * - JR  j(B  1,1  11 

• The  performance  of  the  fire  control  is  characterized  by  the  r.m.s. 
prediction  error 

/-R 

e2(x,p)  = Rlim*,3R  / [x(t+T  ,p)  - x(t+T) ) 2dt  1.2 

J-  R 


where  T is  the  time  of  flight  of  the  bullet,  p€  P,  Pis  the  class  of 
prediction  algorithm  such  that  x is  the  predicted  value  of  x(t+T)  given 
all  data  on  x(t-s)  for  s > 0. 

The  last  two  assumptions  are  the  closest  concession  we  make  to  sta- 
tionarity.  The  reason  for  averaging  over  time  in  Equation  1.2  is  to 
provide  a measure  that  does  not  encourage  the  target  to  make  a one-time 
maneuver  at  the  time  of  firing  a single  round  but  rather  forces  the 
target  to  avoid  rounds  fired  at  unknown  times  or  to  avoid  bursts  of 
rounds  fired  over  time. 


^ Harry  L.  Reed,  Jr.,  "Some  Bounds  on  the  Generalized  Fire  Control 
Problem,"  Ballistic  Research  Laboratories  Report  No.  1946,  November 
I9”f>  (AD  A033043). 


Finally,  the  use  of  an  r.m.s.  error  gives  an  incomplete  measure  of 
effectiveness  for  maneuvers  with  statistics  that  do  not  allow  an  adequate 
measure  of  probability  of  hit  from  the  r.m.s.  error  (see,  for  example. 
Reference  2).  However,  for  optimal  maneuvers,  the  r.m.s.  error  is  a 
fairly  good  measure  (see  Section  5). 


We  shall  omit  the  subscript  N unless  its  particular  value  is  impor- 
tant. The  following  is  our  overall  strategy: 


Let 


£ 


O 


O 


£ 


sup 

inf 

X e X 

pep 

inf 

sup 

PeP 

x 6 X 

e(x,p) 


e(x,p) 


1.3 

1.4 


~ , sup  inf  , . 

c0  = t(Xo’Po)  L pS  P s(X'P) 


-o  sup  . . 

e = x 6 x 


1.5 

1.6 


where  is  the  class  of  stationary  Gaussian  maneuvers  that  satisfy 
Equation  1.1  and  also  satisfy 


/"”  I log  I «(w) I I 

J„  1 + w2  d“<-  l-7 

where  $(w)  is  the  power  spectral  density  of  the  Nth  derivative. 

Since  X,,  C X and  p G P,  we  have 
— G — r o 

£<e<£0<£°  1.8 

o o 

The  argument  that  gives  the  middle  inequality  is  a consequence  of 
the  properties  of  sup  and  of  inf,  is  common  knowledge  in  game  theory, 
and  is  given  in  Appendix  1 for  the  benefit  of  the  uninitiated. 

We  shall  show  that 


o 

and  thus  that 

o 

e = e . 1.10 

o 

“"Harry  L.  Reed,  Jr.,  " Limitations  of  the  R.M.S.  Criterion  for  Fire 
Control,"  Ballistic  Research  Laboratories  Report  No.  1805,  July  1975 
(AD  A014986). 


^r  ...  . — 


We  shall  also  evaluate  e for  N * 0,  1,  and  2 and  show  how  to  eval- 
uate it  for  higher  values  of  8. 

Equation  1.10  implies  that  in  a game  between  two  "smart"  players, 
xq  and  pQ  are  optimal  strategies. 

2 . LOWER  BOUND 

For  Gaussian  maneuvers  the  optimal  predictors  are  linear  operators 
of  the  form  (see  Reference  3) 

x(t+T,ph)  = £ h(s)x(N)  (t-s)ds  2.1 

m=o  Jo 


Integration  by  parts  gives 


.CN) , 


x(t+T)  - x(t+T,  ph)  =>  / uXI(T-s)xv'"'  (t+s)ds 


h(s)x^  (t-s)ds 


2.2 


where 


and  for  N > 0 


uQ(t)  = 6 (t ) 


N-l 


(N-l) ! 


for  t > 0 


2.3 


2.4 


for  t < 0 . 


Again  we  shall  use 


and 


2.5 


f(t)  for  Ujj(T-t) 
a(t)  for  x(N)(t) 

unless  the  particular  value  of  N is  important  to  the  argument  at  hand. 


^Norbert  Wiener,  Extrapolation,  Interpolation,  and  Smoothing  of  Stationary 
Time  Series,  The  Technology  Press  of  M.I.T.  and  John  Wiley  5 Sons,  Inc., 
New  York. 
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Let 


<HS)  = R1^m<B  ~ f a(t)a(t+s)dt . 

R 

2.6 

Equations  1.1 

and  1.7  allow  us  to  write 

<Hs)  = f a(t)a(t+s)dt 
*/-  00 

2.7 

where 

a(t)  =0  t < 0 

2.8 

and  of  course 

C2  = f"  [a(t)]2dt. 

2.9 

Using 

♦(r-s)  = j a(t+r)a(t+s)dt 

J-a 

2.10 

= j a(t-r)a(t-s)dt 

J-a 

2.11 

and 

<Kr+s)  = f a(t-r)o(t+s)dt, 

J-a 

2.12 

we  can  combine 

Equation  1.2  and  2.2  to  write 

e2  = J d*  j/  [f(s)o(t+s)-h(s)a(t-s)]dsj 

|2  2.13 

1 

= l dt\j  ^f('S^a^t+s^‘h^s^0l^t‘s^dsj 

I2 

1 

+ f dt  \f  f(s)a(t+s)dsj2  . 

2.14 

18 


To  minimize  with  respect  to  p,  we  pick  h to  satisfy 


X 


f (s)a(t+s)ds  = f h(s)a(t-s)ds 
o Jo 


which  puts  the  first  term  of  the  function  in  Equation  2.14  equal  to 
To  maximize  with  respect  to  x,  we  then  pick  a to  maximize 


f (s)a(t+s)ds 


£“\f. 
f-l  f. 


(s-t)ds 


f (s+t)a(s)ds 


To  do  this,  we  set 


6e  =2 


f (s+t)a(s)ds  f f (r+t)6a(r)dr  “0  2 

o Jo 


subject  to 


/:■ 


(r)  6a  (r)  = 0. 


Therefore 


a(r)  = k 


r-r 

Jo  Jo 


f(r+tj  f (s+t)a(s)ds. 


Multiplying  Equation  2.19  by  a(r)  and  integrating,  we  have 

C2 


e2  =«  — 
e k 


which  shows  that  k > 0.  Further 


2 C2 

r 4 s • — — 

'o  k 


.15 

zero. 


.16 


.17 


.18 


.19 


.20 
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where  kQ  is  the  least  eigenvalue  of  Equations  2.9  and  2.19. 

In  Section  4 we  show  how  this  eigenvalue  problem  is  related  to  an 
eigenvalue  problem  for  a system  of  differential  equations  and  we  evaluate 
kQ  for  N = 0,  1,  and  2. 


3.  UPPER  BOUND 


Even  though  the  class  X_  is  only  constrained  by 


we  can  define 


lim 


jl  r 

2RjU 


[a(t)]2dt 


Hs) 


lim 
R -*•  “ 


2R 


a(t)a(t+s)dt 


3.1 


and  know  that 


4>(w) 


2ir 


Ac 


-iws 


ds  > 0. 


3.2 


Now  we  shall  use  the  predicter  which  was  defined  in  the  previous 
section  by  Equation  2.15  for  the  particular  a(r)  given  in  Equation  2.19. 
Then  Equations  1.7,  2.2,  and  3.1  give  (for  any  x) 


e2  (x 


w>/: 


ds  } f (s)f  (rH(r-s) 


2 f(s)h(r)*(r>s) 


+ h(r)h(s)<(i  (r-s) 


3.3 


Using 


4>(r) 


^ > lwrJ 

(w)e  dw, 


3.4 


we  can  derive 


F(w)  - H(w)  j2  4>(w)dw 
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3.5 


where 


H(w)  = / h(t)e"lwtdt 


We  shall  show  that 


F(w)  - I f (t) e"iwtdt 


| F(w)  - H(w)  | 2 •=  r- 


and  thus  that 


e2(x,po)  - 1/ #(w)dw  = y 


for  all  x e X 


To  do  that,  we  first  take  the  Fourier  transform  of  Equation  2.15 
to  get 

f" e"lwtdt  r f (s)o(t+s)ds  = H(w)A(w)  3.1( 


where 


i(t)e'iwtdt 


Some  manipulation  of  the  left  hand  side  of  Equation  3.10  gives 
j” e"1Wtdt  J” f (s)a(t*s)ds 

*£ e'iWtdt  j f(s)a(t+s)ds  - j e‘1Wtdt  ^ f(s)a(t*s)ds 
« F(»A(w)  - j£VWt;  J" f(s)o(s-t)ds 

3.] 

- F(wM(w)  - f f f (t*r)a(r)dr 


f (s)a(s-t)ds 


F(w)A(w) 


f (t>r)a(r)dr 


Therefore 


where 


|F(w)  - H(W) | 2 * |B(w)/A(w) I2 


B(w) 


y^oo 

lwt 

.e 


6(t)dt 


3.13 


3.14 


P 


6(t)  = I f (t+r)a(r)rt  t > 0 


= 0 


t < 0 


3.15 


We  then  have 

|B(w)|2  * B(w)B(w)  =*  y*”e1Wp dp  j”” 6(ql6(p*q)dq  3.16 

Note  that  this  convolution  is  an  even  function  of  p so  that 


I B(w) 1 2 = r 0(q')B(|p|-*-q)dq 


3.17 


Now  using  Equation  2.19,  we  have 


f 


0(q)0(|p|+q)dci 


j>  r 


f (q+r)a(.r)dr 


x I f (q+ I P I ♦s)a(s)ds 


r 

if  • 

Ojo 


( I p | *s')a(s)ds 


3.18 
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and  finally 


r/-co 

elwpdp  I a( | p| +s)a(s)ds 

Jo 


= i-  |A(wH(wl 

Ko 


and  we  have  from  Equation  3.13  and  3.5  that 


e2(x,pj  = 


o kr 


as  advertised  in  Equation  3.9. 

Another  approach  to  Equation  3.8  is  to  show  that 


B(w)  = — A(w) 


which  can  be  shown  by  showing  that 


6(0  = — a(t)  . 

To  do  this,  we  combine  Equation  2.19  and  5.15  to  get 


f (t+r)dr 


/>r 


f (r+q) f (s+q)a(s)ds 


= kQ|  f (t+r)dr  I f(r+q)6(q)dq 


Thus  6(t)  satisfies  the  same  integral  equation  as  a(t).  In  the 
next  section  we  relate  this  integral  equation  to  the  eigenvalue  problem 
for  a differential  equation.  This  eigenvalue  problem  has  only  one 
linearly  independent  solution  (see  Appendix  2)  and  so  we  can  write 


8(t)  = y ° (t) 


23 


and  finally 


r/*CJO 

elwpdp  I ot  ( | P | +s)a(s)ds 

Jo 


- | A(w) A(w) 

Ko 


and  we  have  from  Equation  3.13  and  3.5  that 


2,  ^ C2 

e (X’P0)  = T7 


as  advertised  in  Equation  3.9. 

Another  approach  to  Equation  3.8  is  to  show  that 


B(w)  = — A(w) 

which  can  be  shown  by  showing  that 


BCt)  = — a(t). 

To  do  this,  we  combine  Equation  2.19  and  3.15  to  get 


f (t+r)dr 


f'.-r 


f (r+q) f (s+q)a(s)ds 


' koI 


f(t+r)dr  I f(r+q)6(q)dq 


Thus  8 (t ) satisfies  the  same  integral  equation  as  a(t).  In  the 
next  section  we  relate  this  integral  equation  to  the  eigenvalue  problem 
for  a differential  equation.  This  eigenvalue  problem  has  only  one 
linearly  independent  solution  (see  Appendix  2)  and  so  we  can  write 


6(t)  = y o(t) 


r 


Then 


which  gives 


f 


[B(t)]2dt  = y2  j [a(t)]2dt 


rjr 


f (t+r)a(r)dr 


dt  = y* 


(t)]2dt 


using  the  definition  of  B(t)  and  which  can  be  rewritten  as 
£ °Mdr  f f(t+r)dt  f(t+s)a(s)ds 

= Y2  j [aft) ] 2dt 
and  finally  (from  Equation  2.19) 


kf 


[a(r)]2dr  = y2  r [a(t))]2dt 


which  gives 


Y = 


/i r 

rKo 


4.  THE  EIGENVALUE  PROBLEM 


We  have 


and 


f 


2 (r)  = C2 


/*oo  /*CO 

a(r)  = kQ  I dt  1 u(T-r-t)u(T-s-t)a(s) 

h i 

Jo  Jo 


ds 


3.24 


3.25 


3.26 


3.27 


3.28 


4.1 


T~r  /*T  t 

= k.  I dt  I (T-r-t)1^-1  (T-s-t)N-1  a(s)ds 


4.2 


'O  (N-l)  ! lN-1)  ! 


for  r < T. 
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J 


We  also  have  k > 0,  and  k is  the  least  eigenvalue  of  this  system 
o o 

of  equations. 

If  r > T 

u(T-r-t)  * 0 since  t > 0 


and  thus 


cx(r) 

* 0 for  r > T 

4.3 

If  N = 0 

u(r)  = S(r) 

and 

f® 

°Cr)  - ko  1 d 

t J 5 (T-r-t) 6 (T-s-t)a(s)ds 

* kQ  a(r) 

So  for  N ■ 0 

ko  * 1 

4.4 

and 

e * C 
o 

4.5 

Let  N > 1.  We  can  differentiate  Equation  4.2  to  get  for 

0 < t < T 

a(2N) 

• C-1)N  k0« 

4.6 

a(M)(T) 

» 0 for  M*>0  to  N-l 

4.7 

■ 0 for  M*N  to  2N-1 

4.8 

The  uniqueness  of  the  solution  to  this  system  of  equations  is  shown 

in  Appendix  2. 

Now  let  N»1 

o 

* - k a 

0 

I 
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«(o)  = ct(T)  = 0 
a = /27T  C cos  tj 


Finally  let  N = 2 

"a  = k a 
o 

® Co)  = a(o)  = a(T)  = a(T)  = 0 

(The  classical  problem  of  the  vibration  of  a clamped  rod.) 
Letting  kQ  = Xq4,  we  have 


4.9 


4.10 

4.11 


1 + cosh  (AqT)  cos  (a  T)  = o 


XqT  3 1.875 

c cosh[A  (t-T/2)] 
*^f  cosh[XQT/2] 

sin [Aq (t-T/2)] 
sin[AQT/2] 


4.12 


4.14 


4.15 
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5.  THE  GENERAL  PROBLEM 

In  this  section  we  shall  see  how  far  we  can  go  using  hit  probability 
rather  than  the  r.m.s.  criterion.  In  doing  this,  we  shall  have  to  give 
up  the  neatness  of  finding  an  exact  answer.  On  the  other  hand,  we  shall 
find  bounds  on  the  problem,  and  these  bounds  will  be  shown  to  bracket 
the  problem  closely  enough  for  many  "first  analyses." 

Let  us  discuss  the  problem  where  x(t)  has  a single  spatial  dimension. 
Associated  with  a class  of  maneuvers  is  a probability  distribution 
function 

u{x(t+T)  - x(t  + T,p)  | x(t  - s) , s > Of . 5.1 

That  is,  u is  the  distribution  of  the  error  between  the  future  position 
and  the  predicted  future  position  given  the  past.  Let  y be  this  error  in 
future  position.  We  can  average  over  time  to  find  a distribution  function 


u(y  | x,p) . 


The  probability  of  hit  q is 


/l  /2 

du(C  ! x,p) , 

-x./2 


where  £ is  the  size  of  the  target.  The  pilot  wishes  to  keep  q small. 
His  goal  might  be 

o inf  sup  , . c . 

“>  ■ X 6 X pep  q(x’',)  • s'a 

Likewise,  the  gunner  might  try  for 

%-PTp  x^X  «*<**>  ■ 5-5 

The  set  T,  the  set  P,  the  set  Xr,  the  maneuver  JCQ,  the  prediction 
algorithm  p , and  the  error  e are  as  defined  in  Section  1. 


We  can  define 


q°  = q°(?  /Q  = q(x0,p0) 


/57  r 


- e2/(2?  2) 
e d(  5.6 


Since  x is  Gaussian,  p maximizes  the  hit  probability  as  well  as 
it  minimi zes  the  error.  Thus 


q 


o 


< 


q • 


We  can  also  define 


inf 

x 


q(x.p0)  , 


5.7 


5.8 


where  p^  is  a variant  of  the  algorithm  pQ  and  will  be  described  in 
Section  6. 


As  usual , we  have 


q ** 

no 


q < q 


5.9 


but  this  time  we  have  not  been  able  to  collapse  this  chain  of  inequali- 
ties. In  fact  we  are  only  able  to  find  a lower  bound  z(T  / l)  such  that 


z < q0  < q0  < q0  < q°  • 


5.10 


Nevertheless,  these  bounds  may  well  still  be  useful  for  first  esti- 
mates since  they  provide  a variation  of  no  more  than  70  percent.  A 
tabulation  of  the  lower  bound  z and  the  upper  bound  and  their  ratio 
is  given  in  Table  1. 


6.  THE  ALGORITHM  p 


Define  the  algorithm  pQ  to  be 


Then 


x(t+T,po)  = yQ  + x(t  + T,po). 


u(y  I x,pQ)  = u(y  - yQ  | x,pQ)  . 


The  value  y is  the  value  that  maximizes 
o 


q(y0.*.p0) 


•/ 


y=n/2 

Vs -V  2 


du(y  - yQ)  | x,po) 


From  Appendix  C we  have 


6.1 

6.2 


6.3 
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Table  1 


T 


z(e) 

c 

.00 

OD 

.05 

5.557 

.10 

2.669 

.15 

1.721 

.20 

1.225 

.25 

.935 

.30 

.775 

.35 

.622 

.40 

.548 

.45 

.461 

.50 

.354 

.55 

.335 

.60 

.316 

.65 

.296 

.70 

.274 

.75 

.250 

.80 

.224 

.85 

.194 

.90 

.158 

.95 

.112 

1.00 

.000 

q (e)  q /z 


.000 

1.382 

.072 

1.434 

.149 

1.486 

.229 

1.524 

.317 

1.585 

.407 

1.628 

.481 

1.605 

.578 

1.652 

.639 

1.597 

.722 

1.604 

.843 

1.685 

.864 

1.571 

.886 

1.477 

.909 

1.399 

.932 

1.332 

.954 

1.273 

.975 

1.218 

.990 

1.165 

.998 

1.109 

1.000 

1.0S3 

1.000 

1.000 
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q(x,PQ)  - S“P  q(yo,x.po)  > z(o/£)  > Zf ?Q/l)  6.4 

where  o is  the  standard  deviation  around  the  mean.  The  last  inequality 
follows  since  z is  a monotonical ly  decreasing  function  and  since  a mini- 
mizes the  r.m.s.  error. 

Since  the  middle  inequality  in  Equation  6.4  holds  for  all  x,  we 

have 

qo  > z (%/*)•  6>S 

7.  CONCLUSIONS 


With  respect  to  the  r.m.s.  criterion  and  the  r.m.s.  bound  on  an 
Nth  derivative,  the  duel  between  a gunner  and  a target  is  a game  with 
a saddle  point  which  can  be  precisely  defined  and  hence  stable  strate- 
gies exist  for  both  players. 

If  hit  probability  is  used  as  the  criterion,  we  have  been  unable 
to  define  a saddle  point  precisely.  However,  we  can  find  bounds  that 
show  that  the  difference  between  the  performance  for  such  a saddle  point 
and  the  saddle  point  for  the  r.m.s.  case  may  well  be  small  enough  to  use 
the  r.m.s.  criterion  as  a good  "first  analysis." 
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APPENDIX  A 


First  consider  cq. 
such  that 


We  note  that  for  each  5 > 0 there  exists  an 

ipf  > *0  - 4 


which  follows  from  the  definition  of  sup. 

Thus 

e(x«’P)  * eo  ‘ 6 

for  all  p which  follows  from  the  definition  of  inf. 
Likewise,  there  exists  a p^  such  that 

e(x.P6)  < e°  ♦ 6 

for  all  x. 

Thus 


eo  ' 6 < f ^X6  P 6 ^ < e°  + 6 


holds,  which  occurs  if  and  only  if  y = cx,  c a constant. 
To  this  end,  we  note  first  that 

J xy  dt  = -£-  j x(nVn)dt. 

This  follows  from 


(B-l) 


The  analysis  in  this  appendix  was  provided  by  Mr.  Walter  0.  Egerland 
of  the  Ballistic  Modeling  Division,  Ballistic  Research  Laboratory. 
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appendix  c 


Let  u(Q  be  any  distribution  function  which  we  will  take  for  con- 
venience as  having  tero  mean.  Then 


2 . J C2du(0- 


(C-l) 


We  want  to  relate  o with 


■ 7 / 


y+l/2 

du 

v- 1/2 


(C-2) 


It  is  convenient  to  find  a function  such  that 

c > r (q)  - 


(C-3) 


This  function  is  monotonical ly  decreasing  with  q and  thus  we  can  use  it 
to  define 

(C-4) 


q > 2(0)  . 


ir.pl  icitly. 

We  can  write 


oo 

E / 


(m+  1)  i/2 


C-  - ■}  I £2du(0 

«=-•  Jmi/2 


00  2 r (m+1 ) £-/ 2 • x2  f 

2 >£(¥)/  - 'U^)f 

— _ a e/«\  m—  - oo  n 


du 


iL-0 


mi/ 2 


m= 


J m tj  2 


-1 


m=0 


(C-S) 


- «» 


where 


• (m+l) t/2 


y = f du  > 0, 


and 


and 


u + u . < q 

Mm  m+l  H 

00 

z 


u = 1 . 
m 


m=-°° 


If  we  write 


we  have 


where 


Vm  = wm  + Vl-m)  ’ 


a2  > 2 


*Y  ¥ v 

/ j 2 m 


m=0 


0 < vQ  < q , 


0 < v + v , < 2q  , 
m m+l  M 


z 

m=0 


v - 1. 
m 


It  is  not  hard  to  show  that  we  have  a lower  bound  for  2 
in  Equation  C-6  if  we  let 


v = q for  m=0,  M-l , 
m ’ 


vM  = 1 - Mq, 


where 


v = 0 for  m > M , 
in 


M = greatest  integer  [1/q] 


The  proof  of  this  goes  as  follows: 

(i)  If  vq  = q,  go  to  step  (iv) 

(ii)  If  v < q and  + \>j  = b > q,  put  vq  = q and 
v = b - q.  This  will  decrease  Z . Then  go 
to  step  (iv) . 


(C-6) 

(C-7) 

(C-8) 

(C-9) 

defined 

(C-10) 

(C-ll) 

(C-12) 

(C-13) 
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(iii)  If  v ♦ Vj  = b < q,  put  vq  = b,  Vj  = 0 and  reduce 

and  other  « 's  to  make  \>  « q.  This  again  will 

m o ** 

decrease  I . Then  go  to  step  (iv) . 


(iv)  Now  work  on  Vj  and  v2 

as  we  worked  on  v and  v* . 

0 A 

(v)  Continue  on  with  v2  and  v3,  etc. 

We  then  have 

M-l 

7 2 

°2«2>E 

(C-14) 

0 

n 

6 

which  we  can  write  in  closed  form 

as 

»2At2  = r(„)  - q.  M2 

(C-15) 

We  now  need  only  show  that  this  function  is  monotonical ly  decreasing 
for  0 < q < 1,  and  we  have  implicitly  defined  z(o). 

First  let  q = i-  . Then 


r(,)  - 

which  increases  as  q decreases. 

We  can  write  Equation  C-14  as 

, , M2  . M T -4M2  - 3M+  ll 

r(q)  = -j-  + qM  |_ J (C-16) 

For  - ~ < q < M is  fixed  in  Equation  C-16  and  r(q)  varies  only 
as  a constant  times  q.  Since 

-4M2  - 3M  + 1 < 0 for  q < 1 , 

we  have  that  r(q)  increases  as  q decreases  from  to  • 

We  should  point  out  that  r(‘)  is  not  actually  achievable  by  a u(’). 
In  particular,  there  is  a jump  of  q at  zero  and  a jump  of  q/2  at  1/2  so 
the  interval  (-£/4,j£/4)  would  have  measure  3q/2.  Thus  z is  only  a lower 
bound. 
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STOCHASTIC  MODELS,  NON-LINEAR  MODELS  AND 
TIME-VARIABLE  DETERMINISTIC  MODELS  OF  COMBAT 

Roger  F.  Willis 
US  Army  TRASANA 

White  Sands  Missile  Range,  NM  88002 


ABSTRACT.  This  paper  presents  and  solves  several  classes  of  determin- 
istic and  stochastic  models  of  combat,  including  non-linear  models  and 
models  with  time-variable  coefficients.  The  latter  were  developed  to 
meet  the  need  for  simple,  but  more  realistic,  models  of  direct  fire 
operations,  in  which  weapon  effectiveness  and  engagement  opportunities 
vary  with  range.  They  can  also  be  used  for  scenarios  in  which  alloca- 
tions of  support  resources  are  time-variable.  The  stochastic  models 
can  be  completely  solved  in  the  sense  that  all  required  moments  of  the 
bivariate  distribution  of  Red  survivors  and  Blue  survivors  can  be  derived 
and  plotted  (as  functions  of  time).  From  these  moments  the  means  and 
variances  of  selected  measures  of  effectiveness  can  be  derived. 

1.  INTRODUCTION.  Combat  models  in  general  are  either  large  complex 
simulations  or  very  simple  linear  differential  equation  models  with 
constant  coefficients.  This  paper  reports  progress  on  model  design 
efforts  to  bridge  the  gap  between  these  two  extremes.  Three  categories 
of  models  of  intermediate  complexity  are  covered:  Solvable  stochastic 
models,  non-linear  deterministic  models  and  deterministic  models  with 
time-varying  coefficients  (called  Bessel  models  of  combat).  Stochastic 
models  are  required  because  combat  actually  involves  real  uncertainties, 
the  effects  of  which  must  be  faced  in  comparisons  of  alternative  systems 
or  evaluations  of  alternative  tactics.  It  has  been  found  that  non-linear 
models  give  a better  match  with  the  average  results  from  stochastic  simu- 
lations than  linear  models.  This  motivates  our  investigations  of  families 
of  non-linear  deterministic  models.  Models  with  time-varying  coefficients 
are  needed  for  more  realistic  representations  of  defender  and  attacker 
changes  in  detections  and  exposures  as  battles  progress.  For  all  three 
categories  we  investigate  families  of  models  with  similar  structure  so 
we  can  take  advantage  of  our  knowledge  about  the  uncertainties  in  the 
input  data  to  guide  us  in  switching  from  mathematically  intractable 
models  to  nearby  tractable  models. 


ff 


39 


PRECEDING  Pi(S  hLANK 


2. 


STOCHASTIC  MODELS. 


a.  Laplace  Transform  Approach.  The  first  type  of  stochastic  model 
to  be  discussed  involves  combat  between  two  homogeneous  forces,  the  Red 
force  and  the  Blue  force.  The  basic  assumptions  are: 

V (a,b)  At  = probability  of  exactly  one  Red  loss  in  time  At, 
assuming  that  there  are  "a"  Red  and  "b"  Blue  survivors. 

W (a,b)  At  = probability  of  exactly  one  Blue  loss  in  time  At, 
assuming  that  there  are  "a"  Red  and  "b"  Blue  survivors. 

The  probability  of  more  than  one  loss  in  time  At,  approaches 
zero  as  At  approaches  zero. 

From  these  assumptions  we  derive  the  following  set  of  differential 
equations,  one  for  each  pair  (a,b)  in  the  range  0 < a < M,  0 < b < N: 

d£(a,b)  _ v(a+i ,b)p(a+l ,b)+W(a,b+l )p(a,b+l)  - p(a,b)[V(a,b)+W(a,b)] 

the  initial  conditions  are: 
p(M,N,0)  = 1 

p(a,b,t)  = 0 if  a>M  or  b>N 
p(a,b,0)  = 0 if  a<M  or  b<N 

To  solve  this  set  of  (M+1)(N+1)  equations  we  take  Laplace  transforms  of 
both  sides  and,  using  the  initial  conditions,  derive  the  following  recur- 
rence relations  between  the  successive  Laplace  transforms: 

, h)  _ W(a,b+1 )L(a,b+l )+V (a+1 ,b)L(a+l ,b) 

L^a,D;  ' r+V(a,b)+W(a,b) 

By  solving  numerically  for  the  rational  functions  that  are  the  inverses 
of  the  transforms  we  derive  the  complete  bivariate  distribution  of  the 
Red  survivors  and  Blue  survivors,  at  any  given  time,  as  illustrated  in 
Figure  1.  This  example  is  based  on  the  following  assumptions: 

V(X,Y)  = K Y = 0.268  Y 

W(X,Y)  = J X = 0.100  X 

M = 3 (Blue  weapons  at  time  0) 

N = 9 (Red  weapons  at  time  0) 


b.  Moment  Generating  Function  Approach.  We  make  the  following 
assumptions : 

V B(t)  At  = probability  of  exactly  one  Red  loss  in  time  At 

W R(t)  At  = probability  of  exactly  one  Blue  loss  in  time  At 

Probability  of  more  than  one  loss  in  time  At  approaches  zero 
as  At  approaches  zero. 

From  these  assumptions  we  can  write  down  the  partial  differential  equations 
satisfied  by  the  moments  of  the  bivariate  distribution  of  Red  survivors  and 
Blue  survivors  at  any  given  time  (see  page  118  of  The  Elements  of  Stochastic 
Processes , Bailey,  N.T.J.  (1964).  New  York:  John  Wiley).  The  equation  is: 


= / e 
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The  bivariate  moment  generating  function  M is  a function  of  X,Y  and  t (time) 

which,  when  expanded  in  a series  of  powers  XnYm,  has  coefficients  that  are 
the  moments  (m^ j ) of  the  distribution.  The  partial  differential  equation 

can  be  converted  to  a set  of  ordinary  differential  equations  for  the  indi- 
vidual moments  by  expanding  each  of  the  functions  9M  , 9M  , 3M  , 
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e”  -1  into  a series  of  powers  of  XnYm  , performing  the  multipli- 


cations and  additions  required  on  the  right-hand  side  of  the  equation, 
and  finally  equating  coefficients  of  like  powers  of  XnY.  For  the  first 
five  moments,  the  following  equations  result: 
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A more  complex  stochastic  model,  between  combatant  forces  X and  Y,  Is 
based  on  the  following  assumptions: 


PROBABILITY 


At  (a]  X + p1  Y) 
At  (a2  X + p2  Y) 
At  (a3  X + P3  Y) 


At  (aN  X + pN  Y) 


At  (d-j  X + r*-j  Y) 
At  (d2  X + r2  Y) 


At  (d^  X + Y) 
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The  partial  differential  equation  for  the  moment  generating  function  Is: 
N M 
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We  have  developed,  and  solved,  a wide  variety  of  stochastic  models  of 
combat,  of  which  the  above  are  typical  examples. 


3.  NON-LINEAR  DETERMINISTIC  MODELS.  It  has  been  observed  in  the  opera- 
tions research  literature  several  times  that  Lanchester  models  do  not  fit 
historical  data  and  do  not  fit  the  average  outcomes  of  complex  stochastic 
simulations.  One  reason  is  that  Lanchester  models  are  usually  assumed  to 
be  linear.  It  is  possible  to  devise  solvable  non-linear  models  of  combat 
that  do^  fit  historical  data  or  simulation  outputs.  One  way  to  approach 
this  fitting  process  is  to  plot  Red  percent  survivors  versus  Blue  percent 
survivors  (for  example,  using  the  average  results  from  a number  of  repli- 
cations with  a stochastic  simulation)  and  superimpose  the  solutions  from 
a family  of  non-linear  models  to  determine  which  members  of  the  family 
come  closest  to  the  simulation  results.  One  set  of  non-linear  models 
is  shown  in  Figure  3.  As  usual  in  such  models  R(t)  is  the  Red  strength 
surviving  at  time  t,  B(t)  is  the  Blue  strength  surviving  at  time  t and 
the  indicated  differentiations  are  with  respect  to  time.  In  order  to 
discuss  the  nature  of  the  solutions  we  define  RQ  and  B as  the  initial 
strengths,  at  time  zero.  In  many  cases  the  form  of  the  solutions  will 
depend  on  the  sign  of  the  constant  A,  where 


In  a typical  case  B(t)  is  the  square  root  of  A times  the  tangent  of  a 
quadratic  function  of  time,  if  A is  positive,  and  the  square  root  of 
-A  times  the  hyperbolic  tangent  of  a quadratic  function  of  time,  if 
A is  negative.  Five  more  solvable  non-linear  models,  with  constant 
coefficients,  are  presented  in  Figure  4.  Figure  5 contains  four 
solvable  models  that  are  non-linear  with  variable  coefficients.  These 
models  also  have  solutions  that  are  tangents  or  hyperbolic  tangents  with 
polynomial  arguments.  Such  models  could  be  used  to  represent  time- 
correlated  movement  of  assaulting  forces,  taking  into  account  the 
density  of  targets  in  the  force. 

4.  DETERMINISTIC  MODELS  WITH  TIME-VARYING  COEFFICIENTS.  The  first  set 
of  models  with  time-variable  coefficients  are  listed  in  Figure  6.  These 
and  the  other  Bessel  models  presented  in  Figure  7 can  all  be  solved 
analytically,  yielding  solutions  that  are  either  Bessel  functions  of 
fractional  order  or  hyperbolic  sines  and  cosines  with  polynomial  argu- 
ments. 


FIGURE  1 


Probability  of  "a"  Red  Survivors  and  "b"  Blue  Survivors 
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FIGURE  2 (CONTINUED) 
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FIGURE  4 


NON  -LINEAR;  CONSTANT  COEFFICIENTS 
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A SOLUTION  FOR  NON-COOPERATIVE  GAMES 

Prakash  P.  Shonoy 
Mathematics  Research  Center 
University  of  Wisconsin  at  Madison 
Madison,  WI  53706 


ABSTRACT.  In  this  paper  we  study  solutions  of  strict  non-cooperative  games 
that  are  played  just  once.  The  players  are  not  allowed  to  communicate  with  each 
other.  The  main  ingredient  of  our  theory  is  the  concept  of  rationalizing  a set 
of  strategies  for  each  player  of  a game.  We  state  an  axiom  based  on  this  con- 
cept that  every  solution  of  a non-cooperative  game  is  required  to  satisfy. 

Strong  Nash  solvability  is  shown  to  be  a sufficient  condition  for  the  rational- 
izing set  to  exist,  but  it  is  not  necessary.  Also,  Nash  solvability  is  neither 
necessary  nor  sufficient  for  the  existence  of  the  rationalizing  set  of  a game. 

For  a game  with  no  solution  (in  our  sense),  a player  is  assumed  to  recourse  to 
a "standard  of  behavior”.  Some  standards  of  behavior  are  examined  and  discussed. 


I.  INTRODUCTION.  In  this  paper,  we  study  solutions  of  non-cooperative 
games.  In  a non-cooperati ve  game,  absolutely  no  preplay  communication  is  allowed 
between  the  players.  The  theory  of  non-cooperative  games,  in  contrast  with 
cooperative  games,  is  based  on  the  absence  of  coalitions  in  that  it  is  assumed 
that  each  participant  acts  independently  without  collaboration  or  communication 
with  any  of  the  others.  Since  in  repeated  plays  of  a game  it  is  possible  for  ^ 
players  to  "communicate"  or  signal  via  their  choice  patterns  on  previous  plays 
we  shall  avoid  this  feature  of  a non-cooperative  game  by  only  considering  games 
that  are  played  just  once.  Our  objective  is  to  study  strict  non-cooperative 
games  and  although  this  may  be  a severe  restriction  on  the  class  of  realistic 
games,  like  Luce  and  Raiffa  [6,  pp.  105],  we  feel  that 

"...the  realistic  cases  actually  lie  in  the  hiatus  between  strict  non- 
cooperation and  full  cooperation  but  that  one  should  first  attack  these 
polar  extremes." 

Besides,  in  many  of  the  games  that  arise  in  the  military  and  political  contexts, 
the  players  often  have  a single-play  orientation. 

Except  for  this  difference,  we  make  the  usual  assumptions  of  rationality 

and  complete  information,  i.e.,  all  players  are  "rational"^  and  each  player  has 
complete  information  of  this  fact  and  of  his  own  and  other  players'  utility 
function. 


^See  Luce  and  Raiffa  [6,  pp.  97-102]  for  a discussion  of  the  temporal  repetition 
of  the  prisoner's  dilemma. 

^Here  we  mean  in  the  usual  von  Neumann  and  Morgenstern  sense.  Later  in  Section 
III,  we  will  look  at  this  assumption  more  critically  and  study  its  implications. 


Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-75-C-0024  and  by 
the  National  Science  Foundation  under  Grant  No.  MCS75-17385  A01. 


II. 


FORMAT,  HIT  I NTT  IONS  AND  TFKM I NOLOGY . In  this  section  we  will  define 
the  basic  concepts  in  the  non-cooperative  theory.  The  non-cooperative  idea  will 
be  implicit,  rather  than  explicit,  below. 


An  n-person  game  is  a set  of  n players  denoted  by  N = {l,...,n},  each 
with  an  associated  finite  set  of  pure  strategies;  and  corresponding  to  each 
player,  i,  a von  Ncumann-Mornenstern  ut i li t y f unction  vr  , which  maps  the  set 

of  all  n-tuples  of  pure  strategies  into  real  numbers.  By  the  teim  n-tuple,  we 
mean  a set  of  n items  with  each  item  associated  with  a different  player.  A 
mixed  strategy  of  player  i will  be  a probability  distribution  on  his  set  of 

pure  strategies.  We  write  s1  = } c.  tt  . with  c.  >0  ar.d  J c.  =1  to 

*•  ia  la  la  — u la 

a a 

to  represent  such  a mixed  strategy,  where  the  t;  ' s aro  pure  strategies  of 

player  i.  The  von  Neumann-Morgenstern  utility  function  u^  used  in  the  defi- 
nition of  a finite  game  above  has  a unique  extension  to  the  n-tuples  of  mixed 
strategies  which  is  linear  in  the  mixed  strategy  of  each  player  (n-linear). 

This  extension  we  will  also  denote  by  u. , writing  u . (s^ , s^ , . . . , sn) . I.e., 

1 l 


u.  (s 
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,s 


;n>  - I 


. . .c  u.  (n  , 
la,  na  l la, 

1 n 1 


tr  ) . 
na 
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We  shall  use  the  symbols  i,j,k  for  players  and  a,6,y  to  indicate  various 

pure  strategies  of  a player.  The  symbols  s1,t1,r1  will  indicate  mixed  strat- 

th  tlV 

egies;  it  will  denote  the  i player's  a pure  strategy,  etc.  We  shall 
write  s,t  to  denote  an  n-tuple  of  mixed  strategies.  For  convenience  we  shall 

use  the  substitution  notation  (s;t.)  to  denote  (s'*',  . . . jS1  ^t^s1  \ ...,sn) 

. - . 1 n 1 

where  s = (s  , . . . , s ) . 

An  n-tuple  s is  a Nash  equilibrium  point  if  and  only  if  for  every  i 

u. (s)  = max  [u. (sjt1) ] . 

1 all  t^ ' s 1 


Thus  an  equilibrium  point  is  an  n-tuple  s such  that  each  player's  mixed 
strategy  maximizes  his  payoff  if  the  strategies  of  the  others  are  held  fixed. 
In  an  extremely  elegant  proof,  Nash  [B]  has  show’n  that  every  non-cooperative 
game  with  finite  sets  of  pure  strategies  has  an  equilibrium  point.  A strategy 

s1  is  player  i's  equilibrium  strategy  if  the  n-tuple  (t.-s1)  is  an  equi- 
librium point  for  some  n-tuple  t. 


A strategy  r1  is  player  i’s  maximin  strategy  if  and  only  if  for  all 
n-tuples  s, 


u.  (s;r  ) >_  max,  min 

all  s-^'s  all  s1, . . . ,si-1,si+1, 


, s' 


(s1, . . . ,sn) ] . 
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The  quantity  on  the  right  side  of  the  above  inequality  is  called  player  i's 
maxi min  value  and  denoted  by  v™. 

For  2-person  games  only,  a strategy  t.1  is  player  i's  minimax  strategy 
if  and  only  if  for  all  player  j's  strategies,  s'*,  j ^ i 


u.Ct^s-1)  <_  min  max  [u . (s^s"1)  ] . 

all  s*'s  all  s3's  -1 

We  say  that  a mixed  strategy  s1  uses  a pure  strategy  it.  if 

and  c.  >0.  If  s = (s^,...,sn)  and  s1  uses  it  . , we  also 
ict  in 

say  that  s uses  . Let  s1  and  r1  be  two  distinct  mixed  strategies 

for  player  i.  We  say  s1  strongly  dominates  r1  if  u^t.-s1)  > u.^r1)  for 

every  t.  This  amounts  to  saying  that  s1  gives  player  i a higher  payoff 

than  r1  no  matter  what  the  strategies  of  the  other  players  are.  To  see 

whether  a strategy  s1  strongly  dominates  r1,  it  suffices  to  consider  only 
pure  strategies  for  the  other  players  because  of  the  n-linearity  of  u..  Also, 

we  say  s1  weakly  dominates  r1  if  u^t.-s1)  ^^(t.-r1)  for. all  t and 

strict  inequality  holds  for  at  least  one  t. 


I cienis 


Based  on  the  concept  of  an  equilibrium  point,  Nash  defined  several 
"solutions"  of  non-cooperative  games.  A game  is  said  to  be  Nash  solvable  if 
its  set  S of  equilibrium  points  satisfies  the  condition 


(t.-r1)  e 


S and  s e 5 => 


(s.-r1)  e S 


(2.1) 


This  is  called  the  interchangeability  condition.  The  Nash  solution  of  a Nash 
solvable  game  is  its  set  S of  equilibrium  points.  A game  is  strongly  Nash 
solvable  if  it  has  a Nash  solution,  S,  such  that  for  all  i's 


e S and  u^(s;rX)  = u^(s)  (sjr1)  e S 


and  then  S is  called  a strong  Nash  solution ■ If  S is  a subset  of  the  set  of 
equilibrium  points  of  a game  and  satisfies  condition  (2.1);  and  if  S is  maxi- 
mal relative  to  this  property,  then  we  call  S a Hash  subsolution.  Let  S be 
the  set  of  all  equilibrium  points  of  a game.  Define 

v+  = max  [u. (s)],,  v.  = min  lu.(s)]  . 

1 seS  1 1 SeS  1 

If  v+  = v.,  we  write  v.  = vt  = v. . v+  is  called  the  Nash  upper  value  to 

l i liii  *-* 

player  i of  the  game;  the  Nash  lower  value;  and  the  Nash  value,  if 

it  exists. 

Note  that  a non-cooperative  game  does  not  always  have  a Nash  solution,  but 
when  it  does,  the  Nash  solution  is  unique.  Strong  Nash  solutions  are  Nash 
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solutions  with  special  properties.  Nash  subsolutions  always  exist  and  have  many 
of  the  properties  of  Nash  solutions,  but  lack  uniqueness.  A Nash  subsolution, 
when  unique,  is  a Nash  solution. 

Apart  from  these  "solutions",  Luce  and  Raiffa  [6,  Ch.  51  have  defined 
"solution  in  the  strict  sense”,  "solution  in  the  weak  sense"  and  "solution  in 
the  complete  weak  sense".  For  reasons  of  space,  we  do  not  repeat  these  defini- 
tions here. 


A natural  question  that  arises  is:  In  what  sense  are  these  concepts,  solu- 
tions of  non-cooperative  qames?  I.e.,  what  constitutes  a solution  of  a non- 
cooperative  qame?  Those  questions  are  discussed  in  the  subsequent  sections. 

III.  SOLUTIONS  OF  NON-COOPERATIVE  GAMES.  What  do  we  mean  by  a solution  of 
a non-cooperative  game?  Let  1'  be  a n-porson  non-cooperative  game.  Consider 
player  i's  position  in  this  game.  Ho  is  informed  about  the  pure  strategy  sets 
of  all  the  players.  Ho  is  also  aware  of  the  von  Neumann-Morgenstern  utilities 
of  all  players  associated  with  every  possible  n-tuple  of  pure  strategies.  The 
only  other  information  he  has  about  the  other  players  is  ttiat  they  are  rational 
players.  The  game  is  to  be  played  just.  once.  Given  all  these  facts,  which 
strategy  should  he  play  in  order  to  maximize  his  utility?  In  this  situation, 
if  a logical  analysis  of  the  problem  requires  player  i to  play  a particular 
strategy  or  a strategy  from  a particular  set  of  strategies,  such  a course  of 
action  can  bo  called  a solution  for  player  i.  On  the  other  hand,  a logical 
analysis  of  the  situation  under  the  given  set  of  information  may  not  lead  to  any 
particular  conclusion,  in  which  case  we  can  say  that  for  the  given  game,  there 
is  no  solution  for  player  i.  In  the  latter  case,  assuming  that  not  playing  the 
game  is  not  one  of  the  options  that  player  i has,  player  i is  still  faced 
with  the  question  of  havinq  to  pick  a strategy.  Wo  will  assume  that  in  this 
case  player  i recourses  to  a "standard  of  behavior"  (as  distinct  from  a solu- 
tion) to  pick  a strategy  from  the  set  of  all  his  strategies.  Which  standard  of 
behavior  player  i should  opt  for  is  then  clearly  a meta-game  theoretical 
question  and  beyond  the  scope  of  game  theory. 


We  will  now  attempt  to  define  a solution  for  a non-cooperative  game  (if  one 
exists).  Consider  again  player  i's  situation  in  a game.  If  ho  had  prior  infor- 
mation about  the  strategies  that  his  opponents  would  employ,  his  problem  of 
selecting  a strategy  would  simplify  to  finding  the  strategy  which  would  maximize 
his  utility  subject  to  the  restriction  that  each  of  his  opponents  play  a fixed 
strategy  which  is  known  to  player  i.  However,  player  i has  no  such  prior 
information.  The  only  clue  ho  has  about  the  actions  of  the  other  players  is  the 
fact  that  they  are  rational  players.  What  does  the  assumption  of  rationality 
imply  about  players'  behavior? 


One  implication  is  that:  if  for  some  player  k,  his  pure  strategy 


is 


strongly  dominated  by  another  pure  strategy  ti  , then  player  k has  never  any 

kp 

incentive  to  play  a mixed  strategy  that  uses  the  pure  strategy  n . This  is 
because,  no  matter  what  strategies  the  other  players  play,  player  k can  do 


better  by  playing  instead  the  mixed  strategy  obtained  by  substituting  it 


ke 


in 


place  of  tt  . Thus  a given  game  can  bo  reduced  by  the  elimination  of  all 
ka 

strongly  dominated  pure  strategies  of  all  the  players.  The  reduced  game  is 
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1 


again  examined  for  strongly  dominated  pure  strategies  and  the  process  continued 
until  no  player  has  a strongly  dominated  pure  strategy. 

What  else  can  we  deduce  from  the  assumption  of  rationality?  We  examine  this 

i 

first  for  2~person  games.  If  player  i plays  a mixed  strategy  s , then  the 
best  reply  for  the  other  player,  j,  is  to  play  any  strategy  from  the  set 


M . (s  A)  = {s  : u . (s 


*i  j 

, s ) = max  u . (s  , s ) } 


• • • . ^ "1 

Similarly,  if  player  j plays  a mixed  strategy  s , the  best  reply  for  player 

* i 

i is  to  play  a strategy  from  the  set  M^(s  ) defined  as  in  (3.1).  Suppose, 
on  the  basis  of  the  assumption  of  rationality,  we  can  rationalize  a unique 


strategy 


for  player  i.  I.e.,  we  suppose  that,  since  player  i is  a 


rational  player,  he  is  expected  to  play  a particular  strategy  s (and  no 
other) . Then,  since  player  j is  also  a rational  player,  we  can  rationalize 

* i 

the  set  of  strategies  M.(s  ) for  player  j.  I.e.,  player  j can  be  expected 

^ * i 

to  play  any  strategy  from  the  set  M.(s  ).  Then,  if  our  original  assumption  of 

. *i  ^ 

rationalizing  s for  player  i is  to  be  valid,  we  must  have 

{s  1)  = M . (s^ ) V sj  e M . (s  *)  . 
i 3 

In  general,  we  may  be  able  to  rationalize  a (unique)  set  of  strategies  for  each 
player.  We  make  the  following  formal  definition  for  a 2-person  game.  A non- 
empty set  of  strategies  X1  can  be  rationalized  for  player  i if  and  only  if 
it  is  the  unique  set  satisfying  the  following  two  conditions: 


3 such  that  = M . (s*)  V s'*'  e X'*' 

3 

X 1 = M.  (s ^ ) V s^  e . 
l 


(3.2) 


(3.  3) 


The  following  proposition  is  an  obvious  consequence  of  the  above  definition. 

Proposition  3.1.  If  X1  can  be  rationalized  for  player  i,  then  X"*  given  by 
(3.2)  can  be  rationalized  for  player  j. 


Proof:  Since  conditions  (3.2)  and  (3.3)  are  valid,  we  only  need  to  show  that 

X3  is  a unique  set  satisfying  these  conditions.  This  follows  from  the  fact 


that  X is  a unique  set  satisfying  these  conditions. 


Q.E.D. 


The  concept  of  rationalizing  a set  of  strategies  for  each  player  in  a 
2-person  game  can  easily  be  generalized  to  a n-person  game.  Let 


, 1 i-1  i+1  n.  , i - i , - i.,, 

M.  (s  ,s  ,...,s  ) = It  : u . (s; t ) = max  [u.(s;r  )]} 

1 . i . 1 

all  r *s 

where  s = (s^,...,sn)  . 

Let  T be  an  n-person  game.  Let  X = (Xx,...,Xn)  be  an  n-tuplc  of  nonempty 

sets  of  strategies.  We  say  X can  be  rationalized  for  T (or  X1  can  be 
rationalized  for  player  i,  i = l,...,n)  if  X is  the  unique  n-tuple  satisfying 
for  all  i c n 


X1  = M.  (s1, 

l 


i-1  i+1  n.  „ , 1 i-1  i+1  n. 

,s  ,s  ) V (s  ,...,s  ,s  ,...,s  ) 


e X1  x x x1  1 x X1+1  x ...  x xn 


Thus  we  see  that  the  concept  of  rationalizing  an  n-tuple  of  sets  of  strategies 
for  a game  is  a minimal  condition  that  every  solution  of  a non-cooperative  game 
should  satisfy,  i.c.,  it  is  a "necessary"  condition.  We  will  now  attempt  to 
show  that  it  is,  in  a sense,  a "sufficient"  condition  as  well. 

Consider  a 2-person  game  such  that  we  can  rationalize  X1  for  player  i 

and  X3  for  player  j.  Player  i's  situation  can  be  summarized  as  in  Table  1. 
Hence  player  i has  a reasonable  justification  for  playing  a strategy  from  the 

set  X1.  Also  if  player  j anticipates  this  action  of  player  i,  his  subse- 
quent action  merely  reinforces  player  i's  choice  of  picking  a strategy  from 

X1.  A similar  argument  can  be  made  for  player  i if  the  game  has  n players. 


Assuming  that  player 

If  player  i picks  a j picks  a strategy  The  utility  payoff 

strategy  from  the  set  and  from  the  set  then  to  player  i is 


X1 

xj 

the  best  that  player 
i can  hope  for 

<xj)c 

indeterminate 

(X1)0 

xj 

worse  off  than  if 
player  i had 
played  a strategy 
from  X1 

<xj)c 

indeterminate 

Table  1 
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We  have  stated  two  implications  of  rationality.  We  can  consider  these  as 
axioms  that  a solution  of  a non-cooperative  game  should  always  satisfy  (if  one 
exists) . For  example, 

Axiom  0:  A non-cooperati ve  game  may  or  may  not  have  a solution. 

Axiom  1:  If  a non-cooperative  game  has  a solution  and  s is  an  n-tuple  of 
strategies  in  the  solution,  then  s does  not  use  any  strongly  dominated 
strategy. 

Axiom  2 -.  If  a non-cooperative  game  has  a solution,  then  it  should  be  rational- 
izable  for  the  game. 

It  is  clear  from  the  definitions  that  a rationalizable  set  cannot  contain  a 
strategy  that  uses  a strongly  dominated  strategy.  Hence  Axiom  2 implies  Axiom  1. 
In  the  next  section,  we  examine  Nash's  various  solutions  and  see  how  they  relate 
to  our  axioms. 


IV.  THE  ROLE  OF  EQUILIBRIUM  POINTS  IN  SOLUTIONS  OF  NON-COOPERATIVE  GAMES. 
The  concept  of  a Nash  equilibrium  point  is  the  basic  ingredient  of  Nash's  theory 
of  non-cooperative  games.  We  will  show  that  it  also  plays  an  important  role  in 
our  theory. 

Proposition  4.1.  Let  X be  rationalizable  for  T.  Then  s e x *»  s is  a Nash 
equilibrium  point. 


The  proof  follows  from  the  definition  of  a rationalizable  set  for  T-  We 
now  examine  Nash's  theory  of  non-cooperative  games  and  see  how  they  relate  to 
our  axioms. 


Theorem  4.2:  Let  T be  a strongly  Nash  solvable  game.  Then  the  strong  Nash 
solution  S is  rationalizable  for  T. 


Proof:  Let  X1  = {r1  : (s.-r1)  e S for  some  s).  Clearly 


„i  „ ,1  i-1  i+1  n.  ,1  i-1  i+1  n. 

(S  p • • • f S , S f • • • $ S ) V \ S f » • • $ S 0 S f • • • 0 S ) 


e x^  x . . . x x xi+1  x ...  x xn 


Since  T is  strongly  Nash  solvable. 


s e S , u^(s;rS  = u^s)  ■*  (s;r^)  c S . 


So  we  have 


vi  _ „ . 1 i-1  i+1  n 1 i-1  i+1  n 

X D (s  t • • • 0 s 0 s 0 • • • 0 s ) yf  (s  0 • m • 0 s 0 s f « • • 0 s / 


c x1  k x x1  ^ x x1+1  x x Xn 
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-'-I 


Hence 


X « M (s  , . . . ,s 


i-1  i+1 


r * * * f S ) V (s  f • ■ • / S 


i-1  i+1 


, . • • , s ) 


ex  * ...  x x 


i-1 


x X 


.i+1 


x ...  xx 


Hence  X=  (X*,....Xn)  is  rationalizable  for  T.  3ut  X = S.  Hence  S is 
rationalizable  for  T. 


Q • E • D . 

Theorem  4.2  states  that  strong  Nash  solvability  is  a sufficient  condition 
for  the  existence  of  a rationalizable  set  and  that  the  rationalizable  set  coin- 
cides with  the  strong  Nash  solution.  However,  the  surprising  result  is  that 
strong  Nash  solvability  is  not  a necessary  condition  for  the  existence  of  a 
rationalizable  set.  The  following  example  illustrates  this  fact. 


Example  4.1:  Consider  the  2-person  game  represented  by  the  matrix  given  below 

2 


*1 

6. 

z 

al 

(1,3) 

(1,3) 

°2  ! 

(0,0) 

(2,2) 

The  equilibrium  points  of  this  game  are  (a^,B^)  and  ^a2'^2^"  T*lese  are  not 

interchangeable,  hence  the  game  is  not  even  Nash  solvable.  However,  it  can 
easily  be  shown  that  is  rationalizable  for  the  game.  □ 

Since  the  game  in  Example  4.1  is  not  Nash  solvable,  Nash  solvability  is  not 
a necessary  condition  for  the  existence  of  the  rationalizable  set.  Moreover, 
Nash  solvability  is  not  a sufficient  condition  for  the  existence  of  a rational- 
izable set.  This  is  shown  in  the  next  example. 


Example  4.2:  Consider  the  2-person  game  represented  by  the  matrix  given  below 

2 


^l 

B2 

“l 

(5,-3) 

(-4,5) 

°2 

(-5,5) 

(3,-4) 

This  game  has  a unique  equilibrium  point  a — B^  + — B2>.  Thus 

the  game  is  Nash  solvable.  The  Nash  value  of  the  game  to  player  1 is  -5/17  and 
to  player  2 is  1/2.  It  can  easily  be  shown  that  the  rationalizable  set  does  not 


60 


exist  for  this  game.  Hence  from  our  point  of  view,  the  game  has  no  solution. 

To  see  why  Nash's  solution  is  not  really  a solution  of  this  game,  consider  player 
2's  position.  If  he  plays  his  equilibrium  strategy,  the  maximum  he  can  got  is 
his  Nash  value,  1/2,  provided  player  1 also  plays  his  equilibrium  strategy.  How- 
ever, player  2 can  guarantee  his  Nash  value  irrespective  of  player  l's  actions  by 

simply  playing  the  maximin  strategy  (^-  B + (5  ) . Moreover,  if  player  2 plays 

his  equilibrium  strategy  and  player  1 plays  his  maximin  strategy  (—  + — a^) 

(to  guarantee  his  Nash  value,  -5/17),  player  2 actually  gets  107/289  which  is 
less  than  his  Nash  value! 


On  the  subject  of  rational  behavior,  von  Neumann  and  Morgenstern  (9]  write: 

"...  the  rules  of  rational  behavior  must  provide  definitely 
for  the  possibility  of  irrational  conduct  on  the  part  of 
others...  . If  that  should  turn  out  to  be  advantageous  for 
them  - and  quite  particularly,  disadvantageous  to  the  con- 
formists then  the  above  "solution"  would  seem  very  questionable". 

Hence  it  is  not  clear  why  player  2 should  play  his  equilibrium  strategy.  D 


Next,  we  study  the  implications  of  our  axioms  when  applied  to  the  special 
and  well  known  case  of  2-person  zero-sum  games.  We  say  a 2-person  zero-sum  game 
has  a saddle  point  if  it  has  an  equilibrium  point  in  pure  strategies.  I.e.  if 


a * 


ia 


jl3 


such  that 


ia 


is  an  equilibrium  point. 


Proposition  4.3.  Let  T be  a 2-person  zero-sum  game.  The  game  has  a rational- 
izable  set  only  if  T has  a saddle  point. 


Proof:  If  T has  a saddle  point  such  that  it  is  a strong  Nash  solution,  then 
by  Theorem  4.2  it  is  rationalizable  for  T.  If  T has  no  saddle  point,  then 
there  exists  a unique  Nash  equilibrium  in  mixed  strategies.  If  player  i plays 
his  equilibrium  strategy,  then  player  j can  play  any  pure  strategy  used  in  his 
equilibrium  strategy  and  still  get  his  Nash  value  of  the  game  and  vice-versa. 
Hence  a no  rationalizable  set  for  the  game. 

Q.E.D. 

Thus,  as  per  our  theory,  a 2-person  zero-sum  game  with  no  saddle  point  has  no 
solution.  This  is  in  sharp  contrast  with  the  universally  accepted  theory  of 
von  Neumann  and  Morgenstern  [9]  that  the  equilibrium  point  always  constitutes  a 
solution  of  a 2-person  zero-sum  game.  Although  we  agree  that  there  are  many 
other  reasons  why  a player  may  want  to  play  the  equilibrium  strategy^,  we  feel 
that  it  is  not  necessarily  a consequence  of  the  assumption  of  rationality  of 
the  players. 


Since  the  rationalizable  set  does  not  always  exist,  we  cannot  have  a general 
existence  result.  However,  this  should  not  be  interpreted  negatively.  I.e.  a 
lack  of  a general  existence  result  is  not  a "defect"  in  our  theory.  It  is  merely 


Some  of  these  reasons  are 


discussed  in  Section  V of  this  paper. 


an  outcome  of  the  "lack  of  information"  that  a player  has  in  playing  certain  non- 
cooperative  games.  I.e.  some  games,  those  for  which  a rationalizable  set  does 
not  exist,  do  not  give  sufficient  insight  into  the  behavior  of  players  assuming 
only  rationality.  We  do  not  believe  that  the  conditions  imposed  by  Axiom  2 are 
too  strong  and  must  therefore  be  modified  to  admit  existence  for  all  games.  We 
feel  that  Axiom  2 is  a minimal  condition  that  every  solution  should  satisfy. 

For  a game  that  has  no  solution  (in  our  sense) , a player  can  recourse  to  a 
"standard  of  behavior".  These  are  discussed  in  the  next  section. 

V.  SOME  STANDARDS  OF  BEHAVIOR.  Let  T be  a game  that  has  no  rational- 
izable set.  Consider  the  position  of  a player,  i.  He  has  to  pick  a strategy 
to  maximize  his  utility.  His  job  is  complicated  by  the  fact  that  since  the 
rationalizable  set  does  not  exist,  he  has  no  inkling  of  the  strategies  that  the 
other  players  are  going  to  pick.  Some  of  the  possible  actions  that  he  can  take 
are  as  follows. 

Undominated  Strategies. 

The  fact  that  the  game  has  no  rationalizable  set  does  not  exclude  the  fact 
that  some  player (s)  may  have  strongly  dominated  pure  strategies.  If  this  is  the 
case,  it  is  safe  to  assume  that  a player  will  never  use  a strongly  dominated 
pure  strategy  in  any  mixed  strategy  and  thus  the  game  can  be  reduced  by  the 
elimination  of  all  strongly  dominated  pure  strategies.  The  reduced  game  is 
again  examined  for  strongly  dominated  pure  strategies  and  the- process  continued 
until  no  player  has  a strongly  dominated  pure  strategy.  At  the  end  of  this 
reduction  process,  since  the  game  has  no  rationalizable  set,  there  will  be  at 
least  2 players  each  of  whom  will  have  at  least  2 pure  strategies. 

Let  T be  a game  with  no  rationalizable  set  and  no  strongly  dominated  pure 
strategy.  Suppose  some  player,  j,  has  a weakly  dominated  pure  strategy.  Since 
player  j can  do  as  well  (if  not  better)  by  substituting  the  weakly  dominated 
pure  strategy  by  the  dominating  pure  strategy  in  any  mixed  strategy  that  uses 
such  a weakly  dominated  strategy,  it  is  conceivable  that  he  will  never  use  his 
weakly  dominated  pure  strategy  in  any  mixed  strategy.  Thus  the  game  can  be 
reduced  by  the  elimination  of  all  weakly  dominated  strategies.  By  the  same 
reasoning,  the  reduced  game  is  again  examined  for  weakly  dominated  strategies 
and  the  process  continued  until  no  player  has  a weakly  dominated  strategy. 

Maximin  Strategies. 

In  a finite  game,  maximin  strategies  always  exist  for  all  players.  Let  T 
be  a game  for  which  no  rationalizable  set  exists.  Also  suppose  that  no  player 
has  a dominated  pure  strategy.  For  such  games,  since  a player  has  no  idea  of 
the  strategies  that  the  other  players  will  play,  he  may  decide  to  protect  himself 
as  much  as  possible  by  playing  the  maximin  strategy.  Thus  by  playing  a maximin 

strategy,  a player,  i,  is  assured  of  getting  at  least  his  maximin  value  v™ 

irrespective  of  the  actions  of  the  other  players. 


For  2-person  zero-sum  games,  a player's  maximin  strategy  is  also  his  minimax 
strategy  since 


.i  J 


max  min  (u.(s~,sJ)]  = max  min  f-u.fs^s3)) 
i j 1 i j 3 

6 S S S 


= max  {-max  [u . (s1, s3) ] } 

i j 3 

s s 

= -{min  max  [u.fs^s3]}  . 

i j 3 

s s 


Also  since  for  all  2-person  zero-sum  games. 


m m 

v.  = -v. 
i D 

a player's  maximin  strategy  is  also  his  equilibrium  strategy.  Thus,  in  a 
2-person  zero-sum  game,  there  is  a strong  motivation  for  a player  to  play  his 
maximin  (which  is  also  his  minimax  and  equilibrium)  strategy.  However,  as  men- 
tioned before,  we  are  not  willing  to  subscribe  to  the  theory  that  this  consti- 
tutes a solution  of  the  game. 

In  general,  for  2-person  non-zero-sum  games,  maximin  strategies  are  distinct 
from  equilibrium  strategies  and  often  the  maximin  value  of  a player  is  equal  to 
the  Nash  value  (when  it  exists).  In  such  cases  we  feel  that  it  is  better  in 
some  respects  for  a player  to  play  his  maximin  strategy  instead  of  his  equilib- 
rium strategy. 

Minimax  Strategies  in  2-Person  Games. 

For  2-person  non-zero-sum  games,  minimax  strategies  are  usually  distinct 
from  maximin  strategies.  However  they  often  coincide  with  equilibrium  strate- 
gies. Since  in  a non-zero-sum  game,  the  utility  of  an  outcome  for  a player  has 
no  relation  to  the  utility  of  the  same  outcome  to  his  opponent,  we  cannot  see 
any  motivation  for  a rational  player  to  play  his  minimax  strategy  (on  its' 
merits  alone) . 

Equilibrium  Strategies. 

Since  equilibrium  points  always  exist,  every  player  i has  a nonempty  set 
S.  of  equilibrium  strategies.  The  concept  of  an  equilibrium  strategy  alone  is 

not  strong  enough  to  qualify  even  as  a standard  of  behavior.  E.g.,  for  games 
that  are  not  Nash  solvable,  it  makes  no  sense  for  a player  to  play  an  equilib- 
rium strategy  because  the  resulting  outcome  may  not  be  an  equilibrium  point. 

For  games  that  are  Nash  solvable  (but  not  strongly  Nash  solvable)  equilibrium 
strategies  may  qualify  as  a standard  of  behavior. 

We  end  this  section  by  discussing  a 2-person  non-zero-sum  game  in  detail. 


Example  5.1.  Consider  the  2-pcrson  game  represented  by  the  matrix  given  below. 


2 


P, 

P„ 
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(1,2) 
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rH 
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°2 
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1 

h-> 

(2,1) 

This  game  has  no  dominated  strategies  and  also  no  rationalizable  set.  There  are 

13  3 5 

3 equilibrium  points,  (a  , P ) , (a  , P ) and  (7  a +-a  , - P + - 6.).  Since 

11  Z Z 4142ola2 

these  are  not  interchangeable,  the  game  is  not  Nash  solvable.  The  minimax 

strategy  for  player  1 is  (7  a + ~ a ) and  for  player  2 is  (7  P.  + 7 P.,)- 

4142  8 1 8 2 

The  maximin  strategy  for  player  1 is  (7  a + 7 a ) and  for  player  2 is 
5 3 4 1 4 2 

(7  + 7 • The  maximin  value  for  player  1 is  -1/4  and  for  player  2 is  -1/4. 

A summary  of  the  various  options  open  to  player  1 and  2 and  their  consequences 

is  shown  in  Table  2.  If  player  1 plays  his  equilibrium  strategy  (7  +7  a^) 

and  player  2 plays  his  maximin  strategy  (to  guarantee  himself  a payoff  of  -1/4) , 
then  player  ] gets  only  -1  1/4  whereas  he  can  guarantee  himself  a payoff  of  -1/4 
by  playing  his  maximin  strategy.  Player  2 is  in  an  identical  situation.  We  let 
the  reader  judge  for  himself  which  strategy  he  would  choose  if  he  had  to  play 
the  above  game  just  once  in  the  position  of  player  1 (or  player  2)  against  a 
rational  (but  otherwise  unknown)  opponent. 
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FOR  CONICAL  SHAPED  CHARGES 
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ABSTRACT.  The  HELP  code  has  been  used  in  shaped  charge  studies 
for  several  years.  The  code  predicts  the  shape  and  speed  of  the  shaped 
charge  jet  quite  well.  The  internal  energies  generated  by  the  code 
indicate  that  the  jet  is  in  a vapor-liquid  state,  whereas,  experimental 
evidence  suggests  that  the  jet  remains  a solid.  A numerical  analysis  of 
the  HELP  algorithm  reveals  the  cause  of  the  unrealistically  high  inter- 
nal energies  and  a remedy.  The  problem  is  caused  by  the  introduction 
of  terms  in  the  calculation  of  the  kinetic  energy  which  are  of  the  order 
of  terms  neglected  in  this  algorithm.  These  extraneous  terms  are  then 
added  to  the  internal  energy.  A noteworthy  feature  of  the  analysis  and 
correction  is  that  it  is  pertinent  to  many  codes  other  than  HELP.  In 
fact,  the  internal  energy  calculation  of  any  code  based  on  the  Particle- 
In-Cell  algorithm,  like  the  HELP  code,  can  be  drastically  altered  by 
these  extraneous  terms.  The  inclusion  of  the  correction  in  HELP,  which 
does  not  appreciably  affect  the  running  time  or  storage  requirements  of 
the  code,  results  in  the  code  predicting  a solid  jet  with  only  several 
hot  "melted"  spots. 

I.  INTRODUCTION.  Time  dependent  two-dimensional  Eulerian  compu- 
1 2 

ter  codes  like  HELP  and  HULL  are  utilized  to  describe  the  unsteady  in- 
teraction of  continuous  media  (fluid  and/or  solids) . Many  of  these  con- 
tinuum codes  have  a common  ancestorial  algorithm,  the  Particle-In-Cell 
3 4 5 

method  ' ’ . During  the  evolutionary  process,  the  new  codes  have  deviated 
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substantially  from  the  original  PIC  method;  for  example,  the  discrete 
particles  were  replaced  by  a continuum,  certain  Lagrangian-type  features 
were  abandoned,  and  for  calculations  in  solid  mechanics,  material 
strength  and  effects  of  the  deviatoric  stress  tensor  were  included. 
These  codes  can  produce  very  successful  simulations  but  often  the  results 
are  not  totally  satisfactory.  Such  is  the  case  with  the  HELP  code  which 
is  used  by  several  research  laboratories  and  corporations  for  diverse 
applications  in  compressible  flow  and  elastic-plastic  flows.  In  certain 
ballistics  applications  at  the  US  Army  Ballistic  Research  Laboratory, 
the  code  predicts  mass  and  velocities  satisfactorily  but  an  internal 
energy  which  implies  a different  thermodynamic  state  than  that  indicated 
by  experimental  evidence.  This  paper  identifies  the  cause  of  the  unphy- 
sical internal  energies  and  a solution  within  the  context  of  the  HELP 
algorithm. 

The  internal  energy  algorithm  in  HELP  is  based  on  the  finite  dif- 
ference approximation  of  the  total  energy  equation  and  the  kinetic 
energy  calculated  from  updated  mass  and  momentum  values.  This  kinetic 
energy  approximation  is  shown  to  be  inaccurate  in  all  its  phases  and  the 
cause  of  the  erroneous  internal  energies.  The  inaccuracies  produce  an 
interchange  of  energy  at  each  phase  which  is  not  modelled  in  the  govern- 
ing equations.  Evans  and  Harlow3  identified  an  energy  transfer  mechanism 
in  the  convection  phase  of  the  original  PIC  method  which  can  be  seen  in 
HELP.  This  mechanism  is  due  only  to  spatial  discretization  and  was 
illustrated  in  one  dimension.  The  following  analysis  involves  all  the 
phases  in  the  HELP  algorithm,  is  two-dimensional,  includes  the  effect 
of  time  discretization,  and  applies  to  a different  code  with  a dif- 
ferent energy  formulation  (the  PIC  algorithm  transports  total  energy  but 
directly  calculates  the  internal  energy  in  its  other  phases).  Although 
this  paper  deals  exclusively  with  the  HELP  algorithm,  the  concepts  and 
results  discussed  are  applicable  to  other  codes.  In  particular,  the 
same  internal  energy  phenomena  is  seen  in  calculations  performed  with 
the  HULL  code. 

In  Section  II,  the  governing  equations  which  are  modelled  by  the 
HELP  algorithm  are  listed,  the  corresponding  approximations  are  derived 
and  other  salient  features  of  the  algorithm  are  discussed.  Section  III 
contains  the  analysis  of  the  kinetic  energy  calculation,  the  cause  of 
the  internal  energy  problem  and  a remedy.  A numerical  example  illustrat- 
ing the  problem  and  the  effect  of  the  corrections  is  discussed  in  Section 
IV.  Section  V contains  a summary. 
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II.  THE  HELP  CODE.  The  unsteady  motion  and  interaction  of  a con- 
tinuous media  can  be  described  by  a continuity  equation,  equations  of 
motion,  a total  energy  equation  and  an  equation  of  state.  For  simpli- 
city, we  shall  consider  the  Cartesian  formulation.  The  appropriate  two- 
dimensional  equations  in  conservative  form  are: 
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where  t,  x,  y,  p,  u,  v,  P,  S^,  S , Sxy  and  E denote  the  time,  two  spa- 
tial coordinates,  density,  x and  v components  of  velocity,  pressure,  the 
two  normal  and  one  shear  stress  components  of  the  stress  deviator  ten- 
sor and  specific  total  energy,  respectively.  The  elements  of  the  stress 
deviator  tensor  are  functions  of  the  velocity  gradient  and  the  pressure 
is  computed  via  an  equation  of  state  of  the  functional  form  P = P(P,I), 
where  I is  the  specific  internal  energy.  The  specific  internal  energy 
is  obtained  as  the  difference  of  the  specific  total  energy  and  the  spe- 
cific kinetic  energy: 


I = E - 0.5-(u2  + v2). 


(5) 


If  the  conservation  eqs.  (1)  - (4)  are  integrated  over  an  arbitrary 
control  area,  the  time  rate  of  change  of  a quantity  within  the  control 
area  can  be  related  to  the  integrals  of  other  quantities  over  the  bound- 
ary enclosing  that  area.  Performing  the  integration  and  using  Green's 
Theorem,  we  obtain 


pudv, 


(6) 


69 


pvudx 


puudy 


f pdy 

B 


♦ 


/ V* 


S dx , 
xy 


(7) 


JovdA.  = J pvvdx  - puvdy  + J Pdx  + J sxydy  - S^dx, 


(8) 


B B 


3F  y»EdA  • J pvEdx  - ouEdy  • Jrvd  x - Pudy 


(9) 


* r ( S u + S v)dv  - (S  v + S u)dx, 
J xx  xy  vy  xy 


whore  B is  the  boundary  of  A in  the  positive  sense.  Eq.  (7),  for  exam- 
ple, equates  the  time  rate  of  change  of  the  x-eomponent  of  the  momentum 
within  the  area  A to  the  product  of  the  net  mass  of  flow  into  the  area 
and  its  associated  specific  momentum  in  the  x-direction  plus  the  sum  of 
certain  surface  forces  (the  pressure  and  the  x-components  of  the  deviator 
stress  tensor)  exerted  over  the  boundary  enclosing  the  area.  Such  inter- 
pretations are  used  to  determine  the  HELP  approximations  to  the  govern- 
ing equations. 


The  HELP  code  is  an  Eulerian  code  capable  of  describing  unsteady 
multi-material  interaction  and  of  treating  material  strength  as  an 
elastic-plastic  phenomena.  As  a consequence  of  the  multi -material  capa- 
bility, the  existence  and  special  numerical  treatment  of  mixed  cells 
(cells  containing  more  than  one  material)  are  properties  of  the  code. 
Although  the  complex  treatment  of  the  mixed  cells  is  important  anil  indi- 
spensable to  the  correct  running  of  the  code,  it  does  make  an  accurate 
and  complete  analysis  of  the  numerical  treatment  of  mixed  cells 
unwieldly.  Consequently,  the  following  discussion  will  address  only  the 
pure  cell  (cell  containing  only  one  material)  algorithm.  Furthermore, 
we  consider  only  interior  cells.  We  assume  that  the  grid  spacing  ^x  in 
the  x-direction  is  equal  as  well  as  Ay  in  the  y-direction.  The  control 

area  A is  taken  to  be  the  i**1,  j1*1  computational  cell.  See  Fig.  1.  The 
left,  right,  top  and  bottom  boundaries  of  this  cell  are  denoted  by  the 
letters  t,  r,  a and  b,  respectively.  A time  step  At  in  this  explicit 
algorithm  is  determined  by  a Courant  condition.  The  area  integrals  in 
eqs.  (6)  - (9)  are  approximated  by  m -•  pAxAy,  mu,  mv  and  mE,  respective- 
ly, where  m denotes  the  mass  per  unit  length.  All  the  values  are  at  the 
center  of  the  computational  cell.  The  time  derivatives  are  .approximated 
bv  j forward  difference.  The  values  of  the  cell  centered  mass,  momen- 
tum and  specific  total  energy  at  the  new  time  level  are  found  from  the 
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values  at  the  previous  time  level.  This  is  accomplished  in  three  stages 
by  determining  the  time  rate  of  change  of  the  mass,  momentum  and  total 
energy  due  to  i)  the  effects  of  the  deviatoric  stresses,  ii)  the 
effects  of  the  pressure,  and  iii)  the  effects  of  the  convection  terms. 
These  phases  are  appropriately  named  SPHASE,  HPHASE  and  TPHASE,  respect- 
ively. During  each  time  step,  each  value  of  the  mass,  momentum  and 
total  energy  is  updated  sequentially  by  each  phase  in  the  order  listed 
and  each  phase  uses  the  previously  updated  values  as  its  initial  values. 
Each  phase  is  solved  independently  of  the  others  and  are  interconnected 
only  through  the  initial  values.  The  boundary  integrals  in  eqs.  (6)  - 
(9)  are  approximated  using  the  current  values  of  the  integrands  at  the 
boundaries  of  the  computational  cell.  The  pressure  and  stress  deviator 
tensor  are  calculated  before  and  at  the  beginning  of  SPHASE,  respectively. 
The  internal  energy  is  updated  by  eq.  (5)  at  the  end  of  each  phase. 


Specifically,  we  list  the  HELP  approximations  to  the  conservation 
of  mass  and  momenta  equations.  We  only  specify  these  approximations, 
since  the  fourth  approximation  (to  the  total  energy  equation)  is  indepen- 
dent of  the  kinetic  energy  calculation  which  concerns  us  in  the  next 
section.  However,  it  can  be  shown  that  the  total  energy  approximation 
is  correct  and  consistent  with  the  mass  and  momenta  approximations.  The 
HELP  approximations  to  the  eqs.  (6)  - (8)  in  the  SPHASE  portion  of  the 

calculation  for  the  itb,  jtb  cell  at  the  ntb  time  step  are: 
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where  the  tilde  denotes  the  SPHASE  updated  value  and  the  letter  super- 
scripts r,  i,  a,  b refer  to  the  evaluation  of  the  term  at  the  corre- 
sponding boundary.  A variable  without  subscripts  or  superscripts  de- 
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notes  that  quantity  evaluated  at  the  center  of  the  i 

nLfl  time  level.  The  boundary  value  of  a variable  is  the  average  of  its 

cell  centered  values  adjacent  to  that  boundary,  for  example,  Sr._  = 0.5 
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Fig.  1.  The  approximations  (10)  - (12)  can  be  derived  from  a physical 
interpretation  of  the  SPHASE  portions  of  eqs.  (6)  - (8).  For  example, 
consider  approximation  (11).  The  effect  of  the  stress  deviator  tensor 
on  the  time  rate  of  change  of  the  x-component  of  the  momentum  [(mu)  - 
(mu)] /At  during  the  entire  time  step  At  is  governed  by  the  stress  ele- 
ments S and  S on  the  right  and  left  and  top  and  bottom  boundaries, 
xx  xy  ° r 

respectively.  Furthermore,  within  the  context  of  SPHASE  (assuming  the 
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post  SPHASE  values  are  those  at  the  end  of  the  time  step) , approximations 
(11)  and  (12)  can  be  shown  to  be  first  order  in  time  and  second  order  in 
space  to  the  relevant  portion  of  eqs.  (2)  - (3) , respectively.  To  deter- 
mine the  order  of  the  approximation  (11),  for  example,  we  substitute  the 
values  of  the  mass  and  boundary  stresses  into  approximation  (11)  and  ob- 
tain 
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(13) 


By  a simple  Taylor  series  expansion  about  the  center  of  the  itb,  jtb 

cell  at  the  ntb  time  level,  eq.  (13)  can  be  shown  to  exhibit  the  stated 
properties . 


The  HPHASE  approximations  are 
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where  the  bar  denotes  the  HPHASE  updated  value  and  P = P(p,I).  Similar 
comments  to  those  on  the  SPHASE  approximations  hold  true  for  HPHASE. 

For  simplicity  in  the  discussion  of  the  TPHASE  approximations,  we 
assume  that  the  velocity  has  both  positive  x and  y components.  The 
TPHASE  approximations  which  model  the  convection  between  cells  are: 
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b r s 

where  6m  , <5m  , 6m  , 6m  denote  the  convected  mass  per  unit  length  from 
the  left  and  bottom  cell  and  to  the  right  and  top,  respectively.  See  Fig 

1.  In  general, 6mc*  = p^L^u^At,  where  p^  denotes  the  density  of  the  cell 

from  which  the  mass  is  transported,  u^  is  the  interpolated  value  of  the 
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velocity  component  normal  to  the  cell  boundary  and  L is  the  length  of 
the  cell  boundary  through  which  the  mass  is  moved.  For  example,  the  fac- 

tors  in  <Sn  are  p = p.  , . , u = 0.5  (u+u.  . . ) / [1+At  (u.  , . - u)/ax] 

d d 1"1>J  „ 

and  L = Ay.  We  note  that  u represents  the  transport  velocity  of  5m 

based  on  linear  approximations  over  the  time  step  At.  The  intuitive  ex- 
planation of  the  TPHASE  approximations  for  eq.  (17)  is  that  the  mass  at 
the  end  of  TPHASE  (the  final  value  at  (n+1)  time  level)  is  the  mass  eri- 

l b 

ginally  in  the  cell  plus  the  mass  transported  into  the  cell  (6m  , 5m  ) 

minus  the  mass  transported  from  the  cell  (6mr,  5ma) . For  the  momentum 
equations,  a similar  situation  exists  except  that  now  each  convected  mass 
is  associated  with  the  specific  momentum  of  its  "donor"  ceil.  Within 
the  context  of  TPHASE  (assuming  the  post  HPHASE  values  are  the  initial 

values  at  the  n^  time  level),  the  approximations  (17)  - (19)  can  be 
shown  to  be  first  order  in  time  and  space  to  the  TPHASE  portions  of  eqs . 
(1)  - (3),  respectively.  By  substituting  the  appropriate  approximation 
for  the  masses,  eq.  (17),  for  example,  can  be  rewritten  as 


n+1  r l 

P - 0 pu  - J jU 


it 


Ax 


a b 

p v - 0 • • 1 v 

i,J-l 

Ay 


(20) 


A Taylor  Series  expansion  about  the  center  of  the  it^,  cell  at  the 
"n  time  level"  of  each  term,  enables  eq.  (20)  to  be  rewritten  as 


♦ 0 (At)  - - + 0 (Ax)  + 0 (Ay)  + 0(At) 


(21) 


which  establishes  the  assertion. 


III.  KINETIC  ENERGY  CALCULATION.  The  partial  differential  equa- 
tion governing  kinetic  energy  can  be  derived  from  eqs.  (1)  - (3)  by  the 
following  identity: 
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where  e = 0.5  (u  + v ).  An  interpretation  of  the  above  manipulation  is 
that  given  the  exact  solutions  of  eqs.  (1)  - (3),  the  derived  function  e 
is  identical  to  the  exact  solution  of  eq.  (23).  We  shall  now  show  that 
the  HELP  approximations  do  not  share  this  property. 


The  specific  kinetic  energy  e at  the  end  of  each  phase  is  computed 

via 


e = 0.5 


j[(mu)/m]2  + [ (mv)/m] 2 j. 


(24) 


using  the  updated  values  of  the  mass  and  momenta  from  that  phase.  By 
using  the  approximations  (10)  - (12),  (14)  - (16)  and  (17)  - (19),  eq. 
(24)  and  the  expressions  for  the  mass  in  terms  of  the  density,  we  can 
write  the  implicit  formulas  used  to  determine  the  updated  specific  kine- 
tic energy  at  the  different  phases  in  terms  of  the  initial  values  at 
SPHASE,  HPHASE  and  TPHASE.  The  resulting  expressions  are  termed  impli- 
cit, since  they  are  never  explicitly  used  to  calculate  the  kinetic  energy 
but  are  numerically  equivalent  to  eq.  (24).  The  results  are: 


(26) 
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By  a Taylor  series  analysis  similar  to  those  performed  in  Section  II,  it 
can  be  shown  that  within  the  context  of  SPHASE  and  HPHASE,  approximations 
(25)  and  (26)  are  first  order  in  time  and  second  order  in  space  to  the 
SPHASE  and  HPHASE  portion  of  eq.  (23),  respectively,  and  that  within  the 
context  of  TPHASE,  approximation  (27)  is  first  order  in  both  time  and 
space  to  the  TPHASE  portion  of  eq.  (23).  See  Ref.  6.  The  order  of  the 
kinetic  energy  approximation  is  in  accord  with  the  other  approximations 
in  the  three  phases.  However,  each  approximation  (25)  - (27)  includes 
terms  that  are  of  the  order  of  the  formal  truncation  error:  terms  of 
order  At  is  SPHASE  and  HPHASE  and  order  At,  Ax  and  Ay  in  TPHASE.  These 
terms  are  enclosed  by  braces.  These  extraneous  terms  with  respect  to 
the  truncation  error  are  consequences  of  calculating  the  kinetic  energy 
from  the  updated  values  of  the  mass  and  momenta  equations  in  each  phase. 
Furthermore,  these  terms  do  not  model  any  term  of  the  kinetic  energy 
equation.  In  fact,  if  one  would  write  directly  a finite  difference 
approximation  to  eq.  (23)  in  a consistent  manner  with  the  HELP  approxi- 
mations of  eqs.  (1)  - (3),  the  Tesult  would  be  eqs.  (25)  - (27)  without 
the  first  order  terms.  Although  in  the  theoretical  limit  as  the  mesh 
approaches  zero  the  two  approximations  are  the  same,  in  practice  the 
inclusion  of  terms  of  the  order  of  the  truncation  error  alters  the  com- 
puted value  of  the  kinetic  energy  of  a cell  at  each  cycle.  This  alter- 
ation is  accumulative.  In  a calculation  involving  hundreds  of  cycles, 
the  final  kinetic  energy  may  differ  by  more  than  an  order  of  magnitude. 


^J.  Lacetera,  Jr.,  J.  M.  Lacetera  and  J.  A.  Schmitt,  US  Army  Ballistic 
Research  Laboratory  Report  (in  preparation) . 
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The  coefficients  of  the  At  terms  in  all  the  three  phases  are  posi- 
tive and  consequently,  these  terms  increase  the  calculated  kinetic  energy. 
The  coefficient  of  the  spatial  increments  Ax  and  Ay  appearing  only  in 
TPHASE  are  negative  and  decrease  the  calculated  kinetic  energy.  Further- 
more, it  can  be  shown  that  for  equal  spatial  meshes  (Ax  = Ay)  the  entire 
first  order  term  in  the  TPHASE  calculation  is  negative  for  Courant  number 
less  than  a half  and  decreases  the  kinetic  energy.  A common  feature  of 
all  these  terms  is  their  quadratic  dependence  on  the  first  spatial  deriva- 
tives: in  SPHASE  of  the  deviator  stress  elements,  in  HPHASE  of  the 

pressure  and  in  TPHASE  of  the  velocity  components.  In  regions  of  small 
gradients,  the  contribution  of  these  terms  of  the  kinetic  energy  value 
will  be  small.  However,  in  regions  of  large  gradients,  these  terms  can 
contribute  substantially  to  the  calculated  kinetic  energy  even  though 
they  are  formally  of  the  order  of  the  truncation  error.  In  an  applica- 
tion discussed  in  the  next  section,  these  terms  can  account  for  as  much 
as  15%  of  the  calculated  kinetic  energy  within  a cell  during  one  time 
step. 


The  effects  of  these  terms  are  not  confined  to  the  kinetic  energy 
calculation.  It  can  be  shown  that  the  specific  total  energy  is  calcu- 
lated in  a manner  consistent  with  that  of  the  mass  and  momenta  equations. 
Thus,  the  effect  of  the  extraneous  terms  in  the  kinetic  energy  calcula- 
tion is  directly  translated  to  the  internal  energy  calculation  via  eq. 

(5)  with  a reverse  effect.  The  order  At  terms  decrease  the  internal 
energy  and  the  order  Ax  and  Ay  terms  increase  it.  Thus,  these  terms  can 
be  interpreted  as  a transfer  mechanism  which  is  not  modeled  by  the  gov- 
erning equations  and  which  converts  internal  energy  into  kinetic  energy 
and  kinetic  energy  into  internal  energy.  Consider,  for  example,  the  one 
dimensional  first  order  energy  approximation  in  TPHASE  for  motion  in  the 
x-direction.  The  only  first  order  term  that  the  internal  energy  calcula- 
tion includes  is  the  positive  term: 


l - \ 2 
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Expanding  expression  (28)  in  a Taylor  series  about  the  cell  center  and 
the  n^  time  level,  we  obtain 


(X  + X 


w 


(29) 


to  the  lowest  order,  where  X = 0.5  uAx  and  X'  = -0.5  u'At.  If  X ♦ X' 
were  the  coefficient  of  viscosity,  then  expression  (29)  would  be  identi- 
cal to  the  viscosity  terra  in  the  one  dimensional  internal  energy  equation. 
Thus,  the  energy  transfer  mechanism  in  this  case  is  an  explicit  artifi- 
cial viscosity  term.  Evans  and  Harlow^  identified  the  term  corresponding 
2 

to  X[3u/3x]  in  their  one  dimensional  analysis  of  the  original  PIC  code. 
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The  term  X'[3u/3x]~  is  not  included  in  their  analysis,  since  they  did  not 
include  the  effect  of  time  differencing.  From  expression  (29),  we  see 
that  the  time  discretization  decreases  the  amount  of  kinetic  energy  con- 
verted to  internal  energy  in  TPHASE.  This  explicit  type  of  artificial 
viscosity  is  confined  only  to  the  TPHASE  energy  calculation  and  is,  in 
addition  to  the  implicit  artificial  viscosity,  already  inherent  in  a 

7 

first  order  algorithm  . 

Irrespective  of  the  algebraic  sign  of  the  first  order  terms  in  eqs . 
(25)  - (27),  they  do  alter  not  only  the  internal  energy  value  but  also 
the  pressure  via  the  equation  of  state,  the  strength  calculation  via  the 
internal  energy  dependent  yield  criteria,  and  consequently,  the  entire 
calculation.  To  determine  the  effects  of  omitting  these  terms  in  a cal- 
culation, the  HELP  code  was  modified  to  allow  a kinetic  energy  calcula- 
tion which  did  not  include  the  first  order  terms  present  in  eqs.  (25)  - 
(27) . Consequently,  the  kinetic  energy  was  not  computed  by  the  updated 
mass  and  momentum  values  but  was  considered  a separate  dependent  variable. 
This  kinetic  energy  was  updated  according  to  a direct  finite  differencing 
of  eq.  (23)  in  a manner  consistent  with  the  other  approximations  and  was 
stored  in  an  array.  The  results  of  this  modified  formulation  are  com- 
pared to  those  of  the  original  version  for  a typical  HELP  application  at 
the  Ballistic  Research  Laboratory  in  the  next  section. 

IV.  EXAMPLE.  The  HELP  code  is  used  primarily  at  the  Ballistic 
Reseearch  Laboratory  to  simulate  the  detonation  and  jet  formation  of  an 
armor  piercing  warhead  called  a shaped  charge.  We  will  consider  an 
unconfined  conical  shaped  charge  (see  Fig.  2a).  The  actual  warhead  is 
obtained  by  rotating  Fig.  2a  about  the  axis  of  symmetry.  The  explosive 
is  detonated  and  the  detonation  wave  collapses  the  conical  liner  towards 
the  axis  of  symmetry  with  a varying  velocity.  Sixteen  microseconds 
after  detonation,  the  liner  consists  of  three  parts  (Fig.  2b) : The  un- 
deformed liner,  the  low  velocity  large  mass  slug  and  the  high  velocity 
small  mass  jet.  By  performing  a Galilean  transformation  at  the  point 
where  an  original  ring  of  liner  impinges  on  the  axis  of  symmetry,  a stag- 
nation point  in  the  flow  can  be  shown  to  exist.  This  stagnation  point 
divides  the  deformed  liner  into  the  slug  and  jet.  It  is  the  jet  which 
pierces  the  armor  and  is  of  prime  concern  to  the  shaped  charge  designer. 

By  assuming  that  the  liner  can  be  modeled  as  an  incompgegs j^le  mate- 
rial under  typical  loading  conditions,  several  researchers  ’ ’ have 
developed 


7P.  J.  Roache,  "Computational  Fluid  Dynamics",  Chapter  V,  Hermosa, 
Albuquerque,  1976. 

®G.  Birkhoff,  D.  P.  MacDougall,  E.  M.  Pugh  and  G.  Taylor,  J.  Appl.  Phvs . 

19,  (1948) , 563. 
q 

E.  M.  Pugh,  R.  J.  Eichelberger  and  N.  Rostoker,  J.  Appl.  Phvs.  23 
(1952),  532. 

^A.  R.  Kiwan  and  H.  Wisniewski,  BRL  Report  No.  1620  (1972). 
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analytical  or  simple  numerical  models  to  determine  the  velocity  field. 
However,  when  compressibility,  strength,  and  thermodynamic  effects  are 
included,  a full  numerical  simulation  is  necessary. 

In  order  to  compare  the  original  and  modified  versions  of  the  HELP 
code,  a conical  shaped  charge  with  a copper  liner  and  Composition  B explo- 
sive (Fig.  2a)  was  modelled  in  cylindrical  coordinate  and  with  identical 
material  constants,  initial  conditions,  code  options  and  grid  structure. 
The  computational  mesh  was  60  cells  (Ar  = 0.52  mm)  by  187  cells  (Az  = 
0.52  mm).  The  initial  state  was  quiescent:  all  properties  zero  except 
the  standard  values  of  the  densities.  The  Jones-Wilkins-Lee  equation 

11  12 
of  state  for  the  explosive  and  the  Tillotson  equation  of  state  for 

the  copper  were  used.  See  Ref.  6 for  other  setup  details.  The  calcula- 
tions were  performed  on  a CDC  7600. 

In  the  original  formulation,  the  specific  internal  energy  of  each 
cell  in  the  jet  is  well  above  the  value  corresponding  to  incipient  vapor- 
. q 

ization  (13.8  x 10  erg/g)  at  16  ys.  Thus,  the  jet  is  characterized  as 
a vapor-liquid  jet.  However,  in  the  modified  formulation,  the  specific 
internal  energy  of  the  same  cells  is  generally  below  that  for  melt  (5.3 

9 

x 10  erg/g)  and  a solid  jet  with  several  melted  sections  is  predicted. 

See  Fig.  3.  The  specific  internal  energy  values  which  correspond  to  the 
melting  point  and  incipient  vaporization  point  of  copper  are  contained 
within  the  Tillotson  equation  of  state.  Although  no  actual  temperature 

has  been  taken  for  this  shaped  charge,  other  experimental  evidence1 14 
supports  the  conclusion  that  the  jet  is  a solid.  Thus,  qualitative 
thermodynamic  agreement  is  achieved  with  the  modified  formulation.  This 
comparison  of  the  jet's  internal  energies  shows  that  in  the  original  for- 
mulation the  first  order  terms  in  the  kinetic  energy  calculation  associ- 
ated with  the  spatial  discretization  dominate  those  associated  with  the 
temporal  discretization.  In  fact,  throughout  the  flow  field,  the  origi- 
nal formulation  gave  higher  values  of  the  internal  energy  than  the  modi- 
fied formulation.  A comparison  of  the  magnitude  of  the  computed  speci- 
fic internal  energies  along  the  axis  of  symmetry  between  the  two  formu- 
lations is  given  in  Fig.  4.  The  modified  code  predicts  up  to  an  88%  de- 
crease in  the  specific  internal  energy  of  the  original  code.  Such  major 
changes  in  the  internal  energy  will  drastically  effect  the  material  prop- 
erties of  the  jet,  like  its  strength,  ductility  and  cohesion.  Two  other 


11E.  Lee,  M.  Finger  and  W.  Collins,  Lawrence  Livermore  Laboratory  Report 
UCID-16189  (1973). 

12 

J.  H.  Tillotson,  General  Atomic  Report  GA-3216  (1962). 

1 W.  G.  Von  Holle  and  J.  J.  Trimble,  US  Army  Ballistic  Research  Labora- 
tory Report  2624  (1976). 

14 

W.  G.  Von  Holle  and  J.  J.  Trimble,  US  Army  Ballistic  Research  Labora- 
tory Report  2004  (1977). 
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modified  formulation. 


Figure  4.  Specific  internal  energy  versus  distance  along  axis  of 
symmetry  from  stagnation  region  to  the  jet  tip  at  t = 


important  quantities  to  the  warhead  designers  are  the  density  and  axial 
velocity.  Figs.  5 and  6 show  comparisons  of  the  compression  and  axial 
velocity  of  the  jet  along  the  axis  of  symmetry.  The  jet  density  of  the 
modified  code  is  approximately  10%  higher  than  the  original.  Near  the 
stagnation  region,  the  modified  formulation  gives  an  improved  result:  a 
compression  (p  > pQ)  of  the  copper.  The  density  discontinuity  near  the 
jet  tip  which  may  not  be  physical  is  of  smaller  magnitude  in  the  modi- 
fied version.  The  axial  velocities  (Fig.  6)  are  virtually  identical  ex- 
cept near  the  jet  tip  where  the  physical  inverse  velocity  gradients  are 
present  but  have  small  magnitudes.  The  larger  axial  velocity  values  of 
the  original  version  caused  the  slightly  longer  jet  (approximately  two 
computational  cells).  The  relative  jet^tip  velocity  (jet  tip  velocity 
minus  slug  end  velocity)  of  6.02  x 10  cm/s  is  7.9%  lower  than  that 
indicated  by  experimental  flash  radiographs.  The  discrepancies  between 
the  density  and  axial  velocities  would  be  much^greater  if  the  code  did 
not  have  an  artificial  cut  off  value  (13.8  x lCr  erg/g)  for  the  specific 
internal  energy  in  the  equation  of  state  for  the  liner  material.  Since 
the  cell  values  of  the  jet's  specific  internal  energy  are  well  above 
the  cut-off  value  in  the  original  formulation,  the  pressure,  velocity, 
total  energy  and  mass  do  not  include  the  effects  of  the  computed  high 
internal  energies. 

V . SUMMARY . We  have  shown  that  inclusion  of  terms  which  are  of 
the  order  of  the  truncation  error  in  an  approximation  can  severely  alter 
a calculation.  Although  in  certain  computations  these  extraneous  terms 
may  remain  negligible,  in  others  they  can  be  significant  and  produce 
spurious  results.  A case  in  point  has  been  cited  with  the  HELP  code  and 
its  kinetic  energy  calculation,  and  the  effects  illustrated  by  an  appli- 
cation to  a problem  in  warhead  mechanics.  In  the  original  HELP  code,  the 
updated  values  of  kinetic  energy  were  computed  as  consequences  of  the  up- 
dated mass  and  momenta  values.  This  value  is  shown  to  deviate  from  that 
computed  directly  by  a first  order  approximation  of  the  kinetic  energy 
by  first  order  terms  which  depend  quadratically  on  the  spatial  deriva- 
tives of  the  velocity,  pressure  and  elements  of  the  deviator  stress  ten- 
sor. These  terms  become  significant  when  applied  to  problems  involving 
large  gradients;  such  as  conical  shaped  charge  simulations.  A method 
was  suggested  to  avoid  these  terms  within  the  confines  of  the  basic  HELP 
algorithm.  The  modified  code  predicted  significantly  better  internal 
energies.  In  other  applications,  the  prognosis  for  the  modified  formu- 
lation is  good,  since  the  approximation  to  the  kinetic  energy  is  more 
accurately  calculated. 

In  the  TPHASE  section  of  the  original  HELP  algorithm  the  extra- 
neous terms  were  identified  with  an  explicit  artificial  viscosity  in  the 
internal  energy  calculation.  Consequently,  the  modified  formulation  may 
require  implementation  of  the  artificial  viscosity  option  available  in 
cases  where  the  original  formulation  did  not. 

A noteworthy  feature  of  the  analysis  and  modification  is  that  it  is 
directly  relevant  to  codes  other  than  HELP.  In  fact,  any  code  with  a 
HELP  type  algorithm  can  be  erroneously  affected  by  extraneous  terms  in 
the  kinetic  energy  calculation.  In  particular,  the  same  unphysical 
internal  energies  in  the  jet  are  computed  by  the  HULL  code. 
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important  quantities  to  the  warhead  designers  are  the  density  and  axial 
velocity.  Figs.  5 and  6 show  comparisons  of  the  compression  and  axial 
velocity  of  the  jet  along  the  axis  of  symmetry.'  The  jet  density  of  the 
modified  code  is  approximately  10%  higher  than  the  original.  Near  the 
stagnation  region,  the  modified  formulation  gives  an  improved  result:  a 
compression  (p  > pQ)  of  the  copper.  The  density  discontinuity  near  the 
jet  tip  which  may  not  be  physical  is  of  smaller  magnitude  in  the  modi- 
fied version.  The  axial  velocities  (Fig.  6)  are  virtually  identical  ex- 
cept near  the  jet  tip  where  the  physical  inverse  velocity  gradients  are 
present  but  have  small  magnitudes.  The  larger  axial  velocity  values  of 
the  original  version  caused  the  slightly  longer  jet  (approximately  two 
computational  cells).  The  relative  jet^tip  velocity  (jet  tip  velocity 
minus  slug  end  velocity)  of  6.02  x 10  cm/s  is  7.9%  lower  than  that 
indicated  by  experimental  flash  radiographs.  The  discrepancies  between 
the  density  and  axial  velocities  would  be  much^greater  if  the  code  did 
not  have  an  artificial  cut  off  value  (13.8  x 1CT  erg/g)  for  the  specific 
internal  energy  in  the  equation  of  state  for  the  liner  material.  Since 
the  cell  values  of  the  jet's  specific  internal  energy  are  well  above 
the  cut-off  value  in  the  original  formulation,  the  pressure,  velocity, 
total  energy  and  mass  do  not  include  the  effects  of  the  computed  high 
internal  energies. 

V . SUMMARY . We  have  shown  that  inclusion  of  terms  which  are  of 
the  order  of  the  truncation  error  in  an  approximation  can  severely  alter 
a calculation.  Although  in  certain  computations  these  extraneous  terms 
may  remain  negligible,  in  others  they  can  be  significant  and  produce 
spurious  results.  A case  in  point  has  been  cited  with  the  HELP  code  and 
its  kinetic  energy  calculation,  and  the  effects  illustrated  by  an  appli- 
cation to  a problem  in  warhead  mechanics.  In  the  original  HELP  code,  the 
updated  values  of  kinetic  energy  were  computed  as  consequences  of  the  up- 
dated mass  and  momenta  values.  This  value  is  shown  to  deviate  from  that 
computed  directly  by  a first  order  approximation  of  the  kinetic  energy 
by  first  order  terms  which  depend  quadratically  on  the  spatial  deriva- 
tives of  the  velocity,  pressure  and  elements  of  the  deviator  stress  ten- 
sor. These  terms  become  significant  when  applied  to  problems  involving 
large  gradients;  such  as  conical  shaped  charge  simulations.  A method 
was  suggested  to  avoid  these  terms  within  the  confines  of  the  basic  HELP 
algorithm.  The  modified  code  predicted  significantly  better  internal 
energies.  In  other  applications,  the  prognosis  for  the  modified  formu- 
lation is  good,  since  the  approximation  to  the  kinetic  energy  is  more 
accurately  calculated. 

In  the  TPHASE  section  of  the  original  HELP  algorithm  the  extra- 
neous terms  were  identified  with  an  explicit  artificial  viscosity  in  the 
internal  energy  calculation.  Consequently,  the  modified  formulation  may 
require  implementation  of  the  artificial  viscosity  option  available  in 
cases  where  the  original  formulation  did  not. 

A noteworthy  feature  of  the  analysis  and  modification  is  that  it  is 
directly  relevant  to  codes  other  than  HELP.  In  fact,  any  code  with  a 
HELP  type  algorithm  can  be  erroneously  affected  by  extraneous  terms  in 
the  kinetic  energy  calculation.  In  particular,  the  same  unphysical 
internal  energies  in  the  jet  are  computed  by  the  HULL  code. 
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STAGNATION  AXIS  OF  JET 

REGION  SYMMETRY  TIP 


Figure  6.  Axial  velocity  versus  distance  along  axis  of  symmetry 
from  stagnation  region  to  the  jet  tip  at  16  us. 
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STRESS  INTENSITY  FACTORS  FOR  A CIRCULAR  RING  WITH  UNIFORM  ARRAY 
OF  RADIAL  CRACKS  USING  CUBIC  ISOPARAMETRIC  SINGULAR  ELEMENTS 
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U.S.  Army  Armament  Research  and  Development  Command 
Benet  Weapons  Laboratory 
Watervliet  Arsenal,  Watervliet,  NY  12189 


ABSTRACT . The  plane  problem  of  a uniform  array  of  equal  depth  radial  cracks 
originating  at  the  internal  boundary  of  a pressurized  circular  ring  is  consid- 
ered. The  finite  element  method  using  12-node  quadrilateral,  isoparametric 
elements  is  adopted.  The  collapsed  singular  elements  recently  developed  by 
the  authors  are  used  around  the  crack  tip.  The  stress  intensity  factors  at  a 
crack  tip  can  be  obtained  for  any  finite  number  of  radial  cracks  and  for  a 
large  variety  of  diameter  ratios  and  crack-depth  to  wall-thickness  ratios. 

For  the  special  case  of  a single  radial  crack  and  two  diametrically 
opposed  radial  cracks,  stress  intensity  factors  have  been  obtained  by  Bowie 
and  Freese  using  modified  mapping-collocation  method  and  by  Shannon  using  a 
very  large  number  of  constant-strain  triangular  elements.  Results  of  these 
two  different  approaches  agree  quite  well  except  for  shallow  cracks  relative 
to  the  cylinder  wall  thickness.  The  present  finite  element  results  using  a 
maximum  of  seventeen  elements  are  in  better  agreement  with  those  of  Bowie  and 
Freese,  including  the  results  for  shallow  cracks. 

For  the  case  of  forty  radial  cracks  in  a cylinder  of  diameter  ratio  2.0, 
Goldthorpe  obtained  an  empirical  formula  for  the  stress  intensity  factor 
based  on  an  approximate  procedure  applied  to  data  of  Tweed  and  Rooke  for 
forty  radial  cracks  from  a hole  in  an  infinite  plate.  The  present  results 
agree  with  Goldthorpe' s results  for  shallow  cracks.  For  large  crack-depth 
to  wall-thickness  ratios,  Goldthorpe' s formula  tends  to  be  too  low  for  the 
stress  intensity  factors. 

The  current  study  has  shown  that  the  ring  with  two  diametrically  opposed 
cracks  is  in  general  the  weakest  configuration  (highest  value  in  Kj).  In 
the  range  of  diameter  ratio  1.5  to  2.5,  the  ring  with  three  radial  cracks  is 
also  weaker  than  that  with  only  one  radial  crack.  For  more  than  three  cracks, 
the  denser  the  radial  cracks  are  the  more  stable  the  ring  will  be. 

I.  INTRODUCTION.  The  plane  problem  of  radial  cracks,  equal  and  finite 
in  length,  originating  at  a circular  hole  in  an  infinite  plate  under  uniaxial 
or  biaxial  tension  has  been  solved  by  Bowie  [1].  His  solution  is  based  on  the 
complex  variable  method.  He  obtained  numerical  results  for  a single  crack 
and  two  diametrically  opposite  cracks.  Using  this  analysis,  Kutter  [2]  com- 
puted the  stress  distribution  for  a maximum  of  sixteen  radial  cracks.  A 
special  case  when  the  radius  of  the  circular  hole  is  zero  was  considered  by 
Westmann  [3].  His  solution  is  obtained  utilizing  Mellin  transforms.  The  crack 
tip  stress  intensity  factors  are  numerically  evaluated  for  any  number  of  radial 
cracks.  Using  Mellin  transforms,  Tweed  and  Rooke  [4-6]  reconsidered  Bowie's 
and  Westmann' s problems.  They  obtained  stress  intensity  factors  for  various 
crack  numbers  and  lengths.  A problem  of  this  nature  is  of  particular  interest 
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in  the  field  of  rock  mechanics  such  as  underground  cavities  under  hydraulic 
pressure  or  blasting.  It  is  also  useful  for  circular  cutouts  in  sheet  mater- 
ial. The  application  of  this  problem  to  axial  cracks  in  a circular  hollow 
cylinder  is  of  limited  practical  value  because  the  solution  is  only  valid  for 
very  large  diameter  ratios. 

Various  approximate  techniques  have  been  developed  for  the  stress  intensity 
factor  of  radial  cracks  radiating  at  the  bore  of  a circular  ring.  Winnie  and 
Wundt  [7]  used  Bowie's  infinite  plate  solution  and  a mean- stress  concept  to 
obtain  strain-energy  release  rate  for  a bored  and  notched  rotating  disk  of 
large  diameter  ratios.  Williams  and  Isherwood  [8]  presented  an  approximate 
method  for  the  calculation  of  the  strain-energy  release  rate  for  finite  plates. 
They  obtained  numerical  results  for  rotating  discs  with  diameter  ratios  less 
than  that  required  in  [7].  In  the  study  of  cracked  gun  barrels,  Goldthorpe  [9] 
computed  the  stress  intensity  factor  for  a pressurized  cylinder  of  diameter 
ratio  2.0  with  forty  radial  cracks  based  on  an  approximate  procedure  by 
Cartright  and  Rooke  [10]  and  the  results  of  radial  cracks  in  an  infinite  plate 
by  Tweed  and  Rooke  [6].  The  modified  mapping-collocation  technique  which 
combines  modified  versions  of  conformal  mapping  and  boundary  collocation 
methods  was  originally  presented  by  Bowie  and  Neal  [11]  as  a procedure  for  the 
analysis  of  an  internal  crack  in  a finite  geometry.  This  technique  was 
employed  by  Bowie  and  Freese  [12]  to  evaluate  stress  intensity  factors  for 
a circular  ring  with  a single  radial  crack  at  the  inner  hole  under  axisym- 
r.etric  tension  on  the  outer  boundary.  Numerical  results  for  the  circular  ring 
with  two  diametrally  opposed  cracks  were  supplied  by  Freese  and  Bowie  in  a 
private  communication  with  Underwood  [13].  The  concept  of  load  relief  factor, 
first  used  by  Neuber  [14],  was  applied  by  Baratta  [15]  to  determine  approximately 
the  stress  intensity  factors  for  a multiply  cracked  circular  ring.  A weight 
function  technique  proposed  by  Rice  [16]  was  employed  by  Grandt  [17]  to  obtain 
stress  intensity  factors  for  one  and  two  radially  cracked  rings. 

The  finite  element  technique  has  become  an  important  numerical  method  for 
practical  problems  in  structural  mechanics  because  of  its  ability  to  treat 
very  general  geometric  configurations  and  loading  conditions.  Shannon  [18], 
using  the  constant  strain  triangular  elements,  obtained  stress  intensity 
factors  for  a thick-walled  cylinder  with  one  or  two  radial  cracks.  Because 
of  the  large  strain  gradients  in  the  vicinity  of  a crack  tip,  an  extremely 
fine  element  grid  was  used  near  the  crack  tip.  His  results  were  compared  with 
Bowie  and  Freese's  mapping-collocation  results  in  [13].  Many  refinements  in 
finite  element  approach  to  crack  problems  have  been  developed  in  the  past 
decade.  Wilson  [19]  introduced  the  embedded  singularity.  Special  crack  tip 
elements  were  used  by  Tracey  [20],  Blackburn  [21],  Benzley  and  Beisinger  [22]. 
Using  quadratic  isoparametric  elements,  Henshell  and  Shaw  [23]  and  Barsoum  [24] 
found  independently  that  the  inverse  square  root  singularity  at  a crack  tip  was 
obtained  by  placing  the  mid-side  nodes  at  quarter  points  in  the  vicinity  of  the 
crack  tip.  These  elements  are  implemented  in  NASTRAN  as  dummy  elements  by 
Hussain  et  al  [25].  A 12-node,  isoparametric  element  is  used  by  Gifford  [26], 
where  two  special  crack  tip  element'-  are  implemented  in  his  computer  program 
APES  [26]  for  fracture  mechanics  problems.  The  concept  of  shifting  the  mid-side 
nodes  to  quarter  points  in  an  8-node  isoparametric  element  is  extended  by  the 
authors  to  12-node  isoparametric  elements  [27].  The  inverse  square  root 
singularity  of  the  strain  field  at  the  crack  tip  is  obtained  by  collapsing  the 
quadrilateral  elements  into  triangular  elements  around  the  crack  tip  and  placing 
the  two  side  nodes  on  each  of  the  straight  line  segments  passing  through  the  tip 


at  1/9  and  4/9  of  the  length  of  the  segment  from  the  tip.  With  these  collapsed 
12-node  traingular  elements  as  singular  elements  around  a crack  tip,  APES  is 
used  in  this  paper  to  compute  the  stress  intensity  factor  for  a radially 
multiple-cracked  circular  ring.  The  results  are  compared  with  previous  results 
obtained  by  other  investigators. 

II.  THE  12-NODE  QUADRILATERAL  ISOPARAMETRIC  ELEMENT.  A typical  12-node, 
quadrilateral  element,  in  Cartesian  coordinates  (x,y)  which  is  mapped  to  a 
square  in  the  curvilinear  space  (5,n)  with  vertices  at  (±  1,  ± 1)  is  shown  in 
Figure  1.  The  assumption  for  displacement  components  takes  the  form: 

12 

u = l N^S.n)^ 
i=l 

(1) 

12 

v = l N^.nJv. 
i=l 


where  u,v  are  x,y  components  of  displacement  of  a point  whose  natural  coor- 
dinates are  5,n;  ui,Vi  are  displacement  components  of  node  i and  N^S.n)  is 
the  shape  function  given  in  [28]  which  can  be  written  as: 


Ni(S,n)  = (1  + «i)d  ♦ nni)[-io  ♦ 9(e2  ♦ n2)][-io  ♦ 9(e?  ♦ n£)] 

* a * Ki)(I  * 9nV(I  - n2)d  - nj) 

♦ ^ U ♦ nni)(1  + 9«i)d  - S'H1  - » (2) 


for  node  i whose  Cartesian  and  curvilinear  coordinates  are  (x^.y^)  and  (Cj,n^) 
respectively.  The  element  is  isoparametric,  hence  the  same  shape  function  is 
used  for  coordinate  transformation. 


12 

x = I Nif^rOxj 

i=l 

12 

y - l Ni^.niyi 

i*l 


(3) 


The  element  stiffness  matrix  is  found  in  the  usual  way  and  is  given  by 
[24,25] 


1 


W = / 

-1 


J [B]T[D][B]  det  |j|d£dn 
-1 


(4) 
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where  [B]  is  a matrix  relating  joint  displacements  to  the  strain  field  {e } 


{e>  - [B] 


and  [D]  is  the  material  stiff  matrix  given  by 


0 0 (l-v)/2 


and  [D]  = 


(1+v) (l-2v) 


1-v  v 


v 1-v 


0 (l-2v)/2 


for  the  case  of  plane  stress  and  plane  strain  respectively.  In  (5),  E is  the 
modulus  of  elasticity  and  v is  Poisson's  ratio  of  the  material.  The  Jacobian 
matrix  [J]  is  given  by 


[J]  = 


3*  3jl 

35  35 

3x  9y 
3n  3n 


3N. 

* * 


whenever  the  determinant  of  [J]  is  zero,  the  stresses  and  strains  become 
singular  [23-25],  (This  is  due  to  the  fact  the  computation  of  {e}  requires 
inverse  of  [ J] . ) 

III.  THE  CRACK  TIP  ELEMENT. 

The  inverse  square  root  singularity  of  the  elastic  strain  field  at  a 
crack  tip  can  be  obtained  by  a simple  technique  of  collapsing  the  quadri- 
lateral elements  into  triangular  elements  around  the  crack  tip  as  shown  in 
Figure  2.  The  side  nodes  2,3  of  the  line  segment  1-4  of  length  Jt  are  moved 
to  1/9  and  4£/9  positions  measured  from  the  tip,  node  1.  Similarly,  nodes 
9 and  8 of  the  line  segment  7-10  of  length  9.  (we  choose  to  use  isosceles 
triangles  around  a crack  tip,  but  any  scalene  triangles  may  be  used)  are 
moved  to  1/9  and  4£/9  from  node  10  which  coincides  with  nodes  11,  12  and  1. 
The  line  segment  4-7  must  be  straight  and  the  nodes  5 and  6 must  divide  the 
line  segment  into  equal  segments.  Otherwise  numerical  results  may  become 
unstable  [27,29],  From  Eq.  3 the  Cartesian  coordinates  of  any  point  (5,h), 
-1<5<1  and  -1<D<1,  are. 
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X = (&/8) (1+S)2 [ (l-n)cosB  + (l+n)cosa] 
y = (V8)  (1+C)2[  (l-n)sinS  + (l+n)sina] 

The  Jacobian  then  becomes, 

|J|  = (*/4)2  (1+0 3 sin  (a- (5) 

This  shows  the  strain  is  singular  atx=0(£=-l)  along  any  ray  from  x = 0 
since  |j|  = 0 at  £ = -1  for  all  n.  It  has  been  shown  in  [27]  that  the  singu- 
larity of  the  strain  field  at  r = 0 is  of  the  order  of  {l/fr)  if  the  nodes 
1,  10,  11  and  12  are  tied  together  during  deformation,  i.e., 

U1  = U10  = U11  * u12  * V1  = v10  = V11  = V12 

If  nodes  1,  10,  11  and  12  are  not  tied  together,  then  the  strain  singularity 
is  of  the  order  of  (1/r),  the  perfect  plastic  singularity.  This  is  analogous 
to  the  findings  in  [30]  for  quadratic,  isoparametric  elements.  However  the 
authors  have  found  that  the  multipoint  constraint  has  little  effect  on  numer- 
ical results  for  the  elastic  plane  problem  of  a circular  ring  with  multiple 
cracks. 


(7) 


(8) 


IV,  DETERMINATION  OF  STRESS  INTENSITY  FACTORS. 

If  displacements  of  a node  near  the  crack  tip  obtained  from  the  finite 
element  method  are  substituted  into  the  well  known  near  crack  tip  displace- 
ment formula  [31],  the  stress  intensity  factor  can  be  simply  computed.  There 
are  a number  of  ways  to  estimate  the  stress  intensity  factors  [32]  from  the 
nodal  displacements.  A simple,  yet  accurate  way  for  a mode  I crack  is  the  use 
of  vertical  component  of  the  relative  displacement  of  node  14  in  reference  to 
node  10,  Figure  3. 


K 


I 


^2tt^  3E (v14~viq) 
* (1+V)(K+1) 


(10) 


This  simple  formula  gives  good  results  if  1%  - 2%  of  the  crack  length  is  used 
for  (£/9),  the  distance  between  the  crack  tip  and  the  nearest  node. 

V.  IDEALIZATION  OF  A RING  SECTOR.  The  internal  pressure  p applied  on 
the  internal  bore  leads  to  stress  boundary  conditions  on  the  boundary  of  radial 
cracks.  Since  the  stress  intensity  factor  Kj  associated  with  radial  cracks  in 
an  internally  pressurized  cylinder  is  the  same  as  that  produced  by  uniform 
axisymmetric  tension  of  equal  magnitude  applied  on  the  external  boundary  we 
consider  this  external  loading  in  the  present  finite  element  method. 

A great  advantage  of  using  cubic  isoparametric  elements  is  that  only  a 
few  elements  are  needed  to  model  an  elastic  structure  containing  cracks.  Let 
the  number  of  radial  cracks  be  n and  let  the  cracks  be  of  equal  depth  and 
equally  spaced.  The  central  angle  between  two  adjacent  cracks  is  27r/n.  Let 
Rji  and  R?  be  inner  and  outer  radii  of  the  ring;  the  diameter  ratio  R?/Rj  is 
denoted  by  W.  The  wall  thickness  of  the  ring,  t = R2  - Rj  = R^  (W-l),  is  used 
to  normalize  the  crack  depth  a.  The  crack  depth  to  wall  thickness  ratio  a/t 
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is  called  the  dimensionless  crack  length,  an  important  parameter  used  in  this 
analysis.  For  the  axisymmetric  problem,  the  region  of  interest  is  confined  by 
1 ^ R ^ W and  0 <_  8 <_  0q,  where  0q  = ir/n  and  R = r/R^,  Figure  4.  The  pair  (r,0) 
are  polar  coordinates  with  the  center  of  the  cylinder  as  the  pole  and  the  line 
on  which  lies  the  only  crack  in  the  region  of  interest  as  the  polar  axis.  The 
region  of  interest  is  subdivided  into  several  ring  sectors.  The  maximum  number 
of  sectors  (NS)  used  is  six  and  the  maximum  number  of  elements  (NE)  is  seventeen. 
The  number  of  nodes  (NN)  for  17  elements  is  119.  The  sector  containing  the 
crack  has  seven  elements.  The  remaining  sectors  have  only  two  elements  in  each 
sector.  A reduction  of  two  elements  and  thirteen  nodes  will  result  from  a 
reduction  of  one  sector.  The  sector  containing  the  crack  has  a central  angle 
<A.  The  central  angle  of  the  remaining  sectors  may  be  either  <A  or  <B.  Let 
NA  and  NB  be  the  number  of  sectors  having  central  angle  <A  and  <B  respectively. 
The  sum  of  NA  and  NB  is  the  total  number  of  sectors  used  for  that  particular 
geometry.  A table  in  Figure  4 gives  the  actual  values  of  NE,  NN,  NS,  NA,  NB, 

<A,  <B  used  in  our  numerical  computation  for  n = 1 to  40. 

Figure  5 gives  the  actual  idealization  for  a cylinder  with  two  diamet- 
rically opposed  cracks.  The  region  of  interest  is  a quarter  of  the  cylinder. 

We  have  used  NE  = 17,  NN  = 119,  NS  = 6,  NA  = 1,  NB  = 5,  <A  = 7.5°,  and  <B  = 

16.5°.  The  numbering  sequence  of  the  seven  elements  and  their  nodes  varies 
slightly  depending  on  the  dimensionless  crack  length.  For  crack  length 
a/t  = 0.6  the  elements  are  numbered  as  shown  in  Figure  5(a).  For  a/t  > 0.6, 

the  change  is  shown  in  Figure  5(b). 

VI.  THE  COMPUTER  PROGRAMS  NASTRAN  AND  APES.  The  NASTRAN  implementation 
of  the  12-node  quadrilateral  follows  that  of  the  8-node  quadrilateral  as 
described  in  [25] . The  dummy  user  element  facility  of  NASTRAN  is  used.  This 
requires  coding  routines  to  calculate  element  stiffness  matrices  and  stress 
recovery  computations.  Modifications  to  existing  NASTRAN  source  code  are  made 
to  provide  proper  output  formats  for  the  element.  Stress  intensity  factors  for 
mode  I cracks  are  calculated  using  Eq.  (10)  and  using  the  multipoint  constraint, 
Eq.  (9).  Three-point  (four-point  as  optional)  Gaussian  quadrature  is  normally 
used  to  evaluate  each  partial  integrations  of  the  double  integral  in  Eq.  (4). 

All  stiffness  computations  are  performed  in  double  precision  while  stress 
recovery  is  performed  in  single  precision. 

The  finite  element  computer  program  APES  [26],  an  acronym  for  'Axisym- 
metric/Planar  Elastic  Structures',  is  a special  program,  using  12-node 
quadrilateral  elements.  It  automatically  generates  coordinates  of  nodes  inter- 
mediate to  element  corner  nodes  for  a straight-line  element  edge.  The  work- 
equivalent  loads  are  automatically  computed  for  arbitrarily  distributed  stresses 
along  any  element  edge.  The  result  of  these  features  greatly  reduces  both  the 
effort  of  input  data  preparation  and  the  probability  of  error.  Because  of  the 
convenience,  APES  is  chosen  in  the  present  computation  of  stress  intensity 
factors  for  multiple  cracks. 

For  linear  elastic  fracture  mechanics  applications,  APES  has  two  special 
crack  tip  elements  for  users  to  choose.  The  first  of  these  is  a circular 
'core'  element  [19]  centered  on  the  crack  tip  in  which  the  leading  terms  of 
the  elastic  singular  solution  are  taken  to  dominate.  The  second  is  simply 
an  enrichment  of  the  12-node  isoparametric  element  [22].  We  believe  the 
collapsed  12-node  triangular  elements  are  more  convenient  to  use  for  crack 


problems  than  either  of  the  two  special  crack  tip  elements  originally  used  in 
APES.  We  modified  the  program  slightly  to  avoid  the  use  of  special  crack  tip 
elements.  A collapsed  triangular  element  around  a crack  tip  are  defined  as 
an  ordinary  quadrilateral  element  with  four  nodes  having  the  same  coordinates 
and  four  intermediate  nodes  shifted  to  1/9  and  4£/9  positions.  The  multipoint 
constraint  conditions,  Eq.  (9)  are  not  yet  available  in  APES.  Since  the  effect 
in  the  elastic  range  is  negligibly  small,  the  stress  intensity  factors  are 
computed  by  Eq.  (10)  with  nodes  1 to  10  not  tied  together  in  the  direction  of 
crack.  In  the  direction  perpendicular  to  the  crack  the  conditions  Vj  = v 2 = 

...  ■ Vjq  * 0 are  used. 

VII.  NUMERICAL  RESULTS.  The  computer  program  APES,  incorporated  with 
collapsed  12-node  triangular  elements  as  singular  elements  around  a crack  tip, 
is  used  to  evaluate  stress  intensity  factors  for  a thick-walled  cylinder  with 
one  and  two  radial  cracks.  Comparing  with  Bowie  and  Freese's  results  the 
present  finite  element  results  are  in  better  agreement  than  those  of  Shannon's 
finite  element  results.  Tables  1 and  2 list  values  of  Kj/p/a  for  various  values 
of  a/t  and  for  W * 1.6  and  2.5.  The  values  in  columns  (1)  and  (2)  of  these 
tables  are  either  calculated  from  Tables  1 and  2 of  Underwood  [13]  or  from 
Figure  7-6  of  Shannon  [33] . The  difference  between  our  finite  element  results 
and  those  of  Bowie  and  Freese  are,  in  general,  within  a two  percent  range. 

The  weight  function  method  employed  by  Grandt  also  gives  accurate  results 
for  one  and  two  radial  cracks.  For  W ■ 2.0,  a comparison  is  listed  in  Table  3. 
Values  in  the  column  under  Grandt  are  taken  from  Figure  6 of  [17].  The  agree- 
ment among  values  obtained  from  the  mapping  collocation  method,  the  weight 
function  method  and  the  present  finite  element  method  are  quite  good. 

With  the  confidence  thus  gained,  the  computer  program  APES  is  used  to 
calculate  stress  intensity  factors  of  cylinders  with  many  radial  cracks.  Using 
the  idealization  given  in  Figure  4,  values  of  Kj/py'a  are  obtained  for  a/t  =0.1 
to  0.6  and  for  W = 1.5,  2.0  and  2.5.  Results  are  shown  in  Figures  7 to  9 
for  n = 1 to  40.  There  are  very  few  reliable  numerical  results  available  in 
the  literature  for  stress  intensity  factors  of  a finite  ring  with  more  than 
two  radial  cracks.  We  found  only  Goldthorpe's  results  for  forty  cracks  [9] 
and  Baratta's  results  for  thirty-six  and  forty-eight  cracks  [15]  for  W = 2.0. 

For  the  purpose  of  comparison,  we  obtained  K-r/p/a  for  twenty  cracks  for  a ring 
of  W ■ 2.0  using  'load  relief  factors'  method  [15]  and  the  data  for  multiple 
cracks  at  a circular  hole  in  an  infinite  solid  by  Tweed  and  Rooke  [6] . The 
results  and  Baratta's  results  for  thirty-six  cracks,  those  of  Goldthorpe's 
forty  cracks  together  with  the  current  finite  element  results  for  twenty  and 
forty  cracks  are  plotted  in  Figure  6.  Also  in  Figure  6 are  Bowie  and  Freese's 
results  for  one  and  two  radial  cracks.  It  can  be  seen  that  stress  intensity 
factors  estimated  by  Goldthorpe  are  too  low  while  those  by  Baratta  are  too 
high  when  compared  with  results  obtained  by  our  finite  element  method. 

In  Fig.  7-9  we  plotted  Kj/p«/R7  instead  of  Kj/p/a  versus  n . The  quantity 
Kr/pt'fij  gives  the  actual  value  of  Kj  for  p = 1 and  Rj  = 1 . An  obvious  maximum 
or  Kj/pv^  is  seen  at  n ■ 2 for  a/t  > 0.1.  The  value  of  Kj/p«^T7  decreases 
rather  fast  as  the  number  of  cracks  increases  from  n = 2.  The  drop  in  Kj/p^EY 
levels  off  for  n > 20.  For  a/t  > 0.1,  it  is  safe  to  conclude  that  the  two- 
crack  situation  represents  the  worst  case  of  multiple  cracking.  The  case  of 
three-crack  situation  is  the  next  worst  situation.  The  single-crack  situation 
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is  usually  worse  than  the  case  of  four  cracks.  For  a/t  =0.1  the  variation  in 
Ki/p’/SJ  is  so  small  that  the  differenc  between  the  maximum  and  the  next  highest 
value  is  within  the  limit  of  accuracy  of  the  finite  element  method.  Further 
numerical  results  must  be  obtained  to  give  definite  conclusion  whether  the 
maximum  of  Kj/p/R^  always  occurs  at  n = 2 even  for  very  shallow  cracks.  However 
it  becomes  less  important  whether  the  worst  situation  is  still  the  two  crack  case 
since  the  stress  intensity  factors  remain  nearly  a constant  for  small  values  of 
n for  very  shallow  cracks.  In  other  words  in  the  initial  stage  of  multiple 
cracking,  each  crack  has  little  effects  on  the  growth  of  other  cracks. 

VIII.  CONCLUSIONS.  The  use  of  collapsed  12-node  triangular  elements  as 
singular  crack  tip  elements  has  been  shown  to  give  excellent  results  for  a thick- 
walled  cylinder  with  multiple  radial  cracks.  The  numerical  results  shows  that 
the  two-crack  case  is  in  general  the  worst  situation  in  multiple  cracking.  For 
large  crack  depths,  the  stress  intensity  factor  for  the  worst  situation  may  be 
as  high  as  one  hundred  fifty  percent  of  that  of  the  corresponding  single  crack 
case.  For  a very  shallow  crack,  the  stress  intensity  factor  of  a cracked 
cylinder  will  not  be  significantly  affected  by  the  presence  of  other  shallow 
cracks  in  a relatively  large  crack  spacing.  Hence  the  single  crack  case  may 
be  used  to  represent  the  multiple  crack  situation  when  the  relative  crack  depth 
to  crack  spacing  ratio  is  small.  The  effect  of  interaction  of  cracks  on  the 
stress  intensity  factor  of  a cracked  cylinder  in  terms  of  the  dimensionless 
crack  length,  the  diameter  ratio,  the  relative  ratio  of  crack  depth  to  crack 
spacing  can  be  studied  by  the  present  method  using  unequal  crack  depths  and 
unequal  spacing  of  radial  cracks. 
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FIGURE  CAPTIONS. 


Figure  1.  Shape  Functions  and  Numbering  Sequence  for  a 12-Node  Quadrilateral 
Element . 


Figure  2.  A Normalized  Square  in  (£,n)  Plane  Mapped  into  a Collapsed  Triangular 
Element  in  (x,y)  Plane  with  the  side  ^ = -1  Degenerated  into  a Point 
at  the  Crack  Tip. 

Figure  3.  Three  Collapsed  Triangular  Elements  Surrounding  a Mode  I Crack  Tip. 

Figure  4.  The  Region  of  Interest  for  a Ring  with  n Radial  Cracks  and  the 

Finite-Element  Idealization. 

Figure  5.  The  Idealization  of  a Ring  with  Two  Radial  Cracks  and  the  Numbering 
Sequence  for  (.a)  a/t  £ 0.6  and  (b)  a/t  > 0.6. 

Figure  6.  Comparison  of  Stress  Intensity  Factors  by  Different  Methods  for  a 
Ring  with  n Radial  Cracks. 

Figure  7.  Kj/p/R^  vs.  n for  various  values  of  a/t  for  W = 2.0. 

Figure  8.  Kj/p/R^  vs.  n for  various  values  of  a/t  for  W = 2.5. 

Figure  9.  Kj/p/Rj"  vs.  n for  various  values  of  a/t  for  W = 1.5. 
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TABLE  1 - Values  of  Kj/p/a  for  pressurized  cylinders  with  one  crack 


w 

a/t 

(1) 

Bowie  § Freese 

(2) 

Shannon 

(3) 

Pu  and  Hussain 

(3)/(l) 

0.1 

6.39 

5.80 

6.34 

0.992 

0.2 

6.58 

6.32 

6.70 

1.018 

0.3 

7.10 

6.85 

7.01 

0.987 

1.6 

0.4 

7.82 

7.50 

7.92 

1.013 

0.5 

8.60 

8.20 

8.53 

0.992 

0.6 

9.38 

8.95 

9.22 

0.983 

0.7 

10.16 

9.90 

10.26 

1.010 

0.8 

11.01 

11.07 

11.29 

1.025 

0.1 

4.16 

3.85 

4.26 

1.024 

0.2 

3.97 

3.80 

4.05 

1.020 

0.3 

3.92 

3.80 

3.84 

0.980 

2.5 

0.4 

3.97 

3.90 

3.99 

1.005 

0.5 

4.06 

4.00 

4.09 

1.007 

0.6 

4.25 

4.20 

4.28 

1.007 

0.7 

4.58 

4.50 

4.59 

1.002 

0.8 

5.10 

5.00 

5.04 

0.988 

TABLE  3-Values  of  Kj/p/a  for  pressurized  cylinders  of  W = 2.0 


No.  of  Cracks 

a/t 

Bowie  and  Freese 

Grandt 

Pu  and  Hussain 

n 

4.98 

4.96 

4.99 

4.92 

4.87 

5.03 

5 . 08 

5.04 

5.01 

1 

0.4 

5.29 

5.24 

5.36 

0.5 

5.56 

5.48 

5.65 

0.6 

5.88 

5.79 

5.97 

0.7 

6.30 

6.10 

6.35 

0.8 

6.93 

6.57 
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5.72 
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0.4 

6.30 

6.10 

6.31 

0.5 

7.09 

6.82 

7.09 

0.6 

7.99 

7.74 

8.08 

0.7 

9.11 

8.80 

9.20 

0.8 

10.43 

9.92 

10.59 
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Nil  = J2  a-C)(l-n2)(l*3n) 

n12  = J2  (i-C)(i-n2)(i-3n) 


Figure  1.  Shape  Functions  and  Numbering  Sequence  For  a 12-Node 
Quadrilateral  Element. 
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Figure  3.  Three  Collapsed  Triangular  Clements  Surrounding  a 
Mode  I Crack  Tip. 
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Figure  4.  The  Region  of  Interest  for  a Ring  with  n Radial 
Cracks  and  the  Finite-Element  Idealization. 


Figure  6.  Comparison  of  Stress  Intensity  Factors  by 
Different  Methods  for  a Ring  with  n Radial 
Cracks. 


TLM1T.RATURLS  AND  STRHSSl.S  DUH  TO  QUI.NCIIING  OF 
HOLLOW  CYLINDERS 
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Benet  Weapons  Laboratory,  I.CWSL 
Katcrvliet  Arsenal,  Watervliet,  NY  12189 


A.BSJTRACT..  After  forging,  gun  tube  blanks  are  heated  to  a high 
temperature  and  quenched  to  near  room  temperature  before  tempering 
to  achieve  the  required  material  properties.  The  purpose  of  the 
quench  is  to  bypass  the  knee  of  the  pearl ite  phase  and  thus  form 
the  desired  martensite  phase.  This  program  was  undertaken  to 
establish  cooling  curves  while  the  material  is  being  quenched  and 
to  compute  the  thermal  and  transformation  stresses  involved. 

The  temperatures  are  computed  using  implicit  finite  difference 
schemes.  The  problem  treated  is  a nonlinear  one  in  radial  heat 
flow.  The  problem  with  cylindrical  geometry  is  assumed  to  be 
axisymmetric  and  the  coefficients  in  the  equation  such  as  thermal 
conductivity  are  treated  as  functions  of  temperature.  The  boundary 
conditions  are  written  in  a general  form  allowing  the  use  of  temper- 
ature, convection  or  heat  flux  boundary  conditions.  The  nonlinear 
problem  is  solved  by  using  two  finite  difference  schemes  in  tandem. 

The  first  computes  the  temperatures  at  the  n+1/2  time  step  assuming 
constant  coefficients  computed  from  a previous  temperature  distri- 
bution. This  generates  a temperature  distribution  throughout  the 
thickness  which  is  used  to  compute  new  coefficients  for  the  second 
finite  difference  scheme  which  calculates  the  temperature  distribution 
at  the  n+1  time  step.  This  process  is  continued  until  a steady  state 
or  some  desired  level  is  reached. 

At  each  time  step,  the  program  computes  the  thermal  stresses 
associated  with  the  temperatures.  Tn  addition  to  this,  when  the 
temperature  leaches  a certain  level,  called  martensite  start  (Ms), 
the  material  begins  to  undergo  the  martensite  transformation.  This 
transformation  involves  an  increase  in  material  volume  of  about  3%- 
4%.  A simple  view  of  these  transformation  stresses  is  taken  and 
the  stresses  due  to  this  volume  change  are  computed  as  the  temper- 
ature cools  to  below  the  martensite  start  temperature  throughout 
the  wall  thickness. 


Results  arc  presented  for  various  boundary  conditions  including 
those  expected  to  exist  in  the  quenching  facility. 

I.  INTRODUCTION.  There  are  several  techniques  available  for 
quenching  metals.  Tfie  object  is  to  develop  some  desired  micro- 
structure in  the  material.  In  the  Watervliet  Arsenal's  rotary 
forge  facility,  forged  cylindrical  tubes  are  heated  to  an  austen- 
itizing temperature  of  approximately  1550°F  and  then  quenched  to  form 
the  desired  martensitic  structure  in  the  material.  Both  external  and 
internal  diameter  quenches  are  utilized.  The  outside  diameter  is 
spray  quenched  with  four  water  jet*  in  a diametral  plane  spraying 
water  onto  the  tube  while  the  tube  is  rotating.  There  are  several  of 
these  planes  located  along  the  axis.  The  bore  or  inside  diameter  is 
quenched  by  flushing  through  a nozzle  located  at  one  end  of  the  tube. 

While  the  facility  was  still  in  the  development  stage,  several 
tubes  (a  higher  incidence  than  normal)  developed  cracks  and  some  of 
these  were  interpreted  as  quench  cracks.  While  the  problem  was 
judged  to  be  metallurgical  in  nature  and  has  been  settled,  an  inter- 
est was  indicated  in  understanding  the  transient  temperatures  and 
stresses  involved  in  the  quenching  problem  and  this  led  to  the 
present  study. 

First,  the  transient  temperature  distribution  of  an  axially 
symmetric  hollow  cylinder  is  found.  Differences  along  the  axis  are 
assumed  to  be  minor  and  ignored.  The  thermal  properties  are  treated 
as  functions  of  temperature  rendering  the  equation  for  heat  conduction 
as  nonlinear.  The  finite  difference  method  is  used  to  solve  the 
temperature  problem.  The  Crank-Nicolson  equation  which  is  implicitly 
stable  is  used. 

In  the  present  study,  the  stresses  due  to  the  temperature  distri- 
bution and  the  martensite  transformation  were  computed,  assuming  the 
problem  was  elastic  and  linear.  From  the  computed  stresses,  it  was 
obvious  that  some  plastic  deformation  must  occur  and  that  an  elastic- 
plastic  analysis  was  required.  This  work  will  be  performed  in  a 
future  study. 

The  stresses  due  to  the  transformation  are  assumed  to  be  strictly 
due  to  a change  in  volume.  As  the  steel  transforms  from  the  austen- 
itic structure  to  a martensitic  structure,  a volume  increase  of  3%- 
4%  occurs  in  the  transformed  material.  This  volume  increase  gives 
rise  to  transformation  stresses. 
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The  thermal  problem  and  stress  problem  are  treated  ns  being 
uncoupled.  Tho  heat  generated  from  the  transformation  is  small  and 
will  have  negligible  effect  on  the  temperature  distribution  during 
the  described  quenching  procedure.  The  transformation  begins  when 
the  temperature  in  the  material  reaches  Ms,  the  martensite  start 
temperature,  and  is  completed  when  the  material  is  past  the  Mf,  or 
martensite  finish  temperature.  Another  technique  used  in  quenching 
is  to  quench  the  material  to  Ms  and  slowly  allow  the  transformation 
to  take  place.  In  this  case,  the  heat  generated  during  the  trans- 
formation, might  he  significant  and  the  coupled  problem  might  need 
to  be  considered. 

IJ.  PKOBhliM  STATIMINT.  The  partial  differential  equation  for 
temperatures  in  a hollow  cylinder  is 


1 3 
r 3r 


'>00 r gy) 


C O') POO  g~ 


(1) 


where  r represents  the  distance  along  a radius,  u the  temperature, 
and  t the  time.  The  thermal  conductivity,  specific  heat  and  density 
are  represented  by  k,  c and  p respectively.  These  properties  are 
assumed  to  be  functions  of  the  temperature.  Axial  symmetry  is 
assumed  and  any  effects  along  the  axis  are  ignored. 

The  initial  condition  is  given  by 

u(r,o)  =>  UQ  (2) 

where  UQ  would  represent  the  high  austenitizing  temperature.  The 
boundary  conditions  for  the  problem  described  would  be  of  the  con- 
vection type.  However,  to  allow  some  flexibility  in  the  program, 
they  were  written  in  the  following  form 

3u  . . 

gy  - V = -gj  atr  = a 

(3) 

3u 

- h2u  = -g2  at  r = b 

where  r = a specifics  the  inside  radius  and  r = b the  outside  radius 
of  the  cylinder.  The  values  h^  and  g^  can  be  varied  at  either  sur- 
face so  that  various  boundary  conditions  can  be  specified.  For 
example,  if  gj  * 0 at  r = a,  then  is  the  Nusselt  number  and 
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convection  boundary  condition  is  indicated  at  t ■ a.  ,If  h2  and  £2 
are  very  large  but  the  ratio  62/^2  0 then  the  temperature  U^,  is 
specified  at  r =*  b. 

Since  the  thermal  properties  of  the  material  must  be  considered 
as  functions  of  temperature,  the  partial  differential  equation  (1) 
is  nonlinear  and  numerical  techniques  are  needed  to  solve  the  problem. 
An  implicit  scheme  based  on  the  Crank-Nicolson  equation  was  used  in 
writing  the  finite  difference  scheme  for  the  temperatures. 

III.  FINITE  DIFFERENCE  EQUATIONS*.  The  Crank-Nicolson  repres- 
ent ation  of  Eq.  (1)  is 

1 / a,flAr  c A fn  ♦ u 1 - 

(a-Ki-^jArJAr  1 2 ki+ls,n+5j  r lui+*s,n+l  i+’s.n' 


a+(i-l)Ar 


2 ^i-Js.n+Jj^r^i-^.n+l  + ui-*s,n^  = Ci,n45jpi,n+Jj 


ui,n+l  ” ui,n 


where  i is  the  ith  node 
n is  the  time  step 
At  is  the  time  increment 
Ar  is  the  space  increment 


, _ ui+l,n  " ui,n 

r l+’^.n  Ar 


v , (5) 

i+Ji,n+>i  2 

The  finite  difference  equation  (4)  is  written  about  the  point  r^, 
t_+u.  If  the  temperature  and  its  spacial  derivatives  can  be  written 
witnout  requiring  their  values  at  n+lj,  then  the  equations  become 
linear  [1].  This  is  accomplished  by  arithmetic  averaging  the  finite 
difference  analogues  at  the  points  r^t  tn  and  r*,  tn+j,  and  the 
resulting  analogue  is  the  average  of  the  forward  and  backward  anal- 
ogues. To  solve  these  equations  for  the  temperatures,  it  is  required 


♦Reference  1 was  found  to  be  a very  useful  book  on  the  subject. 
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Z.i~ 


to  know  the  properties  at  the  n+4  time  step,  this  wi}l  be  shown 
later. 

In  writing  the  boundary  conditions  as  Equations  (3),  it  is 
necessary  to  locate  the  nodes  as  shown  in  Figure  1.  There  are  no 
nodes  located  on  the  boundary  about  which  finite  difference  equations 
are  written.  The  boundary  conditions  are  used  to  eliminate  the  Oth 
and  R+lst  nodes  from  the  equations.  The  temperatures  on  the  boundary 
are  found  from  extrapolation  or  through  the  use  of  the  boundary 
conditions  after  tho  spatial  temperature  distribution  is  found  at 
that  time  step. 

The  values  of  the  thermophysical  properties  at  the  *i  time  step 
can  be  found  through  various  projection  methods  [1].  The  ono  chosen 
is  the  centered  Taylor  scries  projection.  A set  of  equations  similar 
to  Equation  (4)  are  written  between  tho  n and  n+'j  time  step.  Thus 
the  values  of  the  properties  would  thus  bo  required  at  the  n+1*  time 
level.  The  technique  allows  the  computation  to  take  place  using 
properties  evaluated  at  tho  known  nth  time  level.  Under  those 
conditions,  tho  equations  are  linear,  the  properties  known  and  the 
temperatures  at  the  n+’j  time  step  can  be  found.  Knowing  this,  new 
property  values  can  be  found  and  the  equations  solved  for  the  temper- 
atures at  the  n«-l  time  step. 

An  alternate  technique  which  still  arri\'cs  at  the  equivalent 
of  Equation  (4)  was  used  for  the  centered  Taylor  series  projection. 
Equation  (1)  is  rewritten  in  following  form. 


k<“>  K*  * tS*  ¥ 


k (u)  Du 
r 3r 


p(u)c (u) 


Du 

at 


(6) 


Using  the  Crank-Nicolson  finite  difference  analogue  about  the  ith 
node  and  n+S  time  step.  Equation  (6)  becomes,  after  some  rearranging, 

1 ...  . ...  uiM,n**j  ‘ ui-l,n*V  Ar 

^ lk<ui,n^  * k’Cui,n*l|>l 2Ar 1 ^i*! .«♦!  4 ui*l,n> 


2 (Ar) 


2(aV  lk(Ui."^  - T1(Ui-l,n-l 1 * *  4 »i-i.n> 


(7) 
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“ (S)Tk(ui.n+J*3fui,n*1  + ui,n>  + 

♦ k(ui.n*^  ,ui*l,n»l  * ui+l ,n  ~ ui-l,n+l  ~ ui-l,n 
2 fa+fi-JslArl  ?Ay • 


However,  the  coefficients  of  the  first  2 terms  can  be  viewed  as 
truncated  Taylor  series  for  k(ui+!i  n+!3) 


»n+’i  " ui-l.n+5js 


Rewritting  Eq.  (7) 

tk(ui^,n^Hui+lfn+1  ♦ ui+l  n)  ♦ 

+ ZCAr)4’  fk(ui-!s,n+Ji^(ui-l,n*l  * ui-l,n5  “ 


2 (Ar)z  ^^i+Js.n+Jj)  + k ^i-^.n+Jj^  (lli  , n*l  * ui,n)  + 

♦ k(ui^,n^)  (ui+l,_n*l  ♦ ui+l,n)  _ kCui-^,n^)  »i-l,n*l  * ui-l,n. 
4(a+(i-ls)Ar)  2Ar  4 (a+  (i-’-s)Ar)  2Ar  J 

" lc(ui+>j,n+Jp  + c(ui-!J,n+Jsinp(ui+%|n^)  ♦ P(ui.i1fn+S)] 


. o 


where 


... 


Equation  (9)  is  now  rewritten  for  evaluation  of  temperatures  at  the 
n+’-i  time  interval  using  for  tho  coefficients  their  known  values  at 
time  step  n 


1 

2(Ar)2 


[1  ♦ 


Ar 

4 (a+ (i-b)Ar) 


] 


^ tui+'j,n^ui+l ,n+,i  * ui+l,n^ 


1 __ 
+ 2 (Ar) 2 


[1  - 


Ar 


4 (a«-  (i-lj)Ar) 


■]  k(ui-^,n^ui-l ,n+*j  + ui-l,n^ 


1 * 

"2lA FT 


(k<“i.ls,n>  ‘ * “i,„)  - VIc(«ltS>11)  ♦ c(Ui.^0)J* 


At 


(H) 


This  yields  the  temperature  distribution  at  n*'-t  using  coefficients 
evaluated  from  the  temperature  distribution  at  time  n.  The  temper- 
atures from  Eq.  (11)  are  then  used  to  evaluate  the  coefficients  for 
use  in  Eq.  (4). 

The  finite  difference  equations  were  tridiagonal  and  were  solved 
using  the  Thomas  algorithm  [1].  Briefly,  the  form  of  this  algorithm 
is 


aiui- 1 + biui  + ciui*l  = di 

al  = 0,  cR  = 0 


l<i<R 


(12) 


where  the  terms  on  the  left  hand  side  are  at  the  n+1  time  step  and  on 
the  right  hand  side  at  n time  step.  For  all  i,  the  quantities 


aici-l 

6i-l 


di  ~ aiVi-l 
Bi 


(13) 


as  computed  and  then  back  substitution  is  used  to  fin4  tho  temper- 
atures from 


UR  B yR 


ciui+l 


(14) 


Computation  times  are  rapid. 

IV.  THERMAL  AND  TRANSFORMATION  STRRSSES.  The  quenching  process 
gives  rise  to  thermal  stresses  due  to  the  large  thermal  gradients 
that  exist.  Areas  near  the  boundary  are  cooler  than  interior  points. 
The  boundary  would  like  to  contract  but  is  partially  prevented  from 
doing  so  because  of  the  interior,  hence  tensile  stresses  are  set  up 
near  the  boundaries  while  the  interior  is  in  compression.  The 
thermal  stresses  in  an  axially  symmetric  hollow  cylinder  subject  to 
a non-uniform  temperature  distribution  are  given  by  [2]. 

P_  = “T  / Pu(p)dp  - / pu(p)dp] 

r b ~a  a a 

b ll5) 

= T / Pu(p)dp  - J pu(p)dp  - r*u(r)] 

r b2-a*  a a 


where  or the  radial  stresses 

Oq the  tangential  stresses 

F. Young’s  Modulus 

a thermal  expansion  coefficient 


u (p) ...  radial  temperature  distribution 

The  stresses  due  to  the  transformation  are  found  using  similar 
equations  since  these  stresses  are  due  mainly  to  a volume  increase 
in  the  transformed  material.  The  difference  between  the  two  calcu- 
lations is  that  the  transformation  does  not  occur  across  the  thick- 
ness simultaneoulsy  but  progresses  across  based  on  the  temperature 
in  the  cross  sections.  No  transformation  stresses  exist  when  the 
temperatures  are  all  above  that  temperature  (M_)  when  the  trans- 
formation begins  or  below  that  temperature  (Mpj  for  which  the 
transformation  ends.  Between  these  two  temperatures,  a linear 
change  in  volume  is  assumed.  The  change  in  volume,  about  4\  if 
the  transformation  is  complete,  is  assumed  to  be  isotropic  so  that 


it  translates  to  one-third  of  the  volumo  change  for  a linear  change 
during  the  transformation.  Stresses  arc  computed  in  a manner 
similar  to  thermal  stresses. 


»r  * ~r  At  PJP  - A*  P<>P) 

* 0 -a  a l a t 


i » b 
' a*  r At 


a 

r 


where 


I. 

It 

<!•* 

0 

if  u(r)  > Ma 

II. 

At  _ 

(£)* 

. 1 _ (Ms-u(r)) 

t 

Mg-Mf  s 

III. 

II 

(x>‘ 

Mf  > u(r) 

Ms  u(r)  Mf 


(16) 


(17) 


and 


(M)* 

1 l 1 


is 


the  linear  expansion  during  a transformation. 


The  Ms  temperature  was  taken  to  be  350°F  and  the  Mf  temperature  1S0°F 
for  the  computations.  Figure  2 shows  some  temperature  di stributions 
which  can  arise.  In  the  upper  figure,  no  transformation  has  taken 
place,  hence  the  transformation  stresses  are  zero.  In  the  lower 
figure,  the  transformation  is  occurring  from  both  the  inside  and 
outside  radius.  In  sections  indicated  by  I,  corresponding  to  Equa- 
tions (17),  the  transformation  has  not  begun,  in  sections  II,  the 
transformation  is  progressing  and  in  sections  III,  the  transformation 
is  complete. 


As  stated  above,  for  the  present  study  the  thermal  and  trans- 
formation stresses  were  assumed  to  be  clastic.  In  the  following, 
the  results  indicate  that  stresses  are  too  large  for  this  assumption 
to  be  valid.  References  [3]  and  [4]  treat  similar  problems  using 
elastic-plastic  analysis. 
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V.  RHSULTS  AND  PI  Si  MISSION.  Figures  3 through  7. show  some 
resulting  temperature  distributions  under  various  conditions. 

Figure  3 shows  the  temperature  distribution  across  the  wall 
thickness  for  various  times.  The  boundary  conditions  are  convective 
and  hi  represents  a value  near  that  suggested  by  the  manufacturer 
of  the  quenching  facility  for  the  coefficient  on  the  outside  diameter. 
On  the  inside  diameter,  the  value  of  h^  was  said  to  be  lower  than 
that  of  hi.  The  radius  is  in  inches  and  the  temperatures  are  in  °F. 

The  ambient  temperature  was  assumed  zero.  Figure  4 shows  the  effect 
of  variations  in  the  convection  coefficient  on  the  inside  diameter. 

The  results  are  shown  for  only  one  time  step.  Since  the  temperature 
at  that  time  does  not  change  much  under  the  different  boundary  condi- 
tions, small  differences  in  the  convection  parameter  on  the  inside 
diameter  will  have  little  effect  on  the  transformation. 

Figure  5 shows  the  effect  when  the  thermal  conductivity  is 
allowed  to  vary  with  temperature.  For  the  same  time  step,  three 
curves  are  shown.  The  conductivity  is  allowed  to  be  an  increasing, 
decreasing  or  constant  function  of  temperature.  Finding  real  data 
to  use  in  the  program  is  difficult.  Figure  6 shows  the  temperature 
distribution  for  a bilinear  thermal  conductivity  curve  based  on  one 
for  4130  steel.  These  properties  are  usually  determined  experimentally 
under  equilibrium  conditions.  Since  the  structure  of  the  material 
is  changing  under  rapid  cooling  and  since  equilibrium  does  not  exist, 
the  properties  which  should  be  used  are  those  determined  under  the 
same  conditions  as  the  quench.  Ibis  can  he  described  best  by  looking 
at  the  specific  heat.  Again  for  4130  steel,  a spike  increase  in  the 
value  of  the  specific  heat  occurs  between  1200°F  and  1500°F.  This 
occurs  during  heating  and  is  due  to  the  austenitizing  of  the  material. 
Figure  7 shows  the  temperature  distribution  throughout  the  tube  wall, 
allowing  the  specific  heat  to  be  a function  of  the  temperature  but 
ignoring  the  spike  mentioned  above.  Under  the  quench  conditions,  the 
spike  would  occur  during  the  martensite  transformation  and  be  of 
different  shape. 

Figures  8 and  9 show  a s.imple  of  the  radial  and  circumferential 
or  hoop  stress,  respectively,  for  a specific  time.  They  are  taken 
from  one  of  the  previously  cited  cases.  The  insert  shows  qualita- 
tively the  temperature  distribution  at  the  time  indicating  that  the 
transformation  has  begun  at  both  the  inside  and  outside  radius.  Fach 
figure  shows  the  thermal,  transformation  and  sum  of  the  stresses, 
barge  compressive  hoop  stresses  indicate  the  strong  possibility  of 
plastic  deformation.  Since  the  transformation  occurs  at  the  lower 
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temperatures,  the  thermal  gradients  arc  smallor  .and  the  thermal 
stresses  lower  than  their  values  earlier  in  the  quenching  cycle. 

The  thermal  stresses,  however,  can  be  a significant  part  of  the 
total  stresses,  especially  early  in  the  transformation,  and  should 
not  be  neglected  in  an  elastic-plastic  analysis. 
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I.  INTRODUCTION.  It  is  surprising  that  even  after  the 
centuries  during  which  ordinary  differential  equations  have  been 
studied,  elementary  techniques  can  still  produce  new  and  interesting 
results.  In  this  paper,  we  extend  the  concept  of  parity  to  hyperparity 
by  considering  the  effects  of  multiplying  variables  not  only  by  -1, 
but  by  any  root  us  of  unity.  The  principal  consequence  of  these  con- 
siderations will  be  to  show  the  existence  of  periodic  solutions  of 
periodic  differential  systems,  both  linear  and  nonlinear. 

II.  SYMMETRY  AND  PARITY  IN  LINEAR  DIFFERENTIAL  EQUATIONS. 

We  first  consider  the  linear  system 

(1)  X(t)  = dX/dt  = A(t)X,  X(0)  = I 

where  A end  > are  continuous  rxr  matrices  and  I is  the  identity  matrix. 
In  tne  following,  w denotes  a root  of  unity,  so  thatwn  = 1 for  some 
integer  n,  and  A'  denotes  the  transpose  of  A,  for  instance. 

Theorem  1.  If  w (wt)  = -A(t),  then  X_1(t)  = XT  (^t)  for 
the  principal  fundamental  solution  X(t)  of  (1). 

Proof.  It  is  clear  from  (1)  that  [ X^  (^t)]  r w X^Jv  t )A^  («£). 

Then  [XT  (wt)X(t)]’  = XT  (wt)[A(t)  + «*>  AT( ut  1 ]X( t) . The  hypothesis 
implies  that  this  derivative  is  cero,  so  X'  (wt)X(t)  = const.,  and 
the  initial  value  implies  that  this  constant  is  I. 

In  the  special  case  that  u=  1,  we  conclude  that  if  A = -A^, 
then  X-l  = XT:  i.  e.,  if  A is  skew  symmetric,  then  X is  orthogonal. 

This  result  is  well  known.  What  is  probably  not  known,  however, 
is  the 

Corollary  2.  If  X(t)  satisfies  (1)  with  A^(-t)  ~ A(t), 
then  X-l(t)  = XT(-t). 

FVoof.  With  <u  = -1  in  Theorem  1,  the  conclusion  is  immediate. 

It  is  easy  to  prove  that  the  hypothesis  on  A is  equivalent  to: 

A is  the  sum  of  an  odd  skew  symmetric  matrix  and  an  even  syannetric 
matrix. 
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It  follows  further  that  since  X_1(t)  = XT(uit),  then 
X(t)  = XT-l(u>t)  = X"lT(u>t)  =X(u.  2t);  i.  e.,  X(t)  - X(  u>2t). 

III.  NONLINEAR  SYSTEMS.  We  now  apply  similar  considerations 
involving  hyperparity  (withun  = 1)  to  nonlinear  systems  of 
ordinary  differential  equations. 

In  the  sequel  we  shall  assume  that  an  existence  and  unique- 
ness theorem  applies. 


Theorem  3.  Consider  the  system  of  differential  equations 

£kU)  = ik(t,x1,x2 xn) 

= wk+lf  (w  t,  un_1x  «-2*  wx  i x ) 

-k  - 1 . ”£»•••»  _n-l’_rr 


(k  « 1,  2 n) 


with 

(3)  x (0)  = 0 (k  = 1,  2 n-1 ) , 

k 

where  dim  xk  > 0.  Then  x (t)  = A U t),  k = l,2,...,n. 

“K  “k 

Proof.  Define  i^(t)  5 u)kxk(a)  t),  k = 1,2,. ..,n.  Then  from 
condition  (2)  satisfied  by  eacn  fk  it  is  not  difficult  to  show 
that  each  ^ satisfies  (2)  and  = x,(0).  From  the  unique- 

ness of  the  solution,  it  follows  that  T.  (t)  = xk(t),  which  completes 
the  proof. 

By  applying  Theorem  3 to  the  case  where  dim  x,  = 0 for  all  k 1 n 
and  then  to  the  case  where  only  xn_i  appears,  we  obtain  the  following 
corollaries. 

Corollary  4.  Let  x = f(t,x)  = u>f(  wt,x).  Then  x(t)  = x(  wt). 

Corollary  5.  Let  x(t)  3 f(t,x)  = f(  ait,  uix),  x(0)  = 0.  Then 
x(  ait)  = ’a)x(t) . 

We  shall  see  that  the  case  n = 2 is  particularly  important  when 
periodicity  is  considered. 

Corollary  6.  Consider  the  system  of  two  vector  equations 

x = f (t,x,y ) i f ( -t, -x,y ) 
y = g(t,x^,y)  e -g(-t,-x,y) 

where  x(t)  satisfies  the  initial  condition  x(0)  - 0.  Then  x(t)  = x(-t), 
y(t)  =“y(-t). 
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IV.  PERIODIC  SYSTEMS.  If,  in  addition  to  the  conditions  of 
parity  in  Corollary  6,  f and  q are  periodic  in  t,  we  obtain  a sufficient 
condition  for  the  existence  of  a periodic  solution.  The  remaining 
results  and  Corollary  6 have  appeared  in  [3).  We  shall  assume  that  all 
solutions  are  extendable  over  the  stated  intervals. 

Theorem  7.  Consider  the  system  of  two  vector  differential 
equations 


(4)  > * f(t,x,y)  = f{-t,-_x,y)  =.  f(t-*-'  ,x,_y) 
y = 9(t,x,y)  z -g(-t,-x,y)  = g(t+u'  ,x,y) 

wi  th 

x(0)  = x(mx/2)  - 0 

for  some  integer  m.  Then 

x(t+mx  ) = x(t),  V ( t+n.i  ) = y { 1 1 . 

Proof.  Define  Lit)  = x(t+mr  ),  n(t)  ,r  vU-hr.;  );  because  of  the 
periodicity  of  f and  q,  C(t)  and  n(t)  clearly  satisfy  (4).  Now 

let  t = -mx/2.  Then  £ ( -m  x / 2 1 = x (m  x /?)  = -x(-mx  72)^0  and  n( -mx  /?) 

= v ( rr  */2)  = y(-mt  /2),”by  Corollary  6.  From  tne  uniqueness  of  the 
solution,  it  “follows  that  Li  t)  z.  x(t)  and  lit)  = y(t),  which 
completes  the  proof. 

For  an  autonomous  system,  the  condition  of  periodicity  in  t is  auto- 
matically satisfied. 

Corollary  8.  Consider  the  system 

i ; - _f ( -x,y) 

y = £(x.y)  " -g(-*.y) 

wnere  x(t)  vanishes  at  two  points:  x(a)  - x(b)  = 0.  Then  x(t+2(b-a))  = 
x(t),  y(t+2(b-a) ) - y(t). 

Froof.  From  the  autonomy  of  the  system,  x(t»a)  and  y(t*a)  are  also 
solutions.  Now  apply  Theorem  7. 

The  next  special  case  of  Theorem  7 is  a general i cat  ion  of  a theorem 
of  Demidovic  fi^who  showed  that  in  the  linear  system 

(5)  x = A(t)x, 

if  A ( t ) is  an  odd  function,  skew  symmetric  and  periodic,  then  all  solutions 
are  periodic.  The  condition  of  skew  symmetry  was  eliminated  by  Fpstein  [cj. 
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We  now  permit  nonlinearity  and  conclude  that  if  the  system  is  merely 
periodic  and  odd  in  t,  then  all  solutions  are  periodic.  This  follows 
from  Theorem  7 by  letting  dim  x = 0 and  choosing  m - 1.  Although  it 
is  an  immediate  corollary  of  Theorem  7,  it  is  important  enough  to  be 
favored  with  the  title 

Theorem  9.  If 

y = g(t,y)  = -g(-t,y)  = g(t+  x,y), 

then 

y(t+  T)  = y(t) . 

V.  THE  SECOND-ORDER  SCALAR  DIFFERENTIAL  EQUATION.  We  now  further 
specialize  Theorem  7 by  considering  second-order  scalar  equations.  Some 
of  the  results  in  this  section  or  their  specializations  appear  scattered 
through  the  literature  (cf.(L),  p.  293;ic'  , p.220;[c]  ,P-  404). 

Theorem  10.  Consider  the  scalar  equation 
X = g(t,x,x)  = -g(-t,-x,x)  = g(t+  "'.x.x) 
with  x(0)  = x(m  t/2)  = 0 for  some  integer  m.  Then  x(t+mx  ) = x(t). 

Proof.  Let  x = y and  apply  Theorem  7 to  the  resulting  system 
x = y.  y = g(t,x,y). 

For  an  autonomous  equation,  the  existence  of  any  two  zeros  of  a 
solution  implies  periodicity  of  that  solution. 

Corollary  11.  If  x = g(x,x)  = -g(-x,x)  and  x(a)  = x(b)  = 0,  then 
x(t+2(b-a))  = x(t). 

By  reversing  the  roles  of  x and  y we  obtain  analogous  results  in- 
volving zeros  of  the  derivative. 

Theorem  12.  If  y = f(t,y,y)  = f(-t,-y,y)  = f(t+  x,y,y)  and  y(0)  = 
y(m  t/2)  = 0 for  some  integer  m,  then  y(t+irr  ) = y(t). 

Proof.  Let  y = x and  apply  Theorem  7 to  the  resulting  system 
x = f(t,x,y),  y = x. 

Corollary  13.  Ify  = f(y,y)  = f(-y,y)  and  y(a)  = y(b)  = 0, 
then  y(t+2(b-a) ) = y(t). 
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ABSTRACT . This  paper  is  concerned  with  the  lateral  stability  of  a free 
flying  column  subjected  to  an  axial  thrust  with  directional  control.  The 
stability  curve  (i.e.,  eigenvalue  vs.  thrust,  in  the  neighborhood  of  zero 
eigenvalues)  and  the  associated  eigenfunctions  of  this  problem  have  not  been 
fully  understood.  This  paper  uses  asymptotic  expansions  to  examine  closely, 
for  all  values  of  the  thrust  directional-control  parameter,  both  the  inter- 
section of  the  eigenvalue  curves  with  the  zero  branch  and  the  associated 
eigenfunctions  of  zero  and  nearly  zero  eigenvalues.  Several  analytical 
proofs  are  provided  substantiating  previous  numerical  findings. 

1.  INTRODUCTION.  A slender,  uniform  column  of  Euler-Bemoulli  type, 
subjected  to  a thrust  at  one  end  and  travelling  freely  in  the  axial  direc- 
tion, is  the  simplest  structural  model  conceivable  for  a flexible  rocket, 
mxssile,  or  space-craft.  The  lateral  disturbance  of  such  a column  in  non- 
dimensionalized  form  is  governed  by  the  following  differential  equation 
(see,  for  example,  reference  [l]) 

u""  + Q(xu')'  + {i  = 0 (la) 

with  boundary  conditions 

u" (0)  = 0,  u"(l)  = 0,  u'"  (0)  = 0 (lb, lc, Id) 


and 


u'"  (1)  - K0Qu' (1)  = 0 (le) 

where  u = u(x,t)  denotes  the  lateral  disturbance  of  the  column  from  its 
equilibrium  position  as  a function  of  the  spatial  coordinates  x and  the 
time  t;  Q is  the  thrust  at  the  end; and  Kg  is  a feedback  control  parameter 
indicating  the  angle  between  the  direction  of  Q and  the  tangent  of  the 
column  at  the  end.  A prime  (')  denotes  differentiation  with  respect  to 
x,  and  a dot  (’)»  differentiation  with  respect  to  t.  The  boundary  condi- 
tions simply  state  the  bending  moments  and  shear  forces  that  must  be 
satisfied  at  the  ends.  It  is  known  in  practical  design  that  a suitable 
choice  of  Kg  in  Eq.  (le)  will  improve  the  stability  performance  of  the 
structure . 
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For  vibrations  and  quasi-dynamic  stability  problems,  one  can  eliminate 
the  time  variable  by  assuming  that 

u(x,t)  = u(x)eAt  (2) 

Eq.  (la)  then  becomes 

u""  ♦ Q (xu ' ) ' ♦ X2u  = 0 (la') 

and  the  initial  conditions  do  not  enter  into  the  problem.  "Eqs.  (I1)" 
will  be  used  to  refer  to  Eqs.  (1)  with  Eq.  (la)  replaced  by  Eq.  (la'). 

For  most  of  the  results  of  this  paper  Eqs.  (1*)  will  be  used.  However, 
in  the  case  of  repeated  eigenvalues  with  identical  eigenfunctions,  Eqs.  (1) 
must  be  used  to  find  another  independent  solution.  This  will  be  discussed 
in  Section  5. 

It  is  clear  from  Eq.  (2)  that  the  parameter  X dictates  the  stability 
nature  of  the  problem.  A purely  imaginary  X indicates  stable  vibrations; 
a purely  real  and  positive  X,  instability  of  divergence  and  a complex  X 
with  positive  real  part,  instability  of  flutter.  Since  X appears  only  as 
X2  in  Eqs.  (1),  it  is  equally  true  that  a real  negative  X2  indicates 
stable  vibrations;  a real  positive  X2,  instability  of  divergence;  and  a 
complex  X2,  instability  of  flutter. 

Eqs.  (1')  defines  a problem  with  two  somewhat  unusual  features,  both 
pertaining  to  the  boundary  conditions,  that  have  caused  considerable  diffi- 
culty in  seeking  a full  understanding  of  the  solutions.  First,  the  prob- 
lem is  nonself-adjoint  except  for  the  special  case  where  Kq  * -1.  Second, 
the  solution  always  involves  zero  eigenvalues.  Many  puzzling  aspects 
associated  with  these  features  will  be  considered  in  this  paper. 

In  order  to  place  this  investigation  in  proper  perspective,  a brief 
account  is  given  of  previous  work  which  has  lead  to  the  present  results. 

The  vibrations  of  a free- free  column  without  axial  force  can  be 
found  in  many  text  books  (see,  for  example,  reference  [2]).  Usually  only 
one  zero  eigenvalue  (in  terms  of  X2  in  Eqs.  (1'))  is  recorded,  although 
it  is  obvious  that  there  are  two  zero  eigenvalue  solutions,  one  corre- 
sponding to  rigid  body  translation  and  one  to  rigid  body  rotation.  This 
fact  turns  out  to  be  significant  in  seeking  a full  understanding  of  the 
stability  problem  when  an  axial  thrust  is  present.  Silverberg  [3]  appears 
to  be  first  in  attempting  to  solve  the  problem  of  a free  flying  column  sub- 
jected to  an  axial  thrust  fixed  in  the  direction  of  the  undisturbed  axis  - 
a special  case  of  Eqs.  (1)  in  which  Kq  = -1.  Silverburg  did  not  realize, 
however  that  one  of  the  two  zero  eigenvalues  becomes  a divergence  (buckling) 
branch  as  soon  as  the  thrust  Q becomes  non-zero;  and  he  obtained  a sta- 
bility criterion  from  the  first  stable  (vibrations)  branch  of  eigenvalues. 
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This  branch  begins  at  Q » 0 and  varies  with  Q until  a "buckling"  thrust 
is  reached  for  which  the  eigenvalue  of  the  first  stable  branch  becomes 
zero.  Silverberg  also  obtained  analytically  this  "buckling"  load  as  a 
zero  of  a Bessel  function.  This  particular  value  of  thrust  is  now  known 
to  be  significant  only  for  Kg  > 0,  but  it  has  no  meaning  as  a stability 
criterion  for  Kg  < 0.  Beal  [4]  used  Galerkin's  method  and  performed  a 
thorough  analysis  for  the  general  problem  including  pulsating  thrusts. 

For  the  case  of  a constant  thrust  and  Kg  = 0,  he  obtained  the  coales- 
cence branches  and  the  first  critical  thrust  of  flutter.  The  Galerkin 
technique  gave  two  zero  eigenvalues  for  all  values  of  Q at  Kg  = 0.  Beal 
concluded  from  physical  reasoning  that  one  eigenvalue  was  associated  with 
a rigid  body  translation  mode;  and  the  otheT  with  a rigid  body  rota- 
tion accompanied  by  translation.  The  fact  that  the  rigid  body  rotation 
[u' (x)  * constant  i 0]  can  not  satisfy  the  differential  equation  (la1)  was 
not  addressed.  Beal  also  recognized  that  for  Kg  t 0 there  are  repeated  zero 
eigenvalues  at  certain  values  of  thrust  Q.  Beal  hypothesized  from  physical 
reasoning  that  for  Kg  i -1  the  two  mode  shapes  at  the  intersection  were: 

1)  a rigid  body  translation,  and  2)  a combination  of  rigid  body  rotation  and 
the  Silverberg  buckling  shape.  Again  however,  he  did  not  comment  on  the 
failure  of  the  second  "mode"  to  satisfy  the  eigenvalue  equation.  At  about 
the  same  time  in  Russia,  Feodos'ev  [5],  used  a method  of  truncated  poly- 
nomials to  obtain  the  same  coalescence  branches  as  reported  by  Beal.  Similar 
results  for  Kg  = 0 were  reported  by  Matsumoto  and  Mote  [6]  who  used  finite 
elements  in  conjunction  with  an  extended  Hamilton's  principle.  Wu  [7,8] 
used  finite  elements  adjoint  variational  formulations  and  presented  data 
which  showed  that  although  Kg  > 0 has  a stabilizing  effect,  Kg  < 0 is 
actually  destabilizing  in  the  interval  0<Q<2.6Orr2.  Wu's  earlier  attempt 
to  resolve  the  dilemma  on  the  rigid  body  rotation  failed  due  to  a numer- 
ical error  as  was  pointed  out  by  Sundararamiah  and  Johns  [9],  The  numer- 
ical data  for  a wide  range  of  Kg  values  were  subsequently  corrected  [l0]. 

For  the  special  case  Kg  » 0,  however,  the  conclusions  drawn  [lO]  from  the 
numerical  analysis  were  still  unsatisfactory  with  respect  to  the  repeated 
eigenvalues  and  associated  eigenfunctions.  Numerical  results  reported  to 
date  [4,10,11]  also  indicate  that  the  eigenvalue  curves  all  approach  zero 
at  identical  values  of  Q (i.e.,  independent  of  Kg).  The  analytical  proof 
of  this  offered  in  [10]  was  also  not  satisfactory  due  to  the  fact  that  one 
of  the  boundary  conditions  was  not  satisfied  rigorously  except  for  the  case 
where  Kg  = -1. 

In  this  paper,  the  mode  shape  solutions  at  zero  frequency  are  first 
summarized  for  Q = 0 and  for  Kg  = -1  in  Section  2.  In  Section  3,  the  more 
elusive  cases  of  Kg  i -1  (Kg  = 0 and  Kg  + 0)  are  treated  by  the  method  of 
asymptotic  expansion.  Analytical  proofs  are  provided  supporting  the  ear- 
lier numerical  findings.  These  are  accomplished  with  the  help  of  other 
asymptotic  expansions  and  are  presented  in  Section  4.  The  meaning  of  the 
repeated  eigenvalues  and  their  associated  eigenfunctions  is  discussed  in 
Section  5.  Numerical  calculations  that  verify  the  convergence  of  the 
expansion  formulas  are  provided  in  Section  6 and  the  conclusions  of  this 
investigation  are  summarized  in  Section  7. 
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2.  SOLUTIONS  AT  ZKRO  EIGENVALUES.  It  will  be  worthwhile  first  to  see 
what  can  be  concluded  at  A = 0 without  the  use  of  asymptotic  expansions. 

With  A = 0,  Eqs.  (1')  become 

u""  ♦ Q(xu* ) ' = 0 (3a) 

u" (0)  = 0,  u"(l)  = 0,  u"'  (0)  = 0 (3b, 3c, 3d) 

u'"  (1)  - K0Qu' (1)  = 0 (3e) 

Some  simple  observations  can  be  made  from  Eqs.  (3). 

1.  For  any  value  of  Q and  of  Kg,  u(x)  = u(0)  is  a solution  where  u(0) 
is  an  arbitrary  constant. 

2.  For  Q = 0 and  for  any  value  of  Kg,  another  solution  is  u(x)  = v(0)x 
where  v(0)  is  an  arbitrary  constant  quite  independent  of  u(0). 

3.  For  Q f 0 and  for  any  value  of  Kg,  u(x)  = v(0)x,  with  v(0)  i 0,  can 
not  be  a solution  to  Eqs.  (3). 

Since  at  Q = 0,  there  is  a double  zero  eigenvalue  and  two  independent 
eigenfunctions  (mode  shapes),  one  could  expect  that  two  branches  of  the 
eigenvalue  curve  would  emanate  from  Q = 0 as  Q increases.  One  of  these  is 
the  identically  zero  branch  that  has  the  mode  u(x)  = u(0).  We  wish  to 
determine  the  behavior  of  the  second  zero  branch  as  well  as  the  behavior  of 
any  other  branches  that  might  cross  the  zero  branch  at  other  values  of  Q 
for  various  Kg.  A plot  of  A (real  and  imaginary)  vs.  Q from  numerical  cal- 
culations [ 1 0 J is  shown  in  Figure  1.  It  clearly  shows  that  A = 0 inter- 
sections do  exist  for  all  non  zero  values  of  Kg. 

The  following  is  also  easily  observed  from  Eqs.  (1).  Since  A only 
appears  as  A2  in  (1),  the  functional  relationship  between  A2  and  Q can  be 
written  as  A2  = f(Q).  Thus  dA/dQ  goes  to  infinity  as  A goes  to  zero.  In 
other  words,  if  the  A vs.  Q curve  is  to  approach  A = 0,  it  must  do  so  per- 
pendicularly. 

Now  we  proceed  to  solve  Eqs.  (3).  Eq.  (3a)  can  be  integrated  once 

u"'  + Qxu'=  c = 0 (4) 

The  constant  of  integration  is  c = 0 because  of  Eq.  (3d).  Due  to  Eqs.  ( 3e) 
and  (h),  one  has 

Q(l>K0)u'(l)  = 0 (S) 
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Now,  lot 


u'  (x)  ••  v(x)  (6a) 

X 

u(x)  - / vtt)dC  ♦ U(0)  (6b) 

0 

l:.qs.  (3)  can  be  written  In  terms  of  v(x)  ns 

v"  ♦ Qxv  - 0 (7a) 

v'  (0)  - 0,  v'  (1)  - 0 (7b, 7c) 

Q(l*K0)v(l)  - 0 (7d) 


Since  the  solutions  for  Q * 0 ard  already  known,  only  Q i 0 will  be  con- 
sidered hero.  Two  cases  of  !:.q.  (7d)  need  to  be  considered:  Kq  - -1  and 

* -l. 


For  Kq  ■ -1,  liq.  (7d)  Is  satisfied  without  any  restriction  on  v(l). 
Thus  the  non-trivlal  solution  of  Eqs.  (7)  will  yield  \ * 0 eigenfunctions 
of  Eq.  (1')  that  are  Independent  of  u(x)  - u(0).  These  solutions  of  F.qs. 
(7a)  arc  known  to  be  Airy  functions  [ 1 2 J and  can  be  written  as 


v(x) 


t Ql/’  x 


.,/i  i i 


IS) 


where  J denotes  the  Bessel  function  of  the  first  kind  and  A,  B are  constants 
to  be  determined  by  boundary  conditions.  One  concludes  from  the  boundary 
conditions  (7b)  and  (7c)  that  A - 0 and  that  Q must  assume  one  of  the 
discrete  values  denotod  by  Qj  , ) ■ 0,  1,  2,...  such  that 


•>}/,  c 4 Qj  > - 0 


(9a) 


the  first  five  of  suchQj'*  are  (Figure  1,  nlso  see  [lo])* 

% 

-f  - 0;  2.598;  9.722;  21.35;  37.49 


(9b) 


•YTTrougfioutT  this  paper,  analytical  proofs  substantiating  previous  numerical 
findings  will  be  noted  by  a reference  to  the  appropriate  figure. 


Thus  the  nontrivial  solution  of  Eqs.  (7)  at  Q 3 Qj  can  be  written  as 

1 / 3 l/2  tJ/2  3/2 

V(x)  = B ( Q x ) J.,/,  ( J Q X ) 

v (x)  = V(1H(X)  (10a) 

<p(x)  3 $(  Q ^ x )/$(  Q ) (10b) 

$(y)  » x1/2  J.l/S  C | y3/2  ) (ioc) 


and  v(l)  is  an  arbitrary  constant.  Now  the  solution  of  Eqs.  (1')  for 
Kg  3 -1  and  at  Q 3 Qj , from  Eq.  (6b),  is  then 

x 

u(x)  = u(0)  ♦ v(l)  / ♦(«d5  (11) 

0 

where  $(x),  as  defined  in  Eq.  (10b),  is  a function  of  Q as  well  as  of  x. 

It  is  also  observed  that  <J>(1)  3 1. 

Since  v(l)  is  quite  independent  of  u(0),  both  being  arbitrary  constants, 
u(x)  of  Eq.  (11)  is  an  eigenfunction  independent  of  u(x)  3 u(0).  It  is  then 
clear  that  for  Kq  3 -1  and  at  Q 3 Qj  of  Eqs.  (9),  there  exists  a double  zero 
eigenvalue  with  two  independent  eigenfunctions* 

u(x)  = 1 (12a) 

u(x)  3 /X4>«)d£  (12b) 

0 

where  <f>(x)  is  defined  in  Eq.  (10b). 

A 

For  Q 3 Qq  3 0,  Eqs.  (12)  reduce  to 

u(x)  3 1 (13a) 

u(x)  3 x (13b) 

which  agrees  with  the  special  case  for  Q 3 0 and  for  arbitrary  Kq  observed 
earlier. 


•From  here  on,  the  normalized  form  of  an  eigenfunction  will  be  used. 


Now  for  Kg  -1  in  Eqs.  (7),  and  with  Q j*  0,  Eq.  (7d)  demands  that 
v(l)  * 0.  Thus  from  the  analysis  above,  Eqs.  (7)  only  admits  the^trivial 
solution  v(x)  ■ 0.  This  suggests  that  for  Kg  + -1  even  at  those  Q.  of 
Eqs.  (9),  the  only  solution  is  u(x)  » u(0).  Thus,  for  Q i 0 and  Kg  jf  -1, 
the  intersection  of  two  eigenvalue  branches  at  X = 0 has  only  one  asso- 
ciated eigenvector.  How  do  the  eigenvectors  transition  to  a rigid  body 
translation  as  X approaches  zero?  An  answer  to  this  question  is  provided 
by  the  asymptotic  expansions. 

3.  ASYMPTOTIC  SOLUTIONS.  We  are  interested  in  finding  the  manner  in 
which  the  eigenvalue  curves  of  Eqs.  (I1)  intersect  the  zero  branch  (for 
various  Kg)  and  the  nature  of  the  associated  eigenfunctions  near  those  cross- 
ings. It  is  already  known  that  Q ■ 0 is  such  a crossing  for  all  values  of 
Kg  and  that  two  independent  eigenfunctions  exist  there,  Eqs.  (13).  For 
Kg  = -1,  the  crossings  are  at  those  Qj's  of  Eqs.  (9)  and  two  independent 
eigenfunctions  exist  there,  Eqs.  (12).  Thus  in  this  section,  we  consider 
the  cases  Q i 0 and  Kg  f -1. 

Since  an  eigenfunction  u(x)  is  a function  of  its  eigenvalue  X2,  for 
|X2|«1,  one  can  expand  u(x)  and  Q as  power  series  in  X2: 

u(x)  = Uq(x)  ♦ X2Uj(x)  ♦ Xl,U2(x)  ♦ ....  (14a) 

Q - Q0  + X2Qx  + X4Q2  ♦ (14b) 

The  parameter  Kg  is  considered  fixed  for  the  moment.  One  can  obtain  equa- 
tions for  the n-  th  order  in  X2,  n = 0,  1,  2,....,  by  substitution  of  Eqs. 

(14)  into  Eq.  (!') 


un""  + _un-l  'I  VXuA-i  (»•) 

i=l 

V'fO)  ■ 0.  %"(!)  - 0,  u„'"(Q)-0  (ISb.ISc, lSd) 

V"»>  - Wn'^  ■ j (I5») 

1=1 

where,  for  n ■ 0,  the  right -hand-side  term  of  Eq.  (15a)  is  zero.  It  is 
noted  that  Eqs.  (15)  is  recurrent  meaning  that  each  set  of  equations  in 
u^x)  depends  on  the  solution  of  un-i(x).  Each  recurrent  Qj  is  found  by 
enforcing  the  boundary  conditions  on  the  solution  u^+i.  Through  a proce- 
dure similar  to  that  used  in  the  previous  section,  Eqs.  (15)  are  trans- 
formed into  an  equivalent  set 


vn"  + Qoxvn 


/Xun_1a)dc  - 

0 


n 

I Qixvn-i 


i=l 


(16a) 
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v„'(0)  - 0,  (1)  - 0 


? «i (!♦«,) Vi (»J  ■ - • Vl<«d« 

1=0  0 


MOO  ■ vn(x) 


(x)  = / v„(t)d5  ♦ MO) 
0 


(16b, 16c) 

(16d) 

(17a) 

(17b) 


Only  the  zeroth,  first,  and  second  order  equations  will  be  considered  here. 
For  n ■ 0,  Eqs.  (16)  become 


v0"  ♦ Qoxvo  ■ 0 
v0'  (0)  = 0,  v0’(l)  - 0 

QoU+Mvod)  - o 


(18a) 
(18b, 18c) 
(18d) 


The  set  of  zeroth  order  equation  (18)  is  identical  to  Eqs.  (7)  as  expected. 
Since  Q j 0,  Kq  i -1,  the  only  solution  to  Eqs.  (18)  is 


o 

N 

X 

V — s 

© 

> 

(19a) 

u0(x)  = 1 

(19b) 

where  the  mode  is  normalized  with  u(0)  = 1. 

We  now  proceed  to  the  next  order  equations.  For  n = 

1,  one  has 

X 

vi"  ♦ Qoxvi  3 - / u0(Ode  ■ -x 

(20a) 

0 

Vj 1 (0)  = 0,  Vj'd)  = 0 

(20b, 20c) 

Qod^eJvjd)  = -i 

(20d) 
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To  solve  Eqs.  (20)  # let 

W1  00  ■ V!(x)  ♦ ~ 
Vj(x)  - Wj(x)  - i 

Substitution  of  Eq.  (21b)  in  Eqs.  (20),  gives 

Wj"  «■  QqXWj  * 0 

V(0)  “ 0,  wj'(l)  = 0 


(21a) 


(21b) 


(22a) 


(22b, 22c) 


WjU)  = 


Qo(l>Ke) 


(22d) 


Two  cases  will  be  considered  separately:  Kfi  i 0 and  Kfl  = 0. 


First,  consider  the  case  K0  + 0.  From  the  non-trivial  solution  to 
Eqs.  (7)  in  the  previous  section,  one  can  immediately  write  down  the  non- 
trivial solution  to  Eqs.  (20)  as 

wi(x)  = Wj(l)  <|>(x) 


QO(1*K0) 

where  $(x)  is  given  in  Eq./v(10b)  with  Q replaced  by  Qq.^  It  is  clear  that 
Q0  may  take  on  any  of  the  Qj's  of  Eqs.  (9)  excluding  Q0  = 0.  Now, 

X X 

ui(x)  = / vjfOdC  *ui(0)  = / wjfOde  - u!  (0) 

0 0 ^0 

" QoC1*^)  t + Ul(0) 


The  constant  ui(0)  must  vanish  to  preserve  the  normalization  u(0)  = 1.  The 
combined  zerotn  and  first  order  solution  is  therefore 

u(x)  = u0(x)  + A*Ui(x) 


1 ♦ \2  — — / <J>(C)dC  - — 

Q0(1+Ke^>  0 Qo 


W : v 


The  solution  given  by  Eq.  (23)  provides  the  following  information  for  Kq  i - 1 : 

1.  For  |X2|«1,  non-trivial  solutions  exist  at  those  same  Qj  at  which 
the  second  branch  crosses  the  zero  branch  in  the  case  Kq  ■ -1. 

2.  As  long  as  X2  is  not  identically  zero,  Eq.  (23)  provides  an  eigen- 
function, independent  of  u(x)  ■ constant.  This  independent  eigenfunction 
(mode  shape)  consists  of  a finite  rigid  body  translation,  a bending  term  of 
an  integral  of  an  Airy  function  proportional  to  X2,  and  a rigid  body  rotation, 
also  proportional  to  X2.  These  three  terms  are  inseparable  as  an  independent 
eigenfunction  since  they  all  are  proportional  to  the  arbitrary  constant  u(0) 
as  shown  in  Eq.  (23). 

3.  As  X2  goes  to  zero,  Eq.  (23)  reduces  smoothly  to  a rigid  body  trans- 
lationA  This  again  indicates  that  the  double  zero  eigenvalue  that  exists  at 
those  Q^'s  of  Eqs.  (9)  has  only  one  eigenfunction.  In  order  to  generate 
anotherJ independent  function,  one  must  use  the  concept  of  a "Jordon  vector". 
This  will  be  discussed  in  Section  5. 

We  have  obtained  an  expression  for  the  qon-trivial  mode  shape,  Eq.  (23), 
near  X2  » 0,  for  Kq  + -1,  Kq  i 0 and  Q near  Qj  of  Eqs.  (9).  This  expression, 
however,  is  incomplete  without  a known  Q,  in  the  relationship  between  X2  and 
Q: 


Q - Q0  ♦ X*Qi  (24) 

It  is  also  clear  from  this  equation  that  the  curvature  of  a Q vs.  X in  the 
neighborhood  of  X ■ 0 is  given  by 


(25) 


But,  in  order  to  obtain  Qj,  one  needs  the  second  order  equation  From  Eqs. 

(16). 

x 

v2"  ♦ Q0XV2  =*  - / uj  (£)d£  - QiXV!  - Q2xv0  (26a) 

0 


v2’(0)  =0,  v2'(l)  - 0 (26b, 26c) 


1 

/^(Od^  ♦ Q0(1*Kq)v2(1)  ♦ Q1(l*K0)v1(l) 

♦ Q2(1*K0)vo(1)  - 0 (26d) 
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From  previous  results,  Eqs.  (19),  (23)  after  normalization 


i If  A ^ 

u0W  • 1 • ul<*>  ■ Qj  ♦ £««  - X 


v0(x)  - 0 , Vj (x) 


_1_ 

% 


*e 

1+K0  ♦ £*)  ■ 1 


Now  let 


v2  = w2  - q-  V1 


one  has,  from  Eqs.  (26), 

x Qi 

w2”  ♦ Q0xw2  - - J u^d*  ♦ — Vl" 


w2' (0)  * 0,  w2' (1)  = 0 


w2(l)  - v2(l)  ♦ ^ Vl(l) 


where,  from  Eqs.  (20)  and  (27d) 


Vi"  - -x-QoXVj  * - X*(X) 


v2<»  ' ' Q^T*k9)  / . «!«)«  - ^ v,(l) 


Therefore, 


Qi  . Ke 


V ♦ Q#xWi  - - / u (5)d5  - ^ (TTKpx  ♦ (*) 


W2’  (0)  - 0,  W2'  (1)  <•  0 


(2?a,27b) 


(27c, 27d) 


(29a) 


(29b, 29c) 


(29d) 


Let 


w2(x)  = 4>(x)<Kx) 
w2'  (x)  3 ♦ #' 

w2"(x)  ■=  ♦ 2<t» 'Ip*  ♦ W 


(30») 

(30b) 

(30c) 


From  Eqs.  (29),  one  has 


*(♦"  ♦ Q0*4»)  ♦ 2fr  ♦ *"♦  - - /~u,  (Od£  - (^|-)x*(x) 

u o qo  1 


or 


2 * - J* u (t)d?  - -1-  (~-)x^(x) 

q V/\  I*Kc 


(31) 


Q!  Ke_ 

Q0 

since 

♦"  + Q0X<*>  “ 0 

by  definition  of  the  function  <t>(x)  in  Eq.  (10b).  From  Eq.  (31), 

ST  »V)  = - *(x)/  MOd?  - -q!  (r^)x^(x) 

or 

♦V  = - / ♦(C)(/u1(n)dn)dC  - fc-|-)/Xw,K)de  ♦ c 

oo  Qo  1 x0  o 

Since  ip1  (0)  = 0 and  ij>'  (1)  = 0 are  results  of  w2'(0)  = w2'(l)  = 0 and  <J>'(0)  = 
4>'  (1)  = 0,  one  concludes  that  c = 0 and  that 

1 i 

Qq(1+K9)  J0  ♦«)(  Jo  Uj^dn  )dc 


Q1  - - 


/^*2(C)dS 


hhen  Uj(p)  in  the  equation  above  is  replaced  by  Eq.  (27b),  one  has 


Qi  ■ 7 


1 + Kg  -1  x2  -1  * £ 

- \c~  L J ^(x)dx  • / ♦ (*)/  J_*(n)dnd£dx 


^0  0 


0 0 


(32a) 


where 


6 = / x<}>J  (x)dx 

0 
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(32b) 


Eqs.  (23),  (24)  and  (32)  form  the  complete  set  of  asymptotic  solutions 
of  eigenvalues  and  eigenfunctions  for  Q near  Qj.  These  solutions  will  be 
compared  with  finite  element  solutions  in  Section  6. 


We  shall  now  go  back  to  Eqs.  (20)  for  the  case  Kq  * 0.  The  solution 
yields  wj (x)  * 0;  vj (x)  * - 1/Qq  for  all  non-zero  values  at  Qq,  not  just 
the  Qj . The  combined  zeroth  ana  first  order  solution  to  Eqs.  (1)  is  thus 


U(X)  * UQ(X)  ♦ X2Uj (x) 

or 

u(x)  * 1 - x 


(33) 


Eq.  (33)  suggests  that  for  Kg  = 0,  there  exists  eigenfunctions  independent 
of  u(x)  = 1 for  some  arbitrarily  small  X2.  However,  we  shall  prove  that 
this  arbitrarily  small  X2  has  to  be  zero  for  all  values  of  Q. 

Since  Kg  is  expected  to  be  a continuous  function  of  X2,  its  first 
expansion  term  about  Kq  = 0 in  terms  of  X2  must  be  in  the  form  of 

K0  = X2Kx  (34) 

for  Q held  constant.  In  a latter  section,  it  will  be  shown  that  Kj  is  never 
zero  and  thus  Kg  approaching  zero  requires  that  X2  is  also  approaching  zero. 
Thus  Eq.  (33)  reduces  to 


u(x)  - 1 (33') 

Hence,  for  Kg  = 0,  and  for  all  nonzero  values  of  Q one  has  a situation  of  double 
zero  eigenvalues  with  only  one  eigenfunction.  The  second  zero  eigenvalue 
branch  does  not  cross  X = 0,  however,  it  coincides  with  it. 

4.  OTHER  RESULTS  BY  ASYMPTOTIC  EXPANSION'S.  It  will  be  proved  in  this 

section  that  for  |X2|«1  and  Qj  < Q < Oj-f].  where  Qj  are  given  by  Eqs.  (9), 

X2  is  negative  (stable  vibrations)  for  a positive  Kq  and  X2  is  positive 
(divergence  instability)  for  a negative  Kg  if  j = 0,  2,  4,  ...  The  sign 
of  X2  will  be  reversed  if  i * 1,  3,  5,  ...  (Figure  1).  It  will  be  proved 
also  that  Kj  in  Eq.  (34)  can  not  be  zero  for  all  nonzero  values  of  Q.  Two  asymtotic 
expansions  will  be  used  here. 

First,  let  Qq  = 0 which  leaves 

Q = X2Qj  ♦ X"Q2  ♦ ...  (35) 
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The  zeroth  order  equations  (16)  are 


V " 0 

(36a) 

VC°)  - °.  v0'(l)  - o 

(36b, 36c) 

The  solution  to  Eqs.  (36)  is 

vQ(x)  « uQ'(x)  - vQ(0) , a constant 

(37a) 

U0CX)  * vq(0)x  ♦ 1 

(37b) 

The  mode  shape  uo(x)  has  been  normalized  so  that  u(0)  ■ Ug(0)  ■ 1.  The 
constant  Vq(0)  is  yet  to  be  determined.  The  first  order  equations,  from 
Eqs.  (16),  are 

v"  - - / u0K)d?  - Q,x 

0 

(38a) 

Vj'(O)  « 0,  Vj'd)  - 0 

(38b, 38c) 

1 

Ql(l+K0)vo(1)  * - / uQ(OdC 
n 

(38d) 

From  Eq.  (37b),  one  obtains 

vi"  " " jvo(0)x2  ■ C1  + Q!v0(°)]x 

(39a) 

Vj'(0)-0,  Vj'd)  - 0 

(39b, 39c) 

Qi(1+Ke)voco)  + ivo(0)  " _1 

(39d) 

Eq.  (39a)  can  be  integrated  directly.  From  the  boundary  conditions  (39b)- 
(39d)  one  has,  for  non-trivial  solution  of  Vj(x), 

Ql  ' ' 6% 

(40a) 

Q ■ *’Q,  - - ^ 

(40b) 

“d  ' 61C, 

v0(°)  = -—2- 
° 1-2K0 

(40c) 
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Hence  the  mode  shape  in  this  case  (Q  near  zero)  is  uniquely  defined,  from 
Eq.  (37b),  as 


u000 


Ax  ♦ 1 

i-2*e 


(41) 


Equation  (41)  shows  that  the  mode  approaches  a combination  of  trans- 
lation and  rotation  as  Q approaches  zero.  For  Kg  = 4,  it  approaches  a pure 
rotation;  and  for  Ka  ■ 0,  it  approaches  a pure  translation.  For  the  latter 
case,  equation  (40b)  shows  that  X equals  zero  for  all  Q which  implies  that 
the  branch  approaches  horizontally  (i.e.  coincides  with  the  X * 0 axis). 
Therefore,  the  rigid  body  rotation  mode  at  Q * 0 is  an  isolated  point  for 
Kg  « 0;  and  the  mode  changes  to  rigid  body  translation  for  arbitrarily 
small  Q.  Since  Q is  always  real  and  is  assumed  here  to  be  positive,  one 
concludes  from  Eqs.  (40)  that  for  Q near  zero,  e positive  Kg  produces  a 
negative  X*,  and  a negative  Kg  produces  a positive  X2  (Figures  1 and  2). 

Next,  we  shall  fix  Q and  expand  Kg  in  X2  about  Kg  ■ 0 in  order  to 
determine  the  behavior  of  the  branches  and  mode  shapes  as  Kg  approaches 
zero.  Thus, 

K0  - X2Kj  ♦ X"K2  ♦ ....  (42) 

Substitution  of  Eqs.  (14)  and  (42)  into  (1')  yields  equations  of  various 
orders  in  X2. 

Since  the  zeroth  and  the  first  order  equations  are  identical  with 
Eq.  (18)  and  (20)  respectively  (with  zero  substituting  for  Kq  and  Q sub- 
stituting Qg  in  these  equations),  one  can  simply  write  down  the  solutions 
from  Eqs.  (19)  and  (33): 


v0(x)  - uQ’ (x)  - 0;  u0(x)  = 1 

(43a, 43b) 

Vj(x)  = Uj'  (x)  =»  - i 

(44a) 

ul(x)  » - \ 

The  second  order  equations  are: 

. (44b) 

u2""  ♦ Q(xu2’)'  - - Uj(x)  - | 

(45a) 

^"(0)  =■  0,  u2"(l)  - 0,  u2'"  (0)  - 0 

(45b,45c,45d) 

u2'”  (1)  ♦ Kj  « 0 

(45e) 
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In  terns  of  v2*  the  equations  become 


where 


To  solve  Eqs.  (46)  let 


V * Qxv2  “ §q 

v2'(0)  - 0,  v2'(l)  - 0 


1 K1 

V»  "W'J 


V2(x)  ■ u2'(x) 


In  terms  of  w(x),  one  has 


v.(x)  *=  w(x)  ♦ —■ 
1 2Q* 


w"  ♦ Qxw  = C 


(46a) 
(46b, 46c) 

(46d) 


(47a) 


w'(°)  ■ - 2^-  W'(1)  “ ‘ (47b, 47c) 

K1 

w(l)  * (47d) 

Let  f(x)  and  g(x)  be  the  independent  solutions  to  Eq.  (47a)  - Airy  functions 
[12]  - with  boundary  conditions  f(0)  * 1,  f ' (0)  ■ 0 and  g(0)  * 0,  g' (0)  * 1 
respectively.  One  then  can  write  the  solution  to  Eqs.  (47)  as: 


W(x)  * - — — y [~  C1)  f(X)  ♦ g(x)l 

2^  l_  f,o)  J 

From  Eqs.  (47d)  and  (48),  one  has 

w(l)  = - -iy  f(l)  ♦ g(l)l 

Q 2Q*  [_  f'  (1)  J 

h ■ - S)  f<»  * *<»]  ■ 


(48) 


(49a) 

(49b) 
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It  should  bo  observed  that,  if  Q ■ Qj  of  Eqs.  (9),  f 1 (1)  becomes  zero  due  to 
the  fact  that  (L's  are  defined  as  such.  In  addition,  w(l)  can  never  be  zero. 
To  prove  this,  Eq.  (47a)  is  multiplied  by  w' (x)  and  integrated  over  the 
interval  (0,  1).  One  then  arrives  at 

1 

[w(l)]2  - / [w(x)]2dx  (50) 

0 

Thus  w(l)  « 0 would  imply  w(x)  = 0 which  can  not  be  satisfied  by  Eqs.  (47), 
and  thus  a contradiction  is  reached. 

The  fact  w(l)  f 0 for  all  values  of  (^indicates  that  it  can  not  change 
sign  as  Q varies  except  possibly  at  those  Qj's  of  Eqs.  (9),  for  which  w(l) 
becomes  infinite  as  f* (1)  becomes  zero.  One  can  similarly  show  that  when 
f ' (1)  ■ 0,  f(l)  can  not  be  zero  and  thus  f"(l)^can  not  be  zero  due  to  Eq. 
(47a).  Consequently  w(l)  does  change  sign  at  Qj . Since  w(l)  is  proportional 
to  Kj  (Eq.  49b)  for^all  values  of  Q (Q  i 0),  Kj  can  not  be  zero  and  will 
change  sign  at  the  Q-'s  of  Eqs.  (9)  and  nowhere  else.  Now  rewrite  Eqs.  (40) 
and  (42)  as  J 

X2  ■ -6QK0  , for  Q near  zero  (51a) 


X2 


for  Q away  from  zero  and 
K0  near  zero 


(51b) 


It  is  clear  that  we  have  proved  what  was  stated  at  the  beginning  of  this 
section  that  K0  and  X2  approach  zero  together  for  all  Q i 0 (Figures  1 $nd 
2).  Also  from  Eq.  (51b),  since  Kj  approaches  infinity  as  Q approaches  Qj , 
ICj  can  assume  very  large  values  for  small  X2  near  Qj . This  indicates  that 
the  eigenvalue  curves  for  all  values  of  Kfl  converge' to  the  point  X2  = 0, 

Q * Qj  (Figure  1). 

All  the  analytical  findings  in  this  section  have  been  observed  in 
previous  numerical  results  as  shown  in  Figure  1. 


With  w(x)  given  in  Eq.  (48),  one  can  write  the  solution  to  Eqs.  (1') 
for  Q + Qj 

u(«)  - 1 - £ * - • A(C)dE  - f!]  (52.) 

K0  = X2Kx  (S2b) 
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and  K 
formu 


A 

, is  to  be  evaluated  from  Eq.  (49b).  When  Q is  near  Q-;  the  mode  shape 
la  in  Eq.  (23)  can  be  used,  and  the  relationship 


Q = Q0  * *zQi 


applies.  If  Q is  close  to  Qj  and  Kg  is  close  to  zero,  Fqs.  (23)  and  (S2) 
should  yield  approximately  tne  same  results.  In  either  formula,  once  two  of 
the  three  parameters  (Kg,  Q and  X2)  are  chosen,  the  third  one  and  the  mode 
follow  directly. 

5. _.J'E«'HATED _Elf.iiNVALUES__hrrn  lUENTICAL  EIGENFUNCTIONS.  In  Section  3 of 
this  paper,  we  have  observed  two  situations  in  which  double  zero  eigenvalues 
exist  with  identical  eigenfunctions. The  first  case  is  K0  / -l.  Kg  i 0 at 
those  Oj's  of  Eqs.  (9);  and  the  second  case  is  Kg  = 0 for  all  values  of  Q 
except  Q = 0.  The  meaning  of  repeated  eigenvalues  with  identical  eigen- 
functions will  be  explored  further. 

According  to  classical  eigenvalue  analysis  [l3],  if  only  one  independent 
eigenfunction  can  be  found  from  Eqs.  (I1)  (despite  the  presence  of  a repeated 
eigenvalue),  then  another  linearly  independent  solution  of  the  time  equation, 
Eq.  (la  ),  must  exist  in  conjunction  with  that  eigenfunction.  This  is  anal- 
ogous to  the  case  of  repeated  roots  in  classical  eigenvalue  analysis.  As 
an  illustrative  example,  let  us  first  consider  the  simple  problem: 


< s; } • [;  :](:;)■{:} 


(53a) 


]{;*}■{:} 


(53b) 


The  eigenvalue  problem  in  Eq.  (53b)  has  repeated  zero  eigenvalue  but  only  one 
eigenvector 


UMi} 


The  original  differential  equation  (53a)  however,  has  another  solution 
independent  of  the  one  in  Eq.  (54) 


Mm mS- 


I 


i 


One  thus  observes  that  while  the  orthogonal  vector 

UMi} 

can  not  be  a solution  to  Eq.  (53u)  by  itself,  it  can  be  one  while  driving  the 
other  eigenvector  parametrically. 

A similar  situation  exists  in  the  present  stability  problem.  To  see 
this,  let  us  consider  a possible  solution  to  F.qs.  (la)  such  that 

u(x,t)  • u (x)  ♦ t*  (56) 

where  u(0)  is  an  arbitrary  constant.  Substitution  of  F.q.  (56)  into  Eqs.  (1) 
gives  a sot  of  equations  for  u(x)  which  are  identical  to  F.qs.  (20).  The 
solution  is,  therefore, 

’ u(0)  [t^U  - k ”]  1571 

For  Kq  ■ 0,  Q can  assume  any  non- zero  value,  and  for  Kq  j 0,  Q must  be  one  of 
the  Qj ' s of  Eqs.  (9).  No  solution  exists,  however,  for  Q ■ 0 or  for  Kfl  ■ -1. 
It  is  recalled  that  u(x)  of  Eq.  (57)  can  not  be  a solution  to  Eqs.  (1').  Thus 
the  solution  in  the  form  of  Eq.  (56)  exists  just  for  those  cases  of  repeated 
eigenvalues  with  identical  eigenfunctions  in  the  present  stability  problem. 

For  Kq  ■ 0,  u(x)  of  Eq.  (57)  is  a rigid  body  rotation,  and  for  Kq  i 0,  u(x) 
is  a combination  of  an  integral  of  the  Airy  fvinction  and  a rotation.  Thus 
Beal  [4]  was  correct  in  his  intuitive  prediction  of  the  missing  "modes". 

His  only  oversight  was  in  calling  them  modes  rather  than  Jordan  functions. 

The  fact  that  u(x)  here  is  equal  to  uj (x)  in  Section  3 is  more  than 
coincidence.  If  we  consider  the  limit  as  X2  approaches  but  is  not  identically 
equal  to  zero,  then  u (x)  does  not  come  into  picture.  There  are  simply  two 
independent  eigenfunctions  or  mode  shapes:  u(x)  ■ u(0)  and  u(x)  » uq(0)  ♦ 
X2uj(x)  of  Eqs.  (23)  or  (33).  The  entire  set  of  modes,  including  these  two^ 
form  a complete  set  of  functions.  Mien  X2  = 0,  however,  the  two  modes  in 
the  neighborhood  of  X2  ■ 0 become  identical  and  the  function  uj(x)  is  last 
as  an  independent  function. Therefore,  Ci(x)  must  equal  14  (x)  in  order  to  form 
a complete  sot.  Ilowevor,  u(x)  can  not  satisfy  Eqs.  (I').  Thus  it  takes  on 
the  role  of  a Jordon  vector  [Ut  ] thnt  can  parametrically  excite  the  rigid 
body  translation  mode. 

6.  FURTHER  NUMERICAL  VERIFICATION.  In  the  previous  discussion,  we  have 
mentioned  analytical  proofs  on  soveral  numerical  findings  ns  reported  in 
Figures  1 and  2.  Here  we  shall  provide  further  comparison  between  the  numer- 
ical results  of  finite  clemcnt-unconstrainod  variational  formulations*  and 
the  analytic  formulas  of  asymptotic  expansions  in  tho  neighborhood  of  X2  ■ 0. 


•This  finito  element  formulation  has  been  described  in  detail  elsewhere  (see, 
for  example,  [8]). 
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6.1.  Eigenvalues  and  Mode  Shapes  Near  Q ■ 0.  The  analytic  expression 
for  the  eigenvalue  and  the  associated  eigenfunction  in  the  neighborhood  of 
Q ■ 0 (but  Q i 0)  for  all  Kg  are  given  by  Eqs.  (40)  and  (41) 

X2  - -6KgQ 

6 Kg 

u (x)  - 1 ♦ ( — 2_)x 
l-2Kg 

The  agreement  in  eigenvalues  between  this  formula  and  the  finite  element 
solution  is  shown  in  Table  I.  A typical  mode  shape  comparison  for  Kg  * ±1 
and  Q ■ O.OOln2  is  shown  in  Table  II.  The  comparison  indicates  that  the 
first  term  asymptotic  solution  is  slightly  better  for  K0  ■ -1.0  than  it  is 
for  Kg  ■ 1.0. 

At  Q ■ 0,  the  finite  element  formulation  yields  two  zero  eigenvalues 
and  two  rigid  body  modes  - rigid  body  translation  and  rigid  body  rotation. 
This,  of  course,  has  been  observed  from  Eqs.  (1')  in  Section  2 earlier. 

TABLE  I.  COMPARISON  OF  EIGENVALUE  CALCULATION  NEAR  Q - 0 
(ASYMPTOTIC  VS.  FINITE  ELEMENT  SOLUTIONS 


-5.922  x 10-2 

-5.917  x 10-2 

5.922  x 10-2 

5.923  x 10"2 

-2.96  x 10"1 

-2.95  x 10_1 

2.96  x 10"1 

2.97  x 10-1 

-5.92  x 10" 1 

-5.87  x 10"1 

5.92  x 10’1 

5.93  x 10"1 

-2.96 

-2.88 

2.96 

3.03 

TABLE  II.  COMPARISON  OF  MODE  SHAPES  NEAR  Q = 0 
(ASYMPTOTIC  VS.  FINITE  ELEMENT  SOLUTIONS) 


i 


6.2.  Mode  Shapes  for  Zero  Eigenvalue  at  Q = Qj . For  Kg  = -1,  the 

analytic  solution  in  Section  2 states  that  X*  = 0 and  the  associated  eigen- 
function, other  than  the  rigid  body  translation,  is  given  by  Eq.  (12b): 

x 

u(x)  = / <KC)dt 
0 

where  <J> (x)  has  been  defined  in  Eq.  (10b).  this  expression  of  u(x)  has  been 
evaluated  at  Q = Qj  = 2.598ir2.  This  is  compared  with  the  finite  element 
solution  in  Table  III.  The  finite  element  eigenvalue  solution  associated 
with  this  mode  shape  is  undistinguishable  from  the  other  known  zero  eigen- 
value in  magnitude. 

Results  from  finite  element  computations  also  show  that  Kg  = -1  is  the 
only  case  where  a bending  mode,  Eq.  (12b),  exists  for  Q * Qj  and  for  X2  * 0.  j 

For  any  other  value  of  Kg  / -1.0,  only  rigid  body  translation  modes  have  been 
obtained.  This  agrees  precisely  with  the  analytical  conclusions  observed  in 
Sections  2 and  3.  i 


j 

I 


Q - O.OOlTT2,  Kg  * ±1.0 


X 

Ke  - 

-1.0 

Ke  - 

1.0 

U(x) 

Eq.  (41) 

u(x) 

F.E. 

u(x) 

Eq.  (41) 

u(x) 

F.E. 

0 

1..  0000 

1.0000 

1.0000 

1 . 0000 

1/9 

0.7778 

0.7778 

0.3333 

0.3330 

2/9 

0.5556 

0.5556 

-0.3333 

-0.3340 

3/9 

0.3333 

0.3334 

-1.0000 

-1.0010 

4/9 

0.1111 

0.1112 

-1.6667 

-1.6680 

5/9 

-0.1111 

-0.1110 

-2.3333 

-2.3348 

6/9 

-0.3333 

-0.3333 

-3.0000 

-3.0016 

7/9 

-0.5556 

-0.5556 

-3.6667 

-3.6682 

8/9 

-0.7778 

-0.7780 

-4.3333 

-4.3348 

1 

-1.0000 

-1.0003 

-5.0000 

-5.0013 

TABLE  III.  COMPARISON  OF  MODE  SHAPE  CALCULATIONS 


K0  = -1.0;  Q = Qj  = 2.598tt2;  X2  = 0 


X 

u(x),  Eq.  (12b) 

U(x),  Eq.  (12b) 
Normalized 

u(x),  F.E. 
Normalized 

0 

0.0 

0.0 

0. 

1/9 

-0. 159077 

0.325383 

0.325337 

2/9 

-0.314905 

0.644122 

0.644035 

3/9 

-0.459358 

0.939593 

0.939462 

4/9 

-0.579979 

1.186317 

1.186158 

5/9 

-0.662340 

1.354782 

1.354613 

6/9 

-0.693969 

1.419477 

1.419323 

7/9 

-0.669319 

1.369057 

1.368941 

8/9 

-0.594394 

1.215801 

1.215744 

1 

-0.488890 

1.000000 

1.000000 

6.3.  Eigenvalue  and  Mode  Shapes  Near  Q = Qj • The  asymptotic  solutions 
in  this  case  are  given  by  Eqs.  (23)  and  (24) 

u(x)  = 1 ♦ Al  /X4>(C)dC  - x 

Qj  [_l*Ke  0 

Q ■ Qj  + x2Qi 

where  Kq  / -1  and  Qj  is  evaluated  by  Eq.  (32a).  This  eigenvalue  X2  and  mode 
shape  u(x)  in  the  expressions  above  have  been  evaluated  for  several  values 
of  Q and  Kq  and  they  are  compared  with  the  finite  element  solutions  in 
Tables  IV  and  V. 


TABLE  IV.  COMPARISON  OF  EIGENVALUE  CALCULATIONS 
(ASYMPTOTIC  VS.  FINITE  ELEMENT  SOLUTIONS) 


Q = Qi  ♦ 

0.011T2 

Q = Qi  - 

O.OlTT2 

X2,  F.E. 

mmm 

0.01 

0.00680 

0.00687 

-0.00680 

-0.00667 

-0.01 

-0.00706 

-0.00714 

0.00706 

0.00692 

0.1 

0.05839 

0.05928 

-0.05839 

-0.05753 

-0.1 

-0.08521 

-0.08669 

0.08521 

0.08378 

1.0 

0.24165 

0.24477 

-0.24165 

-0.23863 

TABLE  V.  COMPARISON  OF  MODE  SHAPE  CALCULATIONS 
(ASYMPTOTIC  VS.  FINITE  ELEMENT  SOLUTIONS) 


Q - Qj  - O.OlTT2,  Kq  - 1.0 

Q = Qj  ♦ O.Olir2,  K0  = 1.0 

Asymptotic 

F.E. 

Asymptotic 

F.E. 

X*  ■ -0.2416, 

X2  - -0.2386 

X2  * 0.2416, 

X2  = 0.2448 

Eq.  (24) 

Eq.  (24) 

X 

u(x),  Eq.  (23) 

u(x) 

u(x),  Eq.  (23) 

u(x) 

0 

1.000000 

1.000000 

1.000000 

1.000000 

1/9 

1.001836 

1.001789 

0.998165 

0.998195 

2/9 

1.003655 

1.003563 

0.996345 

0.996405 

3/9 

1.005418 

1.005283 

0.994582 

0.994669 

4/9 

1.007063 

1.006891 

0.992937 

0.993046 

5/9 

1.008518 

1.008320 

0.991482 

0.991604 

6/9 

1.009722 

1.009512 

0.990278 

0.990403 

7/9 

1.010647 

1.010440 

0.989353 

0.989468 

8/9 

1.011323 

1.011132 

0.988677 

0.988772 

1 

1.011847 

1.011681 

0.988153 

0.988221 

The  mode  shapes  in  Table  V show  that  the  rigid  body  translation  repre- 
sents the  major  portion  of  the  motion.  However,  both  Tigid  body  rotation 
and  bending  are  present. 

9 A 

6.4.  Zero  Curvature  at  X*  ■ 0 and  Q = Qj . It  was  noted  in  Section  3 

that  the  curvature  of  a "Q  vs.  X"  curve  (Figure  1 or  2 rotated  90*)  at  X = 

0 and  Q * Qj  is 

P = 2Qj 

From  Eq.  (32a)  it  is  clear  that  p is  a function  of  Kq.  Since  a positive  p 
implies  that  the  curve  is  "concave"  in  the  lower  half  plane  and  "convex"  in 
the  upper  half  plane,  and  a negative  p implies  the  reverse  (Figure  3),  it  is 
of  interest  to  find  out  at  what  value  of  Kq  this  change-over  does  take  place. 
Letting  p = 2Qj  = 0,  Eq.  (32a)  yields 


a 


-0.53543 


It  would  not  be  convenient  to  evaluate  this  Kq  by  the  finite  element  method. 
However,  the  curves  as  shown  in  Figure  2 appears  to  agree  with  the  calcu- 
lation given  above. 
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6.5.  Eigenvalues  and  Mode  Shapes  for  Kg  Near  Zero.  For  Kg  in  the 
neighborhood  of  zero,  the  asymptotic  solutions  are  given  by  Eqs.  (52)  as 


u(x)  - 1 - x 

K0  = A2Kl 


for  all  values  of  Q (Q  t 0),  where  Kj  can  be  calculated  by  Eq.  (49b).  Results 
from  the  above  expression  and  the  finite  element  solutions  are  compared  for 
several  values  of  Q and  Kg  as  shown  in  Table  VI. 

As  we  have  noted  near  the  end  of  Section  4,  Eqs.  (23),  (24)  and  Eqs. 

(52)  should  yield  approximately  same  results  for  Kg  near  zero  and  for  Q near 
Qj.  This  fact  is  demonstrated  by  the  numerical  results  given  in  Table  VII. 

7.  CONCLUSIONS.  From  the  analysis  presented  in  this  paper  one  can 
clearly  conclude  the  following: 

1.  A double  zero  eigenvalue,  X2  «=  0,  exists  at  Q = 0 for  all  values  of 
Kg-  There  exist  two  independent  eigenfunctions:  a rigid  body  translation 
and  a rigid  body  rotation,  for  the  repeated  roots. 

2.  For  Kg  = -1,  double  zero  eigenvalues  exist  only  at  a discrete  set 
of  Qj's,  i = 0,1,2,...,  defined  in  Eqs.  (9).  At  each  Qj  there  exist  two 
independent  eigenfunctions:  a rigid  body  translation  and  an  integrated 
Airy  function.  For  Qq  = 0,  this  integrated  Airy  function  reduces  to  a 
rigid  body  rotation. 

3.  For  Kg  = 0,  double  zero  eigenvalues  exist  for  all  values  of  Q and 
the  only  eigenfunction  for  these  repeated  eigenvalues  (except  at  Q * 0)  is 
a rigid  body  translation. 

4.  For  Kq  near  zero,  but  not  identically  zero,  one  can  write  Kg  * X2Kj 
or  X2  * Kg/Kj  where  K*  is  never  zero  for  any  values  of  Q and  becomes  infinite 
when  Q = Qj  of  Eqs.  (9).  The  eigenfunction  associated  with  this  X2  is  a 
combination  of  a unit  rigid  body  translation,  a rigid  body  rotation  propor- 
tioned to  X2,  and  other  bending  terms  of  still  higher  order  in  X2. 

5.  For  Kg  i 0 and  Kg  i -1,  double  zero  eigenvalues  exist  only  at  those 
Qj's  of  Eqs.  (9)  as  for  the  case  Kg  = -1.  However,  unlike  the  case  Kg  = -I, 
only  one  eigenfunction  exists  at  these  Qj , and  it  is  a rigid  body  translation. 
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6.  For  Kg  / 0,  Kg  i -1  and  for  X2  near  zero  but  not  identically  zero, 
the  eigenfunction  associated  with  X*  near  the  fy's  of  Eqs.  (9)  is  a com- 
bination of  a unit  rigid  body  translation,  a rigid  body  rotation,  and  a 
bending  of  integrated  Airy  function.  The  latter  two  terms  are  proportional 
to  X2. 


7.  For  < Q < Qj«.j,  where  Qj's  are  defined  in  Eqs.  (9),  X*  is 
negative  (stable  vibrations)  for  a positive  K0  and  X*  is  positive  (divergence 

instability)  for  a negative  Kg  if  j - 0,2,4 The  sign  of  X1  (and  thus 

the  stability  characteristics)  is  reversed  in  the  above  statement  if  j - 1, 
3,5,... 


8.  For  either  Kg  - 0 and  all  values  of  Q,  or  Kg  »»  0,  Kg  -1  and  Q - 
°^.Eqs.  solution  of  Eqs.  (1')  has  repeated  zero  eigenvalues  with 

identical  rigid  body  translation  mode.  Another  independent  solution  of  Eqs. 
(1)  can  be  obtained  by  the  method  of  variation  of  parameters  as  a Jordon 
vector  in  the  form  Eqs.  (56)  and  (57). 
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FIGURE  1.  Curves  of  Eigenvalue  X (']  and  XR)  vs.  Thrust  Q for  Various  Values  of 
Kq  (Finite  Flerant  Results). 
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AN  INVERSE  HYPERBOLIC  BOUNDARY  VALUE  PROBLEM 


William  W.  Symes 
Mathematics  Research  Center 
University  of  Wisconsin-Madison 
Madison,  WI  53706 


ABSTRACT . We  solve  an  inverse  boundary  value  problem  for  a two-dimensional 
wave  equation.  This  problem  is  prototypical  of  a number  of  inverse  problems 
of  applied  mathematics  - for  instance,  the  main  problem  of  seismology  has  the 
same  general  nature.  Our  solution  proceeds  via  a nonlinear  Volterra  equation, 
and  is  constructive,  with  explicit  error  bounds. 

I . INTRODUCT ION . The  general  setting  of  the  problem  treated  here  is  the 
continuum  mechanics  of  wave  propagation.  We  consider  a continuous  medium  confined 
to  a region  f i with  boundary  3Q,  in  which  disturbances  propagate  at  finite 
speed  - hence,  according  to  a hyperbolic  system  of  partial  differential  equa- 
tions. We  treat  small  disturbances  only,  hence  assume  that  the  system  is 
linear. 


The  quintessential  example  is  the  system  if  equations  of.  linear  elasticity 
theory: 


— r (x.t) 
3t 


t(A (x) ,v (x) ,u(x,t) ) , 


X e OCB3 


(1) 


Here  u(x,t)  =*  (u^ (x.t) ,u2 (x,t) ,u3 (x,t) ) is  the  infinitesimal  displacement 

vector,  t is  the  stress  tensor,  p (x)  is  the  density,  and  \(x),  p(x)  are 
the  Lame  "constants"  which  characterize  the  mechanical  properties  of  the 
medium  at  the  location  x f ft.  Usually,  boundary  conditions  are  imposed  on 
of  the  form 


t (A (x) ,y (x) ,u (x,t) ) • n(x)  =0,  Vx  e 3fl  (2) 

where  n(x)  is  the  normal  vector  at  x e 3ft. 

Another,  much  simpler  example  is  the  two  dimensional  wave  equation  with 
potential  on  the  half-axis 

a2  32 

— ^ (x.t)  * — ^ (X»t)  + q (x)u  (x,t)  , x ^ 0 , (3) 

3t  3x 


A more  detailed  treatment  of  this  work  can  be  found  in  References  (1) , (2) . 


Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-75-C-0024  and  the 
National  Science  Foundation  under  Grant  No.  MCS7 5-17 385  A01. 
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with  "energy-preserving"  (self-adjoint)  boundary  condition  of  the  form 

(0,t)  + hu (0, t)  = 0 (4) 

where  h is  some  real  number  (or  “>,  in  which  case  the  boundary  condition 
reads  u(0,t)  = 0)  . This  system  models  a number  of  physical  processes  - for 
instance,  certain  kinds  of  lossless  transmission  lines.  Our  main  interest, 
however,  is  in  using  this  simple  system  as  a mathe..iatical  prototype  of  more 
complicated  systems,  such  as  linear  elasticity. 

The  sort  of  problem  we  wish  to  solve  is  the  inverse  boundary  value  problem. 
The  unknowns  of  our  problem  are  the  coefficients  of  the  hyperbolic  equations  of 
motion,  and  perhaps  the  boundary  conditions.  The  data  of  our  problem  are  the 
motions  of  the  system  o^i  the  boundary,  resulting  from  a known  applied  force. 

In  the  linear  elasticity  example,  we  are  thus  given  an  external  force 
F (x , t)  , x e SI,  t ^ 0,  and  observations  of  the  displacement  vector  on  the 
boundary:  (u(x,t),  x e 3ft,  t >_  0} . We  know  that  u solves  the  boundary  value 
problem 

u = V • x + F , xeft,  t > 0 , 
t • n = 0 on  3ft,  u(x,0)  =0,  xeft. 

r:  — — 

* 

We  are  to  deduce  the  density  p and  the  Lame  constants  X and  p in  the 
region  ft. 

In  this  form,  the  inverse  boundary  value  problem  for  linear  elasticity  is 
recognizable  as  the  main  problem  of  seismology,  in  an  idealized  version. 
Experience  in  seismology  suggests  the  heuristic  rule:  in  order  to  extract  as 
much  information  as  possible  about  the  system  in  the  inaccessible  interior  of 
the  region  ft,  the  applied  force  F should  be  as  sharply  localized  in  time 
and  space  as  possible,  i.e.  approximate  a 6-function  (unit  impulse),  in  order 
to  excite  all  modes  of  the  system. 

With  these  ideas  in  mind,  we  make  up  a simpler  model  problem.  We  consider 
the  two-dimensional  problem  (3),  (4),  and  ask  whether  the  potential  q(x), 
x >.  0,  and  the  boundary  condition  parameter  h can  be  recovered  from  the 
response  of  the  system  (u(0,t)  : t ^ 0}  on  the  boundary  to  a unit  impulse 
concentrated  at  x = t = 0.  Actually,  it  is  more  convenient  to  transform  this 
problem,  via  a standard  trick  (Duhamel's  integral),  into  the  form: 

Let  u(x,t),  x.c  0,  be  the  solution  of  the  initial-boundary  value 
p«  oh 1 cm 


u 


tt 


u + qu  *=  0 , 

XX 


ux(0,t)  + hu(0,t)  = 0 , 
u (x  ,0)  = 6(x)  , 


ufc(x,0)  = 0 . 


(5) 
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Set  f(t)  « u(0,t),  t > 0.  The  well-known  theory  of  the  Cauchy  problem  (see 
e.g.  reference  (3))  asserts  the  existence  of  a unique  solution  u,  hence  a 
unique  f,  given  the  coefficients  q(x)  and  h.  Let  S denote  this 
correspondence : 

S : {h,  q(x) , X > 0}  + If(t),  t > 0>  . 

Our  problem  may  now  be  phrased:  to  determine  whether  the  correspondence  S 
is  invertible . Other  related  questions  are: 

(1)  The  question  of  extent:  what  functions  f can  appear  as  boundary  values 
of  the  solution  of  a problem  of  the  form  (5) , as  h,  q(x)  range  over  all 
possible  choices? 

(2)  The  question  of  stability:  is  the  inverse  of  the  correspondence  S 
continuous  in  some  sense?  I.e.,  can  we  guarantee  that  small  errors  in  the 
measurement  of  f do  not  result  in  huge  uncontrollable  errors  in  the 
recovery  of  h,  q(xj? 

We  are  able  to  answer  all  of  these  questions.  Moreover,  we  are  able  to  give  a 
constructive  procedure  (i.e.,  one  involving  only  algebraic  manipulations  and 
quadratures)  for  the  recovery  of  h,  q(x)  from  f(t)  - with  explicit,  best- 
possible  error  estimates. 


II.  STATEMENT  OF  RESULTS.  The  precise  statement  of  our  results  requires 

that  we  specify  the  class  of  permissible  coefficient  functions  q(x) . The 

correct  choice  turns  out  to  be  the  Sobolev  space  W1”'1!!^)  (here,  and  in  the 

+ Xoc 

following,  we  use  the  notation  R = [0,“>)  C R for  the  half-axis)  . This 

space  consists  of  all  m - 1 - times  continuously  differentiable  functions 

whose  m*  derivatives,  moreover,  though  not  necessarily  continuous,  exist 

as  locally  absolutely  integrable  functions.  Thus,  for  example,  W®'  contains 

loc 

functions  which  have  continuous  derivatives  except  at  various  isolated  points, 
where  they  may  have  "corners". 

To  discuss  stability,  we  need  some  notion  of  closeness,  or  approach  to 
zero.  A sequence  (f  } of  functions  in  W™'1(R+)  is  said  to  approach  zero 
iff  for  all  T > 0,  nthe  sequences  of  numbers 


d 

sup  | — r-  f (x)  | , k = 0, . . . ,m  - 1 , 

x«[0,T]  dx  n 


and 


T dmf 

/ |-^<x)|a* 

0 dx 

approach  zero  as  n -*•  ®.  The  question  of  extent  is  answered  by 
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Theorem  I.  A function  f(t),  t 0,  is  the  boundary  value  of  the  solution  to 

problem  (5)  for  some  choice  q e and  h e R,  if  and  only  if: 

loc 


2)  f(0)  = h 


3)  The  kernel  f(s,t)  = — (f(s  + 
for  any  T > 0 there  exists 


t)  + f(s  - t) ) satisfies  the  condition: 
e(T)  >0  so  thet  for  any  u e L2[0,t], 


T T T T 

/ |u|  + / / dsdt  u(s)u(t)f (s,t)  >_  e(T)  J |u| 

0 0 0 0 


(in  interpreting  3, 


f is  extended  to  be  an  even  function:  f (-t)  = f ( t) ) . 


The  question  of  the  invertibility  of  S,  and  the  stability  question,  are 
answered  by 


Theorem  II. 

1)  The  set  of  f £ vT1'1  (R+)  defined  by  condition  3)  of  Theorem  I forms  an 

loc 

open  cone  C C W®+^'^(R+)  . 

loc 

2)  The  correspondence  S : (h,q)  e Rx  v/"'1(R+)  -►fee  is  invertible: 


3) 


The  inverse  correspondence 

Wm+1,1(R+)  D c -*•  R x w®'1 

loc  loc 


f (h,q) 
(R+)  . 


is  continuous  as  a mapping 


Moreover,  as  mentioned  above,  the  continuity  statement  3)  of  Theorem  II 
is  effected  by  a collection  of  error  estimates.  The  exact  form  of  these  error 
estimates  is  detailed  in  reference  (1) . Their  essence  is  that  the  relative 
amount  of  error  tends  to  increase  as  the  data  f is  chosen  closer  to  the 
boundary  of  the  cone  C. 


III.  SKETCH  OF  PROOF.  The  solution  u(x,t)  of  (5)  is  a part  of  the 
Riemann  function  for  the  boundary  value  problem 


u_,_  - u + qu  = 0,  t,x  > 0, 
tt  xx  — 

ux<0,t)  + hu(0,t)  = 0 . 


(6) 


The  Riemann  Function  R(x,t,xQ,t0)  is  the  solution  of  (6)  with  the  initial 
conditions 


Thus  u(x,t) 


^wv 


v^wv 


= 6(x  - xQ) 
= 0 . 


R(x,t,0,0)  . 
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The  results  outlined  in  Section  II  proceed  from  three  facts  regarding  the 
Riemann  function: 


1)  (Group  Property)  Let  U(t)  be  the  operator  which  maps  Cauchy  Data 
(u(x,t0,ut(x,t0) ) for  a solution  of  (6)  at  time  t to  the  Cauchy  data 
for  the  same  solution  (u(x,t  + t0>,ut(x,t  + tQ) ) at  time  t + tQ.  Then  U 
is  independent  of  t^,  and 

U (s) U (t)  = U(s  + t)  . 

2)  The  Riemann  Function  propagates  Cauchy  data  for  (6).  That  is,  if  u(x,t) 
is  an  arbitrary  solution  of  (6)  then 


u (x,t) 

u(xo'to) 

= J dx  fl(x,t,X  ,t  ) 

U u 

ut(x,t) 

u u u 

wv 

where  <1  is  the  2x2  matrix 


^'t'VV 


R(x,t,xQ,t0)  / doR(x,t,xQ,a) 


— R(x,t,x0,t0)  — / doR(x,t,x0,a) 

fco 


Thus  is  the  kernel  which  implements  the  operator  U. 

3)  (Progressing  Wave  Expansion).  The  distribution  u(x,t)  = R(x,t,0,0)  can 
be  decomposed: 


u(x,t)  = 6(x  + t)  + 6(x  - t)  + K(x,t) 

where  K(x,t)  = K(x,-t)  has  one  more  derivative  than  q in  the  region 
0 < x < |t|,  vanishes  outside  this  region,  and  on  the  boundary  satisfies 
the  transport  equation: 


K(x,x) 


(7) 


Properties  1)  and  2)  imply  an  integral  equation  for  fl,  from  which  an  integral 
equation  for  R may  be  extracted.  A special  case  is  the  equation 


(6{x  + t)  + 6 (x  - t))  + f(s,t)  = / dy  u(y,s)u(y,t) 

0 


where,  as  before, 


f(s,t)  -f 


(f(s  + t)  + f (s  - t) ) , f(t)  = u(0,t),  t > 0. 
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Combined  with  3)  this  can  be  rewritten 


s 

f(s,t)  = K (s , t)  + J dy  K(y,s)K(y,t)  (8) 

0 

say  for  s <_  t.  This  nonlinear  Volterra  equation  is  solved  by  a combination  of 
iteration  and  a priori  estimates;  the  source  of  the  estimates,  and  a necessary 
and  sufficient  condition  that  (8)  have  a solution,  is  condition  3)  of  Theorem  I, 
i.e.  that  f e C.  The  potential  q is  then  recovered  from  the  solution  K of 
(8)  by  the  transport  equation  (7);  see  (1)  for  details. 


IV.  CONCLUDING  REMARKS.  We  conclude  by  describing  related  work  by  other 
authors. 

This  work  began  as  an  attempt  to  understand  the  paper  of  Gel' f and  and 
Levitan  on  the  inverse  spectral  problem  for  Sturm-Liouville  operators,  which  is 
a time-independent  version  of  the  problem  considered  here.  (Reference  (4) ; 
see  (1)  for  an  explanation  of  the  relation.)  Indeed,  the  invertibility  and 
extent  parts  of  Theorems  I and  II,  though  not  the  stability  statement,  are 
implicitly  contained  in  the  sharp  version  due  to  Levitan  and  Gasynov  (ref.  5) 
of  the  results  of  (4) . The  method  of  proof  of  these  authors  is  considerably 
different,  however.  They  derive  equations  (7)  and  (8),  by  different  techniques, 
and  then  linearize  equation  (8) , to  obtain  a Fredholm  integral  equation,  which  is 
then  solved  by  the  Fredholm  Alternative  Theorem.  Our  constructive  solution  to 
equation  (8)  provides  an  obvious  contrast,  and  seems  more  suitable  for  numerical 
work.  Most  providentially,  however,  equation  (8)  has  an  analogue  for  inverse 
problems  involving  systems  with  several  sound  speeds,  including  some  which  more 
closely  model  linear  elasticity;  the  Fredholm  equation  approach,  on  the  other 
hand,  does  not  work  for  multiple  sound  speeds  at  all.  Some  consequences  of 
this  fortunate  circumstance,  including  analogues  of  Theorems  I and  I I , will 
appear  in  reference  (2) . Finally,  equations  (7)  and  (8)  also  have  obvious 
analogues  for  several-dimensional  problems;  there,  however,  the  analytical 
details  are  much  more  difficult,  and  it  remains  to  be  seen  whether  our  methods 
will  suffice  to  give  solutions  to  these  problems. 
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ABSTRACT 

The  calculation  of  the  transient  electromagnetic  field  pene- 
tration into  an  electrically  conducting  medium  is  complicated  consid- 
erably if  the  permeability  is  a function  of  magnetic  field  strength. 
Even  in  seemingly  simple  problems  such  calculations  are  difficult 
because  the  governing  partial  differential  equations  are  nonlinear. 
This  paper  examines  the  penetration  of  a step  increase  in  magnetic 
field  strength  into  a semi-infinite  medium  that  has  a permeability 
which  is  a function  of  magnetic  field  strength.  The  problem  can  be 
simplified  through  a simple  transformation  of  variables  which  reduces 
the  number  of  independent  variables  by  one.  Although  the  above 
transformation  can  be  performed  regardless  of  the  form  of  the  perme- 
ability function,  each  form  of  the  permeability  results  in  a differ- 
ent second  order  nonlinear  differential  equation  so  that  a particular 
permeability  function  must  be  specified  to  proceed  with  an  analysis. 
Several  permeability  functions  are  considered  in  this  paper.  For  a 
constant  permeability  the  differential  equation  is  linear  and  can  be 
easily  solved  to  obtain  the  classic  solutions  for  the  magnetic  and 
electric  field  distributions.  The  perturbation  of  these  solutions 
due  to  small  variations  in  permeability  is  then  derived.  In  addi- 
tion, a permeability  which  is  an  exponentially  decreasing  function  of 
magnetic  field  strength  is  examined.  Although  a formal  parametric 
solution  for  this  case  exists,  a simple  closed  form  analytical  solu- 
tion in  terms  of  elementary  functions  does  not  seem  to  exist;  there- 
fore, the  analytical  approach  consists  of  mathematical  analysis 


suplemented  with  numerical  calculations.  The  results  are  compared  to 
the  classic  solution  for  the  linear  case  with  constant  permeability. 


INTRODUCTION 

If  a pulse  of  electric  current  is  suddenly  forced  to  flow  along 
the  surface  of  an  electrically  conducting  medium,  electromagnetic 
fields  are  induced  which  oppose  the  spread  of  this  current.  Hence, 
the  current  and  the  electromagnetic  fields  associated  with  it  tend  to 
spread,  or  diffuse,  more  or  less  slowly  throughout  the  medium  at  a 
rate  which  depends  on  the  permeability  and  the  conductivity  of  the 
medium.  The  calculation  of  the  transient  distribution  of  such  elec- 
tromagnetic fields  within  a conducting  medium  is  of  interest  for  a 
number  of  areas  (an  Important  one  being  electromagnetic  shielding) 
and  has  received  a good  deal  of  attention. 

The  partial  differential  equations  which  govern  such  electro- 
magnetic field  propagation  are  linear  if  the  material  properties  of 
the  medium  (the  conductivity  and  the  permeability)  are  independent  of 
the  applied  electromagnetic  field  level.  The  analytical  theory  for 
electromagnetic  field  calculations  for  such  media  has  been  well 
developed  and  extensive  analyses  exist  for  a variety  of  boundary  con- 
ditions. Frequently,  the  exact  analytical  solution  can  be  derived 
using  any  of  a number  of  standard  linear  mathematical  techniques. 

The  calculation  of  electromagnetic  field  penetration  in  ferro- 
magnetic materials  (e.g.,  the  elements  iron,  nickel,  and  cobalt  as 
well  as  certain  alloys)  is  considerably  more  complicated  because  the 
permeabilities  of  these  materials  vary  with  applied  magnetic  field 
strength.  For  such  materials  the  partial  differential  equations 
which  govern  electromagnetic  field  propagation  are  nonlinear  and 
their  analytic  solution  is  considerably  more  complex.  The  analytical 
situation  is  not  as  satisfactory  as  in  the  field  independent  case 
because  most  of  the  standard  linear  mathematical  techniques  cannot  be 
applied.  Due  to  the  difficulties  associated  with  the  nonlinear  par- 
tial differential  equations,  relatively  few  analyses  are  available 
which  can  be  used  to  assess  the  effect  of  a field-dependent  perme- 
ability on  a time-dependent  electromagnetic  field  penetration  prob- 
lem. 


Since  there  is  no  general  analytical  theory  for  nonlinear  dif- 
ferential equations  that  is  applicable  to  all  forms  of  nonlinearity 
and  all  boundary  conditions,  each  nonlinear  problem  is  usually  con- 
sidered as  a separate  and  distinct  obstacle  to  be  overcome.  This 


study  considers  the  tine-dependent  penetration  of  a step  Increase  In 
magnetic  field  strength  Into  a semi-infinite  conducting  nedlum  which 
has  a permeability  that  is  a function  of  magnetic  field  strength. 

The  medium  is  considered  to  be  homogeneous,  Isotropic,  and  initially 
demagnetized.  It  is  presumed  that  the  medium  at  any  point  follows 
its  initial  magnetization  curve.  (The  phenomenon  of  hysteresis  does 
not  arise  in  this  problem.) 

The  problem  described  above  can  be  simplified  from  one  involving 
a second  order  nonlinear  partial  differential  equation  to  one 
involving  a second  order  nonlinear  ordinary  differential  equation 
through  a simple  transformation  of  variables.  This  transformation 
can  be  employed  regardless  of  the  form  of  the  differential  perme- 
ability. This  reduction  in  the  number  of  independent  variables  is  a 
significant  simplification  of  the  problem  because  ordinary  differ- 
ential equations  are  usually  easier  to  deal  with  than  partial  differ- 
ential equations  whether  by  exact,  approximate,  or  numerical  anal- 
ysis . 


While  this  simplification  does  not  depend  on  the  functional  form 
of  the  permeability,  a representation  of  the  differential  perme- 
ability must  be  specified  to  proceed  further.  Each  form  for  the  dif- 
ferential permeability  results  in  a second  order  differential  equa- 
tion possessing  its  own  degree  of  perversity.  The  general  approach 
is,  therefore,  to  use  a functional  form  for  the  permeability  that 
adequately  represents  the  variation  of  the  permeability  over  some 
range  of  magnetic  field  strength  and  is  such  that  properties  of  the 
solution  can  be  determined. 

Traditionally  the  permeability  has  been  taken  to  be  constant 
giving  the  classic  solution  to  the  linear  case,  and,  for  purposes  of 
comparison,  this  study  first  considers  this  classic  solution.  Sec- 
ondly, if  the  differential  permeability  exhibits  only  moderate  change 
with  magnetic  field  strength,  then  the  change  can  be  taken  to  be  pro- 
portional to  the  magnetic  field  strength.  This  study  examines  the 
case  of  a permeability  which  exhibits  small  changes  with  increasing 
magnetic  field  strength.  Perturbation  analysis  is  used  to  determine 
a first  order  correction  to  the  solution  for  the  linear  case. 

Finally,  to  examine  the  effects  of  a larger  variation  in  variable 
permeability  this  study  considers  a permeability  which  decreases 
exponentially  with  increasing  magnetic  field  strength.  The  anal- 
ytical approach  consists  of  mathematical  analysis  supplemented  with 
numerical  calculations.  Although  a formal  parametric  solution 
exists,  a simple  closed  form  solution  in  terms  of  elementary  func- 
tions does  not  seem  to  exist.  For  this  reason  several  analytical 
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techniques,  as  well  as  numerical  calculations,  have  been  employed  to 
deduce  properties  of  the  solution. 

Numerical  results  for  an  exponentially  decreasing  permeability 
are  presented.  For  small  changes  In  the  differential  permeability, 
the  solutions  for  the  electromagnetic  fields  differ  only  slightly 
from  the  classic  solution  for  the  linear  case.  On  the  other  hand.  In 
cases  of  large  changes  In  permeability  the  solutions  to  nonlinear 
cases  are  observed  to  differ  markedly  from  the  solution  to  the  linear 
case  not  only  in  magnitude  but  also  in  shape. 


MATHEMATICAL  FORMULATION  OF  THE  PROBLEM 


The  propagation  of  electromagnetic  fields  in  a conducting  medium 
(where  the  displacement  current  can  be  neglected)  is  governed  by  the 
equat ions 

V X * “ ‘ 9t 


and 

V x ft  = a? 


where  E is  the  electric  field,  H is  the  magnetic  field  strength,  B is 
the  magnetic  flux  density,  and  0 is  the  electrical  conductivity.  In 
a homogeneous  and  isotropic  medium,  it  is  assumed  that  B « B(H), 
i.e.,  that  the  magnetic  flux  density  is  a function  of  the  applied 
magnetic  field  strength  and  is  in  the  same  direction.  With  the  dif- 
ferential permeability  defined  as 


ud(H) 


Equation  (1)  can  be  written  as 


(3) 


V X t 


(4) 
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In  general 


and 


where 


B(H)  * ^[h  + 


w0  = 4n  x 10  ^ henry/meter 


(5) 

(6) 

(7) 


Is  the  permeability  of  free  space  and  M(H)  is  the  magnetization  of 
the  medium.  As  H is  increased  from  zero,  y (H)  for  ferromagnetic 
materials  usually  starts  from  an  initial  value  (which  is  the 
initial  6lope  of  the  magnetization  curve),  increases  to  some  maximum 
value,  and  then  decreases  to  U as  the  material  undergoes  saturation. 
For  nonmagnetic  materials  M(H)°is  not  present  60  that 

B(H)  = g H (») 

o 

and  the  differential  permeability 

= uo  (9) 


Is  constant. 


Now  consider  the  unmagnct lzed , homogeneous,  isotropic, 
conducting  medium  of  semi-infinite  extent  (x  o)  shown  in  Figure  1. 
At  time  t - o,  a step  increase  in  magnetic  field  strength  in  the  y 
direction  occurs  at  the  surface  x - o,  e .g . , as  the  result  of  an 
imposed  surface  current  in  the  z direction.  Since  it  is  presumed 
that  H - H ( x , t ) p , the  propagation  of  the  electromagnetic  fields 
following  the  onset  of  the  step  increase  in  H (x,t)  is  governed  by 
the  equations  y 


3Ez(x,  t) 

3X 


yd(H) 


3Hy(x,  t) 
at 


(10) 


and 

aHy(x,  t)  = oEz(x,  t) 
ax 


(U) 
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Figure  1.  Semi -infinite  medium  subjected  to  a step  increase  in  magnetic 
field  strength  at  its  surface.  The  magnetic  field  strength  is  in  the  . 
direction  (into  the  page)  and  the  associated  electric  field  is  in  the 
direction.  Following  the  step  change,  the  fields  will  propagate  in  the 
x direction  into  the  medium. 


rs4  >'c> 


which  are  obtained  from  (4)  and  (2)  respectively.  The  partial 
differential  equation  governing  the  propagation  *f  H (x,t)  is 
obtained  by  eliminating  Ez(x,t)  from  Equations  (10)  Xnd  (11). 

The  present  problem  requires  the  solution  of  the  nonlinear 
partial  differential  equation 


3 H (x,  t) 


3x" 


= cud(H) 


3Hy(x,  t) 
~ 3t 


subject  to  the  initial  condition 

Hy(x,  0)  = 

and  the  boundary  conditions 

yo,  t)  - ho 


and 


HyK  t)  = 0. 


(12) 


(13) 


(14) 


(15) 


The  electric  field  can  be  determined  from  the  solution  to  the  above 
problem  by  noting  from  (11)  that 


y*,  ti  . 

z o 3x 


(16) 


REDUCTION  IN  THE  NUMBER  OF  INDEPENDENT  VARIABLES 


Using  an  approach  similar  to  that  used  for  nonlinear  diffusioi. 
phenomena  analysis,  the  number  of  independent  variables  appearing  in 
the  problem  can  be  reduced  by  the  transformat  ion 


Hy ( X , t)  = H(;) 


(17) 


where 


•'OW  j 


; = 


X 

/T 


(18) 
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The  new  variables  are  introduced  by  evaluating  the  partial 
derivatives  in  terms  of  the  new  variables  and  substituting  these 
quantities  into  the  original  partial  differential  equation.  On  cal- 
culating the  partial  derivatives  it  is  found  that 


and 


3c  dHU)  = dHk)  . 

3x  dC  2/T  ds 

3%  dH(Q  + 

9x‘  dr. 

= oui  d HU) 

4t  d;2 

3H  (x,  t)  ^ dH(c)  1 _x 

--  2 2 ^ d; 

1_  £ dH(t;)  . 

= ' 2 t d5 


3Hy(x,  t) 

ax 

3 2 Hy(x,  t) 

3x  2 


(19) 

(20) 


(21) 


Upon  substituting  (20)  and  (21)  into  (12)  and  cancelling  a 
factor  of  0Pj/4t,  it  is  found  that  the  magnetic  field  strength 
satisfies  the  equation 


. VH>  unto 

dt"  “1  dc  ’ 


(22) 


in  which  the  variables  x and  t no  longer  appear  explicitly.  Noting 
that  x - 0 (and  t « °° ) implies  that  £ » o,  it  follows  from  (14)  that 


H(o)  - H 

o 


(23) 


and  noting  that  both  x - <»and  t = o imply  that  £ =*  00 , it  follows  from 
(13)  and  (15)  that 


180 


0 


I 


H'— 


H (*)  - 


(24) 


From  (19)  and  (16)  It  is  follows  that  the  electric  field  is 
related  to  H((;)  by 


E (x.  t)  * \/S  i Mil 
2 2/  o /f  dc 


(25) 


in  which  a factor  of  /t  appears-  Alternatively,  rearranging  (24) 
yields  the  relation 


Ez(x,  t) 


J_  . dH(c) 
ox  ^ dc 


(26) 


in  which  a factor  of  x appears.  While  the  magnetic  field  strength  is 
a function  of  £ only,  it  is  evident  that  the  electric  field  is  not  a 
function  of  £ alone. 

For  computational  purposes,  it  is  convenient  to  normalize  the 
problem  in  terms  of  H . Define  the  normalized  magnetic  field  func- 
tion 

{)  . mm  . y»- ( 

«o  (27) 

which  is  simply  the  fraction  of  the  applied  value  that  the  magnetic 
field  strength  has  reached.  In  addition,  it  is  convenient  to  intro- 
duce a nond imensional  permeability  function 


P(F) 


yd(H) 


(28) 


vAiich  is  the  differential  permeability  relative  to  expressed  in 
terms  of  F,  i.e.,  H is  simply  replaced  by  HoF  in  the  function  Uj(H). 


Thus,  the  problem  given  by  (12)  - (15)  has  been  reduced  to  solv- 
ing the  nonlinear  second  order  ordinary  differential  equation 


-2?P(F)  ^ 


(29) 
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subject  to  the  conditions 


F(0)  = 1 

and 

F(-)  = 0 


(30' 


(31) 


The  electric  field  can  be  evaluated  from  either  of  the  relations 


or 


4Eil 


\ , 1 * Ez<*’  l> 

0/  1 


dF(^ 
Q <k 


r Ez(x*  ^ 


(32) 


(33) 


Relation  (32)  is  useful  for  evaluating  the  electric  field  distribu- 
tion at  a certain  time  whereas  (33)  is  useful  for  examining  the  elec- 
tric field  variation  with  time  at  a particular  location  within  the 
med ium . 


It  should  be  emphasized  that  the  transformation  of  variables 
(17)  and  (18,  is  not  simply  a change  of  variables  resulting  in  a par- 
tial differential  equation  in  terms  of  the  new  variables ; rather,  the 
number  of  independent  variables  is  reduced  by  one,  i.e.,  the  magnetic 
field  strength  a function  of  £ only.  Therefore,  it  is  evident  that 
for  a given  differential  permeability  and  applied  H , the  magnetic 
field  strength  will  have  the  same  value  for  all  combinations  of  x and 
t which  are  related  by 


c 


(34) 


where  c is  a constant.  Consequently,  if  a certain  value  for  the 
magnetic  field  strength  H has  reached  a location  x at  some  time  t, 
then  the  same  value  of  H will  occur  at  some  location  x'  = ax  at  a 
time  t'  » a2t . 


This  is  not  the  case  for  the  electric  field  since  the  relations 
for  the  electric  field  (32)  and  (33)  are  not  functions  of  the  quan- 
tity £ alone,  i.e.,  there  is  explicit  dependence  on  x or  t. 
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SOLUTION  FOR  THE  CONSTANT  PERMEABILITY  CASE 


In  classical  analyses  of  electromagnetic  field  penetration,  it 
is  assumed  that  the  permeability  is  constant: 


ud(H)  = p.. 

In  this  case,  the  dimensionless  permeability  function  is  simply 

P(F)  = -5.  = 1, 


and  the  problem  reduces  to  the  linear  equation 

, _2r  — 


(35) 


(36) 


subject  to  the  conditions 


and 


F(0)  = 1 


F(®)  = 0. 


(37) 


(38) 


(39) 


This  equation  can  be  integrated  in  a straightforward  manner  to  obtain  the 
classic  solution 


F(c)  = 1 - erf(c)  = erfc(c) 

where  the  error  function  is  defined  as 


(40) 


irf(c)  = fl  exp  (-tj)  du,. 


(41) 


and  the  complementatary  error  function  is  defined  as 
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erf (c) 


(42) 


erfc(;)  = 1 - 


= — /“  exP(-C2) 
/IT  s 1 


It  follows  immediately  from  (32)  and  (33) 
pertaining  to  the  electric  field  are 


and 


dF(0 

d; 


- ^ exp(-0 


that  the  relations 


(43) 


, dF(c) 

C dt. 


- - cexp(-c")  . 


(44) 


PERTURBATION  DUE  TO  SMALL  CHANGES  IN  PERMEABILITY 

The  representation  of  the  permeability  as  being  constant,  as  in 
the  classic  solution  considered  in  the  preceding  section,  can  be  used 
as  a first  approximation  in  the  case  of  a variable  permeability. 

Small  changes  in  permeability  with  magnetic  field  strength  can  be 
expected  to  introduce  small  perturbations  of  the  classic  solution  for 
a constant  permeability.  If  the  permeability  exhibits  only  a small 
variation  with  H over  the  range  0 < H < H then  to  a good  approxi- 
mation, the  permeability  can  be  represented  by 

Ud(H)  = y.  (1  + aH)  (45) 

where  a is  a constant  that  is  characteristic  of  the  material  under 
consideration . 

For  the  differential  permeability  given  by  (45),  the  non- 
dimensional  permeability  functions  is 


P(F)  = 1 + cF 


(46) 


where 


C = aHo  * 


(47) 
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which  is  presumed  to  be  a small  quantity  In  the  present  analysis.  In 
this  case  the  problem  requires  the  solution  of  the  equation 


-2c  (1  + eF)  ^ 


subject  to  the  conditions 


F(0)  = 1 


FR  = 0 (X 

A perturbation  expansion  In  terms  of  the  small  parameter  e can 
now  be  used  to  examine  the  effects  of  small  variations  In  perme- 
ability on  the  solution.  To  apply  the  perturbation  method,  a solu- 
tion of  the  form 


F(c)  = I e"1  f = f (C)  + £ f (;)  + 

m=0  m o,w  T ••• 


is  assumed  where  the  unknown  functions  f (c.)  are  to  be  determined. 
Substitution  of  (51)  into  (48)  - (50)  yields,  to  first  order  terms  in 
£,  the  equation 

d’f0  . d’f>  . df,  df„ 

d?”  ' ' cdT'  eZc(dT*  fo  3T1  * <52> 

subject  to  the  conditions 


fo(0)  + ef,  (0)  + ...  = 1 


f0(“)  + efi («)+...»  0. 


v 


r 


1 


r~ 


Since  the  above  relations  are  to  hold  for  any  small  value  of  e,  the 
coefficients  of  the  various  powers  of  e are  set  equal. 

By  equating  thi  quantities  not  Involving  e.  It  Is  found  that  f 
must  satisfy  the  equation  ° 


(55) 


subject  to  the  conditions 


and 


f0(o)  - 1 


f0M  = o 


(56) 


(57) 


whlph  Is  observed  to  be  the  classic  problem  for  constant  permeability 

(37)  - (39).  Thus  it  follows  Immediately  that  the  solution  for  f is 

o 

) = erfc(rj  . (58) 


From  the 
found  that  f 


quantities  involving  first  order  terms  in  E, 
must  satisfy  the  equation 


it  is 


d2f, 

dO 

subject  to  the  conditions 


-2; 


df, 

dF 


- 2Cf 


df£ 
o d; 


and 


Mo)  = o 
M°°)  = o 


The  solution  to  this  problem  is 

MO  =-  J-erfc(c)  + J-exp(-'?;2) 


- ;:exp(-0)  erfc(c) 

/ IT 


(59) 

(60) 

(61) 

(62) 
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by  (58°  ' r(C>  “ 8,V'”  by  <51>  “*th  fo  .««• 


Similarly,  to  first  order  terms 


,^!o  + 

dc  d;  fc  d; 


df, 

C -T—  + 


(63) 


where 


df0(c) 

Si  ' = • =:  exp(-cJ) 

/ n 


(64) 


and 


dfi(c) 

dt 


exp(-cJ)  - £ c exp(-2c2) 


(65) 


+ |c2  exp(-52 ) erfc(c)  -^exp(-c2)  erfc(c) 

/tt 


Likewise 


dF(t)  df0  dfi 

'-nT  - ^ar + e < ar 


(66) 


where 


dfo  ? 

cdif"  = ^ cexP(*C2) 


(67) 


and 


<Jf  i 


*3r  " F75  ^exP(~C2)  - f C2  exp(-2c*) 

2 1 

+ - c*  exp(-c2)  erfc(0  - - cexp(-s2)erfcU), 
/it  ’ 


(68) 
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The  quantities  appearing  In  the  above  perturbation  analysis  are 
tabulated  in  Table  1.  Hie  perturbation  functions  f , dfj  /AX,  , and  X, 
df j /d£  are  also  plotted  in  Figures  2,  3,  and  4. 

It  la  of  interest  to  note  that  the  variation  of  P(F)  given  by 
(46)  results  in  a perturbation  of  dF(0) /d  X,  which  to  first  order  terms 
in  e is  given  by 


(69) 


FORMAL  SOLUTION  FOR  AN  EXPONENTIALLY  DECREASING  PERMEABILITY 

In  most  ferromagnetic  materials  which  have  not  completely  satur- 
ated, the  variation  of  B with  H is  primarily  due  to  the  variation  of 
M(H).  Although  the  exact  magnetization  curve  can  be  somewhat  compli- 
cated over  the  range  of  K from  zero  to  that  required  for  saturation, 
for  cases  of  H below  that  for  complete  saturation  the  major  variation 
of  B(H)  can  be  approximated  reasonably  well  by  the  simple  repres- 
entat ion 

B(H)  = 8$[]  - exp(-H/Hm)]  (70) 

where  Bg  and  N are  parameters  (to  be  determined  from  empirical  data) 
which  govern  tRe  magnitude  and  shape  of  the  magnetization  curve  for 
the  medium  over  the  range  of  interest.  With  this  representation  of 
the  magnetization  curve,  the  differential  permeability  is  given  by 

Wd(H)  = Ui  exp(-H/Hm)  (71) 

where 

U1  = V'n,  (72) 


is  the  initial  slope  of  the  B-H  curve  given  by  (70). 

The  variation  of  B with  H for  this  approximation  is  shown  in 
Figure  5 and  the  corresponding  variation  of  Pj  with  H is  shown  in 
Figure  6.  As  the  material  saturates  at  large  values  of  H,  an  actual 
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Table  1.  Calculated  Values  of  Functions  fQ,  fj,  dfQ/d^,  z,  A'^/dZ,,  and  *;dfj/df; 


wum'jf" 


magnetization  curve  approaches  u straight  line 

B - B + p H 
s o 


no  that  the  differential  permeability  approaches p as  a lower  limit* 
Hence,  It  should  be  recognized  that  the  simple  representation  (71) 
can  be  appropriate  only  if 


U.  exp(-H/H  ) > p 
l m - o 


over  the  range  of  H under  conslderat ion . 


With  the  differential  permeability  given  by  Eq  (72)  It  follows 
that  nond imenslonal  pormcab 1 1 it v function  is 


P(F)  = exp(-uF) 


(71) 


who  re 


ct  = H /II 
0 m 


(74) 


The  saturation  Index  a is  a p.  -atneler  which  indicates  the  degree  of 
saturation  (or  the  extent  of  t lie  decrease  In  permeability  for  H - H ) 
For  example,  oi  ■ 1 Indicates  that  the  permeability  at  H - H - II  ° 
would  be  0.37  of  the  Initial  value  p ^ . o m 


Hie  present  problem  requires  the  solut  Ion  of  the  ordinary  dif- 
ferential equation 


d*  F 


-2,*.  exp(-aF)  C 

d;. 


(7  5) 


subject  to  the  conditions 


F(0)  - 1 


and 


F(«')  = 0 


(76) 


(77) 


Note  that  for  each  problem  with  given  H and  H , the  value  of  a is 

fixed,  and  depends  only  on  the  ratio  H ?H  . ° 

o m 
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a 


Most  of  the  standard  linear  techniques  are  of  relatively  little 
use  in  achieving  an  exact  solution  in  nonlinear  cases  ( a V 0);  how- 
ever, in  the  course  of  an  inves t igat ion  of  a related  problem  in  non- 
linear diffusion  phenomena,  Fujita  [1]  found  a formal  solution  which 
can  be  directly  adapted  to  the  problem  presently  under  investigation. 
The  problem  is  satisfied  with  F and  ^ being  given  by  the  parametric 
representat ions 


F = - f ' 

a Jo 


- P«n(F2)]'1/2  dr. 


(78) 


= ~ {[C?  - 8in(r,z)]1/2  - U > 
/2f 


exp{ 


0L1 


)•  j"1/2  dr.,},  (79) 


where  the  derived  quantity  B is  related  to  the  given  quantity  a by 


“ = 2 f'tt  1 - (^)]'1/2  df. 


(80) 


The  parameter  £ (0  < f.  < 1)  relates  a value  of  F to  the  cor- 
responding value  of  (Note  that  F - 0 implies  C - 1X1  and  F - 0, 

while  £ ■ 1 implies  z,  “ 0 and  F = 1.)  To  evaluate  F versus  £. , a 
value  of  £ is  selected  and  the  value  of  F and  the  corresponding  value 
of  £ are  evaluated. 

The  parametric  representation  of  dF/d  '.can  be  evaluated  from  the 
above  solution  for  F through  the  relation: 


dF 


It  follows  that 


dF 

d; 


2/2 

n/6 


F exp  1-fir*  - Ben(f.2)]*1/2  d£, } 


(81) 
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V* 


T 


The  parametric  representation  ofCdF/dCis 


«Ua  - etn(f;M]1/2  - O 


(82) 


The  integrals  appearing  in  the  formal  solution  do  not  appear  to 
be  evaluated  in  closed  form,  thus  numerical  integration  seems  to  be 
required;  however,  the  above  representation  offers  the  advantage  of 
allowing  the  computational  effort  to  be  directed  to  the  very  accurate 
calculation  of  the  solution  at  only  a few  points,  or  one  point  for 
that  matter,  since  the  knowledge  of  intermediate  points  is  not 
required.  Of  special  interest  is  dF/d C evaluated  at  4 - 0 where 


dF(0) 

d; 


2*1 

a/6 


exp(-a/2) 


(83) 


In  addition  to  its  relation  to  the  electric  field  at  x « 0,  the  cal- 
culated value  of  dF(0)/d  r can  be  used  to  transform  the  problem  from  a 
two-point  problem  (with  a condition  at  x - on  as  well  as  one  at  x - 0) 
to  an  initial  value  problem  (with  both  boundary  conditions  specified 
at  x " 0).  Such  a transformation  is  often  useful  from  a com- 
putational standpoint. 


ASSOCIATED  INITIAL  VALUE  PROBLEM 


In  some  situations  the  formal  solution  to  the  problem  may  not  be 
the  most  convenient  form  to  generate  the  desired  information.  In  the 
study  of  pulse  penetration  phenomena,  it  is  frequently  of  interest  to 
know  the  time  that  it  takes  for  the  electromagnetic  fields  at  a cer- 
tain location  in  the  medium  to  rise  to  a certain  fraction  of  their 
maximum  value  or  to  know  the  position  to  which  a specified  field 
level  has  penetrated  at  a prescribed  time.  In  other  words,  the  pri- 
mary objective  may  be  to  determine  the  variation  with  applied  field 
level  of  the  value  of  £ at  which  the  solution  F has  a prescribed 
value.  Even  in  those  cases  in  which  the  solution  can  be  expressed  in 
terms  of  elementary  functions,  the  formal  solution  to  the  problem  may 
be  unwieldly,  and,  in  those  cases  involving  numerical  calculations, 
repeated  Iterations  may  be  cumbersome  and  undesirable. 


If  F(r,  ) is  a known  function  of  C,  and  F as  well  as  all  Its  deriv- 
atives are  continuous  and  wel 1 -betiaved  In  the  neighborhood  of  the 
point  f,  - 0,  then  F(f.)  can  be  expanded  In  a Maclnurln  power  series 
about  £ - 0: 


F(0 


■ l 
m=0 


dmF (0) 


s 

m! 


F ( 0 ) ♦ 


dF(0) 

d; 


C + 


d-'r(o) 

. i 


(84) 


where  F and  Its  derivatives  are  evaluated  at  4 - 0.  For  example,  the 
solution  to  the  linear  case  (39)  has  the  well-known  series  repres- 
ent at  ion 


FU)  = 1 


/n  m=0 


(-l)mc2l"“ 

(2m+r)mT 


(83) 


If  the  Maclaurln  series  expansion  converges  rapidly,  the  sum  of  the 
first  few  terms  gives  a good  approximation  to  F(*.)  for  values  of 
near  t,  " 0. 


A series  expansion  can  also  be  used  to  develop  a series  repres- 
entation of  the  solution  F(f,)  from  the  second  order  differential 
equation  — if  F(0)  and  dF(0)/d£are  given  as  boundary  conditions. 

In  such  an  initial  value  problem,  the  approach  is  straight-forward 
since  the  second  and  higher  order  derivatives  can,  in  principle,  be 
determined  by  successive  differentiation  of  the  second  order  ordinary 
differential  equation. 


Although  F(0)  ■ 1 Is  one  of  the  boundary  conditions  in  the  prob- 
lem presently  under  investigation,  it  is  evident  that  a difficulty 
arises  because  the  second  condition  F(«  ) - 0 is  specified  at  i,  - <*  . 
For  this  reason  we  are  lend  to  consider  the  associated  initial  value 
problem  requiring  the  solution  of  the  equation 


-2cP(F) 


dr 

d 


subject  to 


F (0 ) = 1 


(86) 


(87) 
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and 


dF(O)  _ (88'> 

d;  y • 


where  the  value  for  Y Is  to  be  chosen  such  that  F t00)  - 0.  In  gen- 
eral such  a value  for  Y is  not  known  for  an  arbitrary  P(F);  however. 
In  some  cases,  the  value  for  Y can  be  determined  from  other  anal- 
ytical considerations,  e.g.  Fxj  (83)  can  be  used  to  compute  y for  an 
exponentially  decreasing  permeability. 


The  second  derivative  at  T,  ■ 0 can  be  determined  directly  from 
the  governing  differential  equation  (86)  to  be 


d?F(0)  = 


0 


dr.2 


(89) 


By  differentiation  of  Eq  (86),  the  third  derivative  is  found  to  be 


dc 


W'1  * -2  <P(F)  -jf'1  + ^ 


Jdr, 


[ P(F) 


(90) 


Since  F(0)  « 1 and  dF(0)/d£  - Y it  follows  that 


d*F(0l 

d;1 


-2yP(1) 


i 

Differentiating  (38)  and  evaluating  at  C - 0 yields 


d^F(O) 

dr,4 


-4y2P'(l) 


(91) 


(92) 


where  P'(l)  indicates  dP/dF  evaluated  at 

d5F(0) 


d;5 


F(0) 

-6  [y3P"(1)  -2  P Y'v  1)]  , 


1.  Similarly 


(93) 


d6F(0) 

dfT 


-8  [y4P'"(1)  - 12y2  P(l)  P-(1)], 


(94) 
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and 


-10[y5P(IV)(l)  - 20y 3 (P ' ( 1 ) ) 2 - 26y3P(1)P"(1)  + 5 

12yP3(l)] 

where  ^(1)  denotes  dnP/dr,n  evaluated  at  F(0)  • 1.  The  approach 
could  in  prinicple  be  extended  indefinitely;  however,  it  becomes 
rather  tedious  after  the  first  few  terms. 

Substituting  (87)  - (95)  into  (8A)  yields  the  Maclaurln  series 
expansion  at  F( £)  to  seventh  order  terms: 

F(c)  - 1 + y;-  ] yP(1)  ;3  - l ,2P'(l)r- 

- ^ [y3P"(1)  - 2 > p2 ( l )]• 5 

- ^j{> -P  (1)  - 12  Y 2 P ( 1 ) P ' (1)]: 6 

' 5“^r  0$P  (IVtl)  - 20  Y 3(P'  (1))?  -26y3P(I)  P"(l)  + 12yP3(1)];7 

(96) 


Although  care  must  be  exercised  when  using  these  formulas  to  verify  that 
the  series  converges,  such  series  representations  can  be  useful  for  cal- 
culating the  solution  when  the  terms  after  the  first  few  may  be  neg- 
licted  (for  example,  if  A is  much  less  than  unity.) 

As  previously  mentioned,  it  is  frequently  of  interest  to  know 
the  value  of  £ for  which  F has  a prescribed  value.  For  this  purpose 
a convenient  manipulation  is  the  reversion  of  series.  Given  a series 
for  a dependent  variable  w in  terms  of  an  independent  variable  u: 

2 3 A 5 6 7 

w - a.u  + a»n  + a,u  + a.u  + acu  + a^u  + a,u  + ... 

1 2 3 A 5 6 7 

a reversion  of  series  can  be  used  to  write  a series  for  u in  terms  of 
w: 
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2 3 4 5 6 . 7 , 

■»  + c.w  + c.w  + c.w  + c,w  + c7w  + ••• 

3 4 5 0/ 

» 

t ’ 

) 

(2aJ  - ai  a3 ) , 

(5aia2a3  - a2a4  - 5a23), 

2 2 2 2 3 2 

(6a3a2a4  + 3a3a3  + 14a2  - a3as  - 21a3a2a3  ), 

( 7a j a2a 5 7a3a3a4  S4a3a2a3  - a3ag  - 28aja2a3  - 

42a|  - 28a2ja3a4), 

(8a,a2a6  + Sa^jas  + 4a3a4  + 120aia2a4  + 180a,a2a3  + 132a 
a3a7  - 36a|a2a5  - 72aja2a3a4  - 12a’a3  - 330aia2a3), 


The  series  expansion  (96)  can  be  rewritten 

(l  - F)  = -u  ♦ ]■  >p(D;3  ♦ l >2  P'(D  ck 

+ ^ [P"(1)y3  - 2P2(i)y];5 


+ JL  [p  (i)y“  - 12P(DP*(i)y2];‘ 

+ ^ [P(IV)(l)d  - 20(P  (1) )2  y3  - 26P(l)P"(lb3  + 12P,(l)>k7 


A reversion  of  series  yields 
r . - I {»  . F)  ♦ ^ (1  - F)>  - i (1  - F)‘ 

♦ r-L  Plill  » X l "LUl  a . f)5 

L30  Y-  20  y*  J U 1 

_ r23  P(1)P-(1).  + J_  £ ‘7.(11]  (i  . f)6 

Lg0  Y-  90  Yz  j ' r; 


(97) 


. r 1 pUV)(D  + 103  p(i)p--(i)  + X (£11117  HZ  £!iil]  (i  . f)7 

+ [504  -y*-^  + T260 £ + 14  X + 630  y*ju  n 


which  can  be  used  to  examine  the  variation  of  the  value  of  C at  which 
F(; ) has  a specified  value  foi  [for  small  values  of  (l-F)J. 


In  the  case  of  an  exponentially  decreasing  permeability 


P(l)  = exp(-a) 

P'(l)  = -aexp(-a) 

P"(l)  = (~a)2exp(-a) 

P^n^(l)  = (~a)n  exp (-a) 

201 

i jA 


Thus,  the  series  expansion  of  F for  an  exponentially  decreasing  per- 
meability is  given  by 

F(c)  * 1 + y;  - -J  -vexp(-a'.c3  + ^y2a  exp(-a);“  (98> 

- jq  [ya2exp(-a)  - 2yexp(-2a)];5 

+ ^ [y“a3exp(-a)  - 12y2aexp(-2a)]c6 

' 564  [v5a,,exP(-a)  - 46  1 3a2exp(-2a)  + 12 'exp(-3a)]i;7  + 

where  Y is  determined  from  Eq  (83). 

In  this  case,  a reversion  of  series  yields 


5 = 4 


Ul-FJ.S^Sld-FJ^SSi^ald-F). 

* C^xEi^il  + (1  . F)s 

. , 193gxE^M  + (1  _ F), 


+ ...} 


which  is  suitable  for  calculating  the  value  of  £ at  which  the  solu- 
tion F(^)  has  a specified  value  (for  small  values  of  (1-F),  which 
implies  small  £ ] . 
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NUMERICAL  RESULTS  FOR  AN  EXPONENTIALLY  DECREASING  PERMEABILITY 


The  parametric  solutions  for  the  case  of  an  exponentially 
decreasing  permeability  were  given  in  Eqs  (78)  - (82)  where  the 
parameter  £ relates  a value  for  F,  dF/d^,  and  CdF/d(,  to  a cor- 
responding value  of  Since  the  Integral 


does  not  appear  to  have  been  evaluated  In  closed  form,  numerical 
integration  is  required.  I The  relations  (78)  - (82)  can  be  used  for 
numerical  calculation  of  the  solution;  however,  the  approach  is  some- 
what inconvenient  because  the  calculation  at  each  point  requires  the 
numerical  integration  of  the  aforementioned  integral  . Moreover,  it 
is  difficult  to  determine  from  Eq  (80)  the  value  of  the  derived 
parameter  8 which  corresponds  to  the  given  parameter  a.  On  the  other 
hand,  the  value  of  a for  a specified  value  of  0 can  be  computed  in  a 
straight-forward  manner  by  numerical  integration  of  (80),  and  the 
value  of  v can  be  calculated  from  (83).  This  value  of  y can  then  be 
used  in  the  series  expansion  (96)  or  in  a numerical  algorithm  such  as 
the  Runge-Kutta  as  an  alternative  way  to  generate  the  solution  F(C). 


Some  numerical  calculations  were  performed  and  the  results  are 
shown  in  Table  2.  An  examination  of  Table  2 reveals  that  rather 
large  changes  in  £ correspond  to  relatively  small  changes  in  3.  This 
situation  can  make  it  difficult  to  determine  the  value  of  8 which 
corresponds  to  a specified  value  of  a.  On  the  other  hand,  it  is  evi- 
dent that  dF(0)/d;  - y exhibits  a relatively  moderate  variation  with 
a.  While  a varies  in  the  range  0 < a < °°  , Y varies  in  the  range  - 
2//1T- < Y < 0.  This  moderate  variation  makes  it  possible  to  accu- 
rately represent  Y as  a function  of  a using  the  regression  equation 


4021.,.-  1.1284 
a, 

+ 4.4139  x 
+ 2.7025  x 
+ 0.9395  x 


+ 2.0490  x lO'1^  - 3.4426  x 10'2a2 
10"3a3  - 4.1562  x 10"4a4 
10'5a5  - 1.0736  x 10'6a6 


(100) 


which  provides  a convenient  means  of  evaluating  y for  0 < 3 < 10-  A 
plot  of  Y versus  a Is  shown  in  Figure  7.  For  small  values  of  a,  the 
first  two  terms  on  the  right  hand  side  of  (100)  are  equivalent  to  the 
right  hand  side  of  (69)  if  e is  replaced  by  -a 
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Table  2 


Numerical  Calculations  of  a and  > . * 


6 

Q 

Y = dF(0) 
d; 

or 

0 

-2  / 

5 x 104 

0.0112 

-1.1260 

1 x 104 

0.0249 

-1. 1233 

5 x 103 

0.0  351 

-1.1212 

1 x 103 

0.0773 

-1. 1 127 

5 x 102 

0. 1083 

-1.1066 

1 x If2 

0.2326 

-1.0825 

5 x 101 

0. 3197 

-1.0662 

1 x 101 

0.6424 

-1.0098 

5 x 10° 

0.  84  75 

-0.9769 

1 x 10° 

1.5058 

-0.884- 

5 x 10'1 

1.8681 

-0. 84  1<4 

1 x 10' 1 

2.8683 

-0.74  32 

5 x 10'2 

3.3552 

-0 . 704  3 

1 x 10'2 

4.5797 

-0.6255 

5 x 10"3 

5. 1378 

-0.5965 

1 x 10-3 

6.4838 

-0.5392 

V-n 

X 

O 

1 

7.0801 

-0.5183 

1 x 10"4 

8.4931 

-0.4767 

5 x 10-5 

9.1115 

-0.4612 

1 x 10'5 

10.5651 

-0.4  300 

*The  calculations  were  performed  on  a CDC  6600  computer  using  simple 

trapezoidal  numerical  integration. 

. on* 
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Figure  7.  Initial  slope  (y)  of  formal  solution 
vs  Saturation  Index  ( ). 
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To  examine  the  effects  of  an  exponentially  decreasing  perme- 
ability on  the  electromagnetic  field  distributions,  the  quantities  F, 
dF/dt,,  and  CdF/dC,  were  calculated  for  a - 5 (8  « 5-922  x 10-3)  and 
for  d - 0 (6  ■ °°),  which  is  the  constant  permeability  case.  These 
quantities  are  plotted  in  Figures  8-11. 

At  a prescribed  time,  t,  the  plot  of  F versus  c,  shown  in  Figure 
8 indicates  the  spatial  distribution  of  the  magnetic  field  strength 
within  the  medium  at  that  time.  Due  to  the  decrease  in  permeability 
(for  a - 5),  a specified  fraction  of  the  applied  value  H will  pene- 
trate to  a greater  distance  in  the  prescribed  time  than  ?f  the  perme- 
ability had  remained  constant  (a  = 0). 

2 

At  a prescribed  position,  x,  the  plot  of  F versus  l/£  shown  in 
Figure  9 inc -.cates  the  time  variation  of  the  magnetic  field  strength 
at  that  position.  The  decrease  in  permeability  (for  a - 5)  results 
in  a more  rapid  increase  in  the  magnetic  field  strength.  In  other 
words,  the  magnetic  field  strength  will  have  achieved  a specified 
fraction  of  the  applied  value  H at  an  earlier  time  than  it  would 

o 

have  if  the  permeability  had  remained  unchanged  (&  = 0). 

The  effects  of  an  exponentially  decreasing  permeability  on  the 
electric  field  distribution  is  somewhat  more  complicated.  For  a pre- 
scribed time,  the  plot  of  dF/d£  versus  £ shown  in  Figure  10  repres- 
ents the  spatial  distribution  of  the  electric  field.  The  decrease  in 
permeability  (for  a = 5)  and  more  rapid  penetration  of  the  magnetic 
field  results  in  a flattening  of  the  electric  field  distribution. 

The  electric  field  near  the  surface  x = 0 is  smaller  than  it  would  be 
if  the  permeability  did  not  change  (a  = 0);  however,  the  electric 
field  at  positions  well  into  the  medium  is  larger.  Hence,  the  elec- 
tric field  penetrates  mere  rapidly  into  the  medium  but  the  maximum 
value  is  smaller. 

2 

At  a prescribed  location,  the  plot  of  £dF/d£  versus  l/£  shown 
in  Figure  11  represents  the  time  variation  of  the  electric  field  at 
that  location.  The  decrease  in  permeability  (a  = 5)  results  in  the 
electric  field  increasing  to  its  maximum  value  earlierand  achieving  a 
larger  maximum  value  than  if  the  permeability  had  not  decreased  (a  = 
0);however,  the  electric  field  decreases  more  rapidly  and  ultimately 
is  less  than  that  for  a constant  permeability.  The  quantity  CdF/dC 
is  asymptotic  to  zero  as  1/£2-k». 

The  magnetic  field  strength  at  any  point  within  the  medium  is 
asymptotic  to  the  value  applied  at  the  surface,  however  since  the 
medium  is  presumed  to  be  infinite  in  extent,  the  magnetic  field 
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Figure  8.  Normalized  magnetic  field  function  F versus 
C for  a=0  and  a=5.  For  a fixed  time  c is 
proportional  to  x and  the  above  plot  yields 
the  normalized  magnetic  field  distribution. 


Figure  10.  The  slope  of  the  normalized  magnetic  field 
function  versus  t for  a=0  and  o*5.  For 
a fixed  time,  t is  proportional  to  x and  ‘j- 
is  proportional  to  the  electric  field  dr> 
distribution  at  that  time. 
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strength  will  never  quite  achieve  the  applied  value  except  at  the 
surface  x - 0.  For  this  reason  it  is  often  of  interest  in  the  study 
of  pulse  penetration  phenomena  to  know  where  the  field  is  90Z  of  the 
applied  value  at  a given  time.  The  time  that  it  takes  the  magnetic 
field  strength  at  a given  location  to  rise  to  90Z  of  the  applied 
value  is  also  of  interest*  From  Figure  8 it  can  be  seen  that  the 
value  of  £ at  which  F - 0.90  will  have  a larger  value  as  larger 
values  of  the  parameter  a are  considered. 

The  reversion  of  series  (99)  can  be  used  effectively  to  calcu- 
late the  value  of  £ at  which  F » 0.90,  £.90  for  the  value  of  a which 
occurs  in  the  particular  problem.  Since  (1  - F)  is  small  in  this 
case,  only  the  first  few  terms  of  (99)  are  needed.  The  variation  of 
r with  a is  shown  in  Figure  12. 

\90 

For  a given  value  of  the  parameter  a,  the  solution  F(  C)  at  some 
£»  c has  the  same  value  for  all  combinations  of  x and  t which  are 
related  by  £ « c.  This  indicates  that  if  a certain  value  for  the 
magnetic  field  strength  has  reached  location  x (0  < x < 00 ) at  some 
time  t,  then  the  same  value  of  magnetic  field  strength  will  occur  at 
a different  location  x'  - ax  at  some  time  t'  “ a"t.  For  a given  a, 
the  solution  F(£)  will  have  a prescribed  value  Fp  at  some  £ . Thus, 
although  F has  a value  greater  than  zero  for  C < <*>  , one  can  consider 
a "penetration  thickness" 

«„  = cp  (2AGSD  ■'t  <101) 


beyond  which  the  magnetic  field  strength  has  changed  by  less  than  the 
fraction  'p'  of  H . For  example,  the  linear  solution  (40)  has  a 
value  less  than  0.01  when  £ > 1.82.  If  it  is  necessary  to  calculate 
the  electromagnetic  fields  in  a plate  of  finite  thickness,  then  the 
solutions  F(  £) , dF/d£and  £dF/d£  will  be  good  approximations  for 
times  such  that  the  "penetration  thickness"  is  small  with  respect  to 
the  plate  thickness. 


CONCLUSIONS 

The  preceding  analyses  and  numerical  calculations  demonstrate 
that  the  electromagnetic  field  penetration  in  the  nonlinear  case 
(with  field  dependent  permeability)  differs  significantly  from  the 
linear  case  (with  field  independent  permeability).  In  the  linear 
case,  the  solutions  for  the  magnetic  field  strength  and  electric 
field  are  linearly  scaled  by  Hq  and  the  shapes  of  F,  dF/d£,  and 
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dF/d£  remain  unchanged.  As  might  be  expected,  the  results  in  the 
nonlinear  case  may  not  be  simply  scaled  in  the  usual  linear  fashion. 
Although  by  the  nature  of  the  problem  the  final  value  H is  the  same, 
the  nanner  in  which  the  magnetic  field  strength  approaches  this  value 
depends  on  the  magnitude  of  . 

The  exponentially  decreasing  permeability  results  in  a more 
rapid  penetration  of  the  medium  by  the  magnetic  field.  In  other 
words,  at  a given  position  in  the  medium,  the  magnetic  field  strength 
H will  reach  a given  percentage  of  the  applied  field  H in  a shorter 
time.  Alternatively,  at  a given  time  the  point  at  which  the  magnetic 
field  strength  has  a prescribed  value  will  have  penetrated  to  a 
greater  distance  than  if  the  permeability  had  remained  unchanged. 

The  more  rapid  penetration  of  the  magnetic  field  results  in  a flat- 
tening of  the  electric  field  distribution  at  a given  time.  The  elec- 
tric field  at  a given  position  in  the  medium  will  rise  more  rapidly, 
achieve  a greater  maximum,  and  decrease  more  rapidly  than  if  the  per- 
meability had  remained  constant.  For  small  variations  in  perme- 
ability, the  solutions  for  the  electromagnetic  fields  differ  only 
slightly  from  the  solutions  using  a constant  permeability.  On  the 
other  hand,  for  large  variations  in  permeability  the  electromagnetic 
field  distributions  vary  markedly  from  those  for  the  constant  prop- 
erty case. 
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Shunsuke  Takagi 

U.  S.  Army  Cold  Regions  Research 
and  Engineering  Laboratory 
Hanover,  New  Hampshire  03755 

ABSTRACT 

This  paper  presents  the  theory  of  the  steady  in-plane  plastic  deformation, 
obeying  the  Coulomb  yield  criterion,  of  soils  whose  strain  rate  and 
stress  principal  directions  are  noncoaxial.  The  constitutive  equations 
including  an  unknown  noncoaxial  angle  are  derived  by  use  of  the  geometry 
of  the  Mohr  circle  and  the  theory  of  characteristics  lines.  A boundary 
value  problem  is  solved  by  assigning  the  noncoaxial  angle  a set  of  such 
values  that  enable  us  to  accommodate  the  presupposed  type  of  flow 
satisfying  the  given  boundary  conditions  in  a given  domain.  The  plastic 
material  regulated  by  the  Coulomb  yield  criterion  in  in-plane  deformation 
is,  therefore,  a singular  material  whose  constitutive  equations  are  not 
constant  with  material  but  are  variable  with  flow  conditions. 


*This  paper  is  to  appear  in  full  in  the  "International  Journal  of 
Engineering  Science". 
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LARGE  PLASTIC  DEFORMATION  IN  A RADIAL  DRAWING  PROCESS 


P.  C.  T.  Chen 

U.S.  Army  Armament  Research  and  Development  Command 
Benet  Weapons  Laboratory,  LCWSL 
Watervliet  Arsenal,  Watervliet,  NY  12189 


ABSTRACT . The  problem  considered  is  the  large  plastic-deformation  and 
stresses  in  the  flange  of  a radial  drawing  process.  An  analytical  large 
strain  solution  is  obtained  on  the  basis  of  a deformation  theory  of  anis- 
otropic plasticity.  The  orthotropic  sheet  is  rigid-plastic,  isotropic  in 
its  plane  and  hardens  according  to  a power  law.  Some  numerical  results  are 
presented  and  discussed. 

I.  INTRODUCTION.  In  the  process  of  deep-drawing,  a thin  circular 
blank  is  formed  into  a cylindrical  cup,  open  at  the  top  and  closed  at  the 
base  [1].  This  test  is  considered  to  provide  a measure  of  the  drawability 
of  sheet  metals.  The  material  is  strain-hardening  and  usually  anisotropic 
with  isotropy  in  the  plane  of  the  sheet.  The  stresses  in  the  flange  while 
it  is  being  drawn  radially  towards  the  throat  of  the  die  can  be  regarded 
as  in  a state  of  plane  stress  condition.  Analytical  studies  have  been  made 
by  Hill  [1],  Chiang  and  Kobayashi  [2]  Budiansky  and  Wang  [3],  Yang,  [4], 
etc.  Large  strain  flow  theory  was  used  in  [2,3]  and  small  strain  deformation 
theory,  in  [3,4].  Recently,  a finite  element  solution  was  reported  by 
Wifi  [5]. 

For  axisymmetric  plane  stress  problems,  the  earlier  results  [6]  have 
shown  that  the  differences  between  the  flow  and  deformation  theories  are 
small  in  the  small  strain  case.  However,  the  differences  between  the  two 
theories  in  the  large  strain  case  remain  to  be  determined.  In  the  present 
paper,  the  large  strain  deformation  theory  together  with  a power-hardening 
law  was  used.  A new  analytical  solution  was  obtained.  The  numerical  integra- 
tion procedure  can  be  carried  out  within  a specified  accuracy.  The  small- 
strain  solution  in  closed  form  can  be  obtained  as  a special  case  of  this  new 
solution. 


II.  BASIC  EQUATIONS.  Suppose  that  the  circular  sheet  specimen  under 
investigation  is  of  uniform  thickness  h0  and  has  an  initial  radius  b.  Let 
the  initial  position  of  a material  element  in  the  specimen  be  r,  and  suppose 
that  at  some  stage  of  the  drawing  this  element  has  been  displaced  to  a radial 
position  p.  Then  the  current  radial  displacement  u of  this  element  is 

u = p - r (1) 


if 
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and  the  strains  in  the  radial,  circumferential,  and  transverse  directions  are 
given  by 


Er  = ln(dp/dr) 

(2) 

e0  = ln(p/r) 

(3) 

ez  = ln(h/h0) 

(4) 

where  h denotes  the  current  thickness.  All  strain  components  are  functions 
of  r.  Here  we  have  assumed  e to  be  uniform  throughout  the  thickness  of  the 
sheet  for  a given  r.  Since  tne  elastic  strains  are  assumed  to  be  negligible 
and  the  plastic  deformation  is  assumed  to  be  incompressible,  we  have  the 
relation 


er  + Ee  + ez  = 0 (5) 

The  equilibrium  equation  in  the  radial  direction  is  written  in  terms  of 
the  deformed  coordinate  as 

(d/dp)(hor)  + (h/p)(or-oe)  = 0 (6) 

where  ar  and  0g  are  the  stress  components  in  the  radial  and  circumferential 
directions,  respectively.  The  other  two  equilibrium  equations  are  automat- 
ically satisfied. 


The  total  stress-strain  relations  derived  from  Hill's  incremental 
relations  [1]  and  used  by  Budiansky  and  Wang  [3],  Yang  [4]  have  the  form 


£r  = (e/0) (or-ppo0) 

(7) 

eq  = (e/o) (0e-ppar) 

(8) 

where  o is  the  effective  stress  defined  by 

o = (or2  + oe2  - 2pp0ro0) 1/2  , 

(9) 

e is  the  effective  strain  related  to  0 by  a power  law 

e = (o/K)m  , 

(10) 

and  p_,  m,  K are  three  material  constants.  The  plastic  Poisson's  ratio  Pp 
is  related  to  the  plastic  strain  ratio  R and  the  yield  stress  ratio  u>  by 
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pp  = R(l+R)  = 1 - (2U)2)-1  (11) 

To  analyze  the  radial  drawing  process  in  the  flange,  it  will  be  necessary 
to  solve  ten  equations  (1)  through  (10)  for  the  ten  dependent  variables  p,  u, 
h,  er,  e0,  ez,  e,  or,  cr0,  and  a as  functions  of  r and  T.  It  will  be  conven- 
ient to  identify  the  time-like  variable  T with  the  inward  displacement  -Ufc  of 
the  rim.  The  boundary  condition  at  the  rim  is 

or  * 0 at  r = b . (12) 

As  drawing  proceeds,  the  range  of  r continually  decreases  as  material  leaves 
the  flange  and  enters  the  cup  wall.  This  range  of  r is  to  be  determined  in 
the  analysis. 

III.  LARGE- STRAIN  SOLUTION.  For  convenience  of  analysis,  the  stresses 
are  nondimens ionali zed  and  defined  by 


Sr  = 0r/K,  S0  = O0/K,  S = O/K.  (13] 

The  algebraic  equation  (9)  is  satisfied  identically  by  the  following  para- 
metric representation  for  Sr  and  Sq: 

Sr  = S cos<j>/sin26  (14) 

Se  = S cos(<j>+2«)/sin26  (15) 

where  6 is  the  anisotropic  parameter  defined  in  the  first  quadrant  by 

tan 2 6 = (l-pp)/(l+pp)  = 1/ (1+2R)  = l/(4u)2-l)  . (16) 

From  the  evident  requirements  e0  _<  0,  Sr  0,  it  appears  that  <f>  must  remain 
in  the  interval  (0,  tt/2)  . 

Using  the  above  relations  (13-16),  we  can  simplify  equations  (10),  (7), 
(8)  and  (5)  to  the  following  forms: 

e = Sm  (17) 

er  = Sm  sin(4>+26)  (18) 

e0  = -Sm  sin<j>  (19) 

e = -2sin6  Sm  cos(4>+6)  (20) 
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Now  all  the  stresses  and  strains  are  expressed  in  terms  of  S and  <J>.  The 
thickness  h can  be  determined  by  (4)  and  (20),  and  its  differential  form  is 

dh/h  = dez  = 2sin6  *Sm[sin(<{>+6)d4>  - m cos (4>+6) S~ ^dS]  . (21) 

The  current  position  p can  be  determined  by  (3)  and  (19) . Its  differentiated 
form  should  be  equal  to  that  from  (2)  and  (18).  Using  (2)  and  (3),  we  have 
the  relation 


p_1dp  = exp(er-e6)r_1dr  (22) 

In  order  to  solve  the  displacement  uniquely,  the  strains  have  to  satisfy  the 
compatibility  equation 


r (deg/ dr)  = exp(er-Eg)-l  (23) 

which  is  obtained  by  eliminating  p in  (2)  and  (3). 

Substituting  (18)  and  (19)  into  the  above  compatibility  equation,  we 

have 

r“^dr  = ~[cos<j>d<}>  + mS~1sin<t>dS]Sm/[exp(f)-l]  (24) 


where 

f = er-E0  = 2Smsin(4>+<5)cos6  (25) 

with  the  aid  of  relations  (14),  (15),  (21)  and  (22),  the  equation  of  equilib- 
rium (6)  can  be  reduced  to 


or 


where 


P_1dP  = [dSr  + Sr(dh/h)]/(S0-Sr) 

dr  = e-f[f1(4>,S)d<}>  + f2 (4>,S)S-1ds]  , 

(26) 

fi(<j>,S)  = Sm  cos$ 

2sin6  sin(<(>+6) 

(27) 
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and 


f2($.S) 


-cos4>  mSm  cosiftcos  (<ft+6) 

2sin<5  sin(4>+6)  sin(4>+6) 


(28) 


The  three  ordinary  differential  equations  (22) , (24)  and  (26)  form  a system 
and  can  be  used  to  solve  for  S,  4>  and  p as  functions  of  r and  T.  It  will  be 
convenient  to  identify  the  time-like  variable  T with  the  inward  displacement 
-Ub  of  the  rim.  With  the  aid  of  equations  (1),  (3),  (14),  and  (19),  the 
boundary  condition  (12)  determines  the  values  of  S,  0 and  p at  r = b, 

*b  = */2.  sb  = [ln(b/p)]m,  pb  = b-|ub|  (29) 

For  the  radial  drawing  problem  considered  in  this  paper,  it  was  found 
advantageous  to  solve  S and  p as  functions  of  <f>.  Elimination  of  the  space 
variable  r between  (24)  and  (26)  gives 

S_1  (ds/d<p)  = g (S , <p)  (30) 


where 


g(S,*) 


tan4>  + tan6[fe~^/  (l-e~^)  ] 

l-mtan<j>tan6  [f/(l-e”^)]  -2mSmsin6cos  (4>+6) 


(31) 


With  the  aid  of  relations  (22)  and  (30),  equation  (24)  becomes 
p_1(dp/d4>)  = -Sm[cos<J>+msin<j>-g(4>,S)]/(l-e-f)  . 


The  two  ordinary  differential  equations  (30)  and  (32)  with  the  initial  condi- 
tion (29)  form  a system  for  solving  S and  p as  functions  of  4).  The  system  can 
be  solved  numerically  using  a fourth-order  Runge-Kutta  integration  process  [7], 
The  numerical  integration  procedure  is  to  be  carried  out  until  the  value  of 
p reaches  pj  = a at  the  die  throat  (junction  between  flange  and  cup). 

IV.  SMALL-STRAIN  SOLUTION.  The  governing  equations  for  large-strain 
solution  can  be  reduced  to  the  special  case  for  small-strain  solution.  Note 
that  for  small  strain 


e = Sm  « 1,  f = 2ecos6sin(4>+5)  « 1, 

Sm/(ef-l)  t e/f  = [2cos6sin(<J>+6)]_1.  (33) 

Therefore  the  governing  equations  (24)  and  (26)  for  large  strain  solution  can 
be  simplified  to 
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r-*dr  = - [sin26(cot6  + cot<t>)]  * (cot4>d<l>  + mS  *dS) 


and 

r ^dr  = [sin26(tan6  + tan<f>)]  * (tan^d^  - S ^dS)  (35) 

which  are  identical  to  those  in  [6]  obtained  from  the  basic  equations  for 
small  strain  only.  These  two  ordinary  differential  equations  can  be  inte- 
grated explicitly  with  the  boundary  values  Sb  and  ^ at  r = b,  The  results 
can  be  presented  in  the  following  form  [8]: 

S/Sb  = G(<J>) , (36) 

and 

(b/r)2  = F(<(>),  (37) 

where 

G(4>)  = (sin(j>-m'1cot6cos4>)"VJlexp[-^2lil££l|_  (IL  - <j>)]  (38) 

m2  + cotz6  2 


and 


F(4>) 


sin(4>+6)/cos6  exp[imlilIcot6_  (tt  . ^ 
(sin<t>-m”^cot6cos<)))^2  m2  + cot26  2 

Pj  = (m  + cot26)/(m2  + cot2S), 

P2  = m csc26/(m2  + cot26). 


(39) 

(40) 

(41) 


The  range  of  r is  known  to  extend  from  the  die  throat  r = a to  the  rim  r = b. 
Thus  the  domain  of  the  parameter  <p  is  4>j  £ 4>  £ 1T/2  where  ^ satisfies 

(b/a)2  = F(*j)  . (42) 

Now  the  small  strain  solution  for  the  displacement  strains  and  stresses  at 
any  location  can  be  calculated. 


V.  NUMERICAL  RESULTS  AND  DISCUSSIONS.  The  small  strain  solution  can 
offer  information  on  the  asymptotic  behavior  at  the  initial  stage  of  drawing 
process  as  discussed  in  [4].  In  this  section,  the  numerical  results  and 
discussions  based  on  large  strain  solution  are  presented.  The  governing 
equations  (30)  and  (32)  with  condition  (29)  for  large  strain  solution  form  a 
system  for  solving  S and  p as  functions  of  <£.  The  system  can  be  solved 


numerically  using  a fourth-order  Runge-Kutta  integration  process  [7].  The 
numerical  integration  procedure  is  to  be  carried  out  until  the  value  of  p 
reaches  pj  = a at  the  die  throat  (junction  between  flange  and  cup).  In  order 
to  reach  the  limit  state  within  a specified  accuracy, say  0.01%,  an  iterative 
approach  is  used.  The  results  corresponding  to  this  limit  state  Pj/a  = 1 
are  denoted  by  Sj,  4^,  rlt  u,,  hj,  (e_) x , (e9)1#  (ez),,  CS_) i , and  (Sg),. 

The  quantity  r^  represents  tne  initial  position  for  tne  deformed  particle  at 
the  die  throat.  The  values  for  r^,  Sj,  4>,,  etc.  are  functions  of  the  inward 
rim  displacement  |Ub| . As  drawing  proceeds,  the  value  for  r^  increases  and 
the  range  of  r in  the  flange  (r^  < r < b)  continually  decreases  as  material 
leaves  the  flange  and  enters  the  cup  wall.  Numerical  results  corresponding 
to  these  limiting  states  are  presented  in  Figures  1 to  3 for  the  case  R = 1, 
m = 5 and  b/a  = 2.  Figure  1 shows  the  radial  displacement  and  thickness 
h^  at  the  die  throat  as  functions  of  inward  rim  displacement  |Ufc|.  We  cam 
also  see  clearly  the  limiting  value  rj  as  a function  of  | | since  r^  = a + 

| uj_  | . As  drawing  proceeds  with  increasing  | | , the  values  for  r , , |uj|, 
hj  all  increase.  Figure  2 shows  the  strains  (er)j,  (eg)]  and  (ez)  , at  the 
die  throat  as  functions  of  | | . The  maximum  value  for  (er).  occurs  at 
| U^/a | «•  .65.  Figure  3 shows  the  stresses  (Sr)i  and  (Sg)j  at  the  die  throat 
as  functions  of  | | . The  maximum  drawing  stress  (or) . «.  0.478K  occurs  at 
Ufc  ~ -0.20a  and  the  maximum  drawing  force  (har)2  * 0.474  h0K  occurs  at 
» -0.22a.  This  result  is  in  excellent  agreement  with  that  by  Budiansky 
and  Wang  [3]  based  on  flow  theory  using  a finite  difference  approach.  A more 
detailed  comparison  of  the  large  strain  solution  based  on  different  theories 
remains  to  be  done. 


In  order  to  demonstrate  the  results  for  spatial  distributions  at  various 
stages  of  drawing  process,  we  include  Figures  4 and  5.  Figure  4 illustrates 
the  deformed  shapes  of  the  flanges  for  -Ujj  = 0.1,  0.2,  0.3  and  0.4.  We  can 
see  how  the  flange  deforms  as  drawing  proceeds.  Figure  5 shows  the  stresses 
ar/K  and  Og/ K in  the  flange  at  several  stages  of  drawing  process  with  -U^  = 

0. 1.  0.2  and  0.4. 
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Figure  2.  The  strains  at  the  die  throat  as  functions  of  inward  rim 
displacement 
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ABSTRACT . Biharmonic  functions  are  much  used  in  the  theory  of  elastic 
solids.  A problem  of  long  standing  has  been  to  produce  a formula  involving 
only  the  boundary  conditions  which  gives  a bound  for  the  value  of  a biharmonic 
function  in  the  interior  of  a region.  Using  results  of  Miranda,  this  problem 
is  solved  if  the  region  is  a circle  or  rectangle. 


1 . BACKGROUND . We  propose  to  extend  majorization  formulas  given  by 
Miranda  in  [2].  He  was  considering  a biharmonic  function  u(x,y);  that  is. 


(1-1) 


2 2 

V V u = 0 


in  a region  T.  He  allowed  T to  be  multiply  connected,  but  required  the 
curvature  of  the  boundary  (or  boundaries)  to  be  continuous  around  the  boundary, 
FT,  and  the  tangent  to  be  continuously  turning.  On  the  boundary,  values  of  u 
were  specified, 

(1.2)  u = f , 

and  values  of  the  inward  normal  derivative  were  specified. 


(1.3) 


du 

Q 

dv  y 


He  considered  f and  g as  functions  of  the  arc  length  around  the  boundary. 

He  also  assumed  that  u and  its  first  partial  derivatives  are  continuous  in  T, 
up  to  and  including  (one-sided)  continuity  at  the  boundary. 

His  Theorem  II  says  that  if  f = 0,  then  in  T 

(1.4)  |u(x,y)  | <_  /2$(x,y)  max|g|  , 

where  the  maximum  of  |g|  is  taken  over  the  boundary  and  <Mx,y)  is  the  func- 
tion which  satisfies 


(1.5) 

inside  T and  has  $ = 0 on  FT. 


2 

v $ 


Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-75-C-0024 . 


231 


If 


preceding  fade 


% 


Upon  relaxing  the  requirement  that  u be  zero  on  the  boundary,  Miranda 
also  had  a majorization  formula.  He  assumed  continuity  of  f'  and  g,  and 
concluded  that  there  are  nonnegative  constants  and  K^,  depending  solely 

on  the  region  T,  such  that  in  T one  has 

(1.6)  |u(x,y)  | <_  K^5[max|g|  + max|f'  |]  + (1  + K26)max|f  | , 

where  6 is  the  (minimum)  distance  from  (x,y)  to  FT.  See  his  Theorem  VI. 

This  has  the  shortcoming  that  no  clue  is  available  as  to  what  might  be  the 
sizes  of  and  K2- 

Professor  L.  Collatz  has  pointed  out  in  conversation  that,  if  one  is  given 
boundary  conditions  for  u,  it  may  be  possible  to  contrive  a specifically 
given  u whose  boundary  conditions  are  not  greatly  different  from  those  of  u. 
Then,  if  one  had  specific  constants  in  (1.6),  one  could  bound  the  difference 
between  u and  u by  means  of  (1.6) . We  undertake  to  find  in  two  cases 
majorization  formulas  involving  specific  constants  that  can  be  used  as 
Professor  Collatz  suggests. 

We  will  consider  the  two  cases  where  T is  a circle  and  where  T is  a 
rectangle,  and  will  supply  majorization  formulas  with  specific  constants;  for 
the  rectangle  we  have  to  assume  in  addition  that  f"  is  of  bounded  variation, 
and  will  find  max|f" | appearing  in  the  corresponding  majorization  formula. 

We  also  need  a slight  additional  hypothesis  on  u at  the  four  corners  of  the 
rectangle. 

In  Section  2,  we  collect  some  auxiliary  formulas.  In  Sections  3 and  4 
respectively,  we  treat  the  circle  and  rectangle.  The  relevant  majorization 
formulas  are  given  near  the  ends  of  the  two  sections  in  Theorems  1 and  2.  In 
Section  5 we  discuss  the  possibility  of  weakening  the  hypotheses  of  Theorem  2. 


2.  AUXILIARY  FORMULAS.  We  collect  here  various  pieces  of  information 
that  will  be  useful  in  subsequent  sections. 

i0 

Let  z = re  be  a complex  variable.  If  |z|  <1,  then 


(2.1) 


1 =l+z+z2+ 


1 - z 


Integrating  gives 


(2.2) 


in (1  - z)  = -z  - 


2 3 

z z 


Taking  real  and  imaginary  parts  gives 


(2.3) 


^ in(l  - 2rcos0  + r2)  = - £ 

2 n=l 


rncosn9 


(2.4) 


arctan 


rsinQ 
1 - rcosQ 


= l 


rnsinn9 


n=l 
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Taking  r = 1 in  (2.3)  gives 


^ In  2 + ^ ln(l  - cos0)  = - £ — — n-- 

22  n*=l  n 


Tt_ 

2 ^ 
j in(l  - cos0)d0  = - — in  2 - 2C  , 

0 

where  C is  Catalan's  constant, 

00 

(2.7)  C = l (-l)k(2k  + l)'2  . 

k=0 

Properties  of  C are  discussed  on  p.  807  of  Abramowitz  and  Stegun  [1],  and  a 
value  to  18  decimals  is  given  on  p.  812.  Rounded  off  to  5 decimals,  it  is 

(2.8)  C 2 0.91597. 


(2.5) 

Then 

(2.6) 


From  (2.5) , we  get 


(2.9) 


/ in(l  - cos0)d0  = 2C  - ^ in  2 

TT- 

2 


Taking  r = 1 in  (2.4)  gives 


(2.10) 


— — = T 

2 ” 2 , n 

n=l 


sinn0 


(0  < 0 < 2n)  . 


, Taking  r = -1  in  (2.4)  gives 

(2.11) 


-=  y 
2 L. 
n=l 


(-1) n+^sinn0 


(-it  < 0 < n)  . 


By  contour  integration  we  can  show  that  for  0 r < R 

(2.12) 


, 2 it  2 2 

i | dt  . ! 

2n  1 2 


(2.13) 


(R2  - r2)  t2lf  R - rcos (t  - 9)  m 1 
2nR  l .* 
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where 


% 


(2.14)  l2  = R2  - 2Rrcos (t  - 0)  + r2  . 

Indeed  (2.12)  is  worked  out  on  pp.  112-113  of  Whittaker  and  Watson  [3] 
as  an  illustrative  example  of  contour  integration. 

3.  FORMULA  FOR  A CIRCLE.  Let  us  take  Miranda's  region  T to  be  a circle. 
Let  u satisfy  (1.1),  (1.2),  and  (1.3).  Let  the  circle  have  radius  R.  Choose 
polar  coordinates  r and  0,  with  the  origin  at  the  center  of  the  circle. 

Then,  by  a formula  of  Lauricella  [4] , we  have 

, 2"  2 2 

(3.1)  u (r  ,0)  = f f(t)  ~~  dt 

2"  0 S.2 


x (R2  - r2)  2" 


2irR 


/ f'(t) 


sin(t  - 0) 


dt 


. R2  - r2  ,2"  . , R2  - r2  . 

* 4,R  [ 9<t)  X“dt  ’ 


where  l is  the  distance  from  the  point  (r,0)  to  the  point  (R,t);  that  is, 
2 

l is  given  by  (2.14). 


This  formula  is  usually  cited  with  a minus  before  the  last  term  on  the 
right,  because  Lauricella  was  taking  g(0)  to  be  3u/3r,  whereas  we  are 
taking  g(0)  to  be  the  inward  normal  derivative.  Integration  by  parts  in  the 
second  term  on  the  right  of  (3.1)  reduces  (3.1)  to 


(3.2)  u (r ,0) 


(R2  - r2) 
2nR 


2tt 


fit) 


rcos (t  - 0) 


dt  + 


R2- 


2n 


4jtR 


/ 

0 


g (t) 


This  formula  must  be  used  with  some  caution.  If,  at  0 = 9^,  f'(0)  has 

a jump  discontinuity  and  g(0)  is  continuous,  then  the  limit  of  the  inward 
normal  derivative  as  one  approaches  the  circumference  along  the  ray  9 = 9^  is 

f ' (0  +)  - f'  (6  ~) 

(3.3)  g(0n)  + . 

U TT 

This  and  other  idiosyncracies  of  (3.2)  are  discussed  in  Picone  (5);  see 
especially  pp.  216-217  and  pp.  257-261. 

If  we  make  the  same  assumptions  that  Miranda  made  to  derive  (1.4)  and 
(1.6),  namely  that  u and  its  first  partial  derivatives  are  continuous  in  T 
up  to  and  including  the  circumference,  that  will  assure  us  that  f*  and  g 
are  continuous.  Then  (3.2)  defines  the  one  and  only  u satisfying  (1.1), 
(1.2),  and  (1.3)  for  the  circle. 
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As  the  integrands  in  (2.12)  and  (2.13)  are  positive,  one  can  immediately 
conclude  from  (3.2)  by  the  mean  value  theorem  that,  for  some  i(r,6)  and  o(r,6), 

R2  - r2 

(3.4)  u = f (t  (r,0) ) + — — g (o  (r  ,6) ) . 

As  a consequence,  if  g(o)  is  nonpositive  for  all  a,  we  have 

(3.5)  u max  f . 

Similarly,  if  g(o)  is  nonnegative  for  all  o,  one  has 

(3 .6)  u min  f . 

In  Picone  [5] , at  the  bottom  of  p.  216,  these  surprising  conclusions  are 
attributed  to  Miranda,  who  apparently  used  essentially  the  same  proof. 

From  (3.4),  we  immediately  get  our  majorization  formula. 

Theorem  1.  Let  u be  a biharmonic  function  satisfying  (1.1),  (1.2),  and 
(1.3)  in  a circle  of  radius  R,  such  that  u and  its  first  partial  derivatives 
are  continuous  up  to  and  including  the  circumference.  Then  at  a point  r units 
from  the  center. 


(3.7)  |u|  £maxjf|  + - -- r - max | g | . 

Clearly  this  is  much  superior  to  Miranda's  Theorem  VI  (see  (1.6)).  Also, 
if  f = 0 it  is  appreciably  better  than  Miranda's  Theorem  II  (see  (1.4)). 
Indeed,  for  the  region  under  consideration,  the  <p  of  Miranda's  Theorem  II  is 

(3.8)  ♦ = (R2  - r2)/4  . 

TTiis  $ is  biharmonic.  If  we  put  it  for  u in  (3.7),  we  find  that  it  itself 
is  given  as  an  upper  bound  for  itself.  Clearly  this  is  the  best  possible. 
However,  if  we  use  this  <P  for  u in  Miranda's  Theorem  II,  namely  (1.4),  a 
bound  for  u at  the  center  of  the  circle  is  given  which  is  /z  times  as 
great  as  the  actual  value  of  u at  that  point. 

4.  FORMULA  FOR  A RECTANGLE.  If  T is  a simply  connected  region  more 
irregular  than  a circle,  one  may  map  it  conformally  into  a circle.  If  the 
region  has  a smooth  enough  boundary,  the  conformality  may  extend  out  to  the 
boundary,  so  that  normal  derivatives  go  into  normal  derivatives.  If  one  has 
a formula  for  the  conformal  mapping,  it  may  be  tractable  enough  that  one  can 
calculate  factors  of  proportionality  for  the  various  derivatives.  Thus  one  can 
sometimes  convert  (3.7)  into  a majorization  formula  for  the  more  general  region. 

When  one  maps  a rectangle  into  a circle,  conformality  certainly  does  not 
extend  out  to  the  boundary  at  the  four  corners.  In  any  case  the  formula  for 
the  transformation  is  much  too  complicated  to  be  of  much  use.  So  we  give  a 
separate  treatment  for  the  case  that  T is  a rectangle. 
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Let  a and  b be  the  lengths  of  the  sides  of  the  rectangle.  Choose 
coordinates  so  that  one  corner  of  the  rectangle  is  at  the  origin,  and  the 
rectangle  extends  a units  along  the  positive  x-axis,  and  b units  along  the 
positive  y-axis. 

Let  u satisfy  (1.1),  (1.2),  and  (1.3).  We  assume  that  u and  its  first 
partial  derivatives  are  continuous  up  to  and  including  the  perimeter.  Also, 
on  each  side  we  assume  that  f"  is  of  bounded  variation  in  the  closed  interval 
consisting  of  that  siue. 

At  the  corners,  strange  things  can  happen.  For  one  thing,  a normal  deriva- 
tive is  not  defined  at  a corner,  nor  do  the  normal  derivatives  along  the  two 
sides  have  to  have  the  same  limits  as  one  approaches  a corner.  However, 
continuity  of  3u/3x  as  one  goes  to  the  corner  means  that  the  limit  of  a normal 
derivative  on  a vertical  side  as  one  approaches  an  upper  corner  must  be  either 
f'  or  -f'  along  the  top  at  the  corner.  Whether  it  is  f*  or  -f*  depends 
on  which  direction  is  taken  as  increasing  arc  length,  and  will  be  different  at 
different  corners.  We  assume  further: 

Boundedness  Hypothesis.  For  each  corner  there  is  a neighborhood  of  that 
2 

corner  within  which  V u is  bounded. 

As  an  illustration  of  a need  for  a boundedness  hypothesis,  we  cite  the 
following  example.  Consider  the  first  quadrant  of  a circle  of  radius  unity  with 
center  at  the  origin.  If  a function  is  harmonic  inside  this  region  and  s zero 
around  the  boundary,  it  must  be  identically  zero  by  the  maximum  principle.  But 
note  the  harmonic  function 


(4.1) 


v = r sin20 


sin29 

2 

r 


It  is  zero  around  the  boundary,  except  for  an  indeterminacy  at  the  origin, 
where  r = 0.  However,  v is  certainly  not  identically  zero.  It  is  because 
of  the  unboundedness  at  the  origin  that  the  usual  maximum  principle  for  harmonic 
functions  fails.  The  reason  we  invoke  our  Boundedness  Hypothesis  is  to  avert 
a similar  difficulty. 

As  we  said,  we  let  u satisfy  (1.1),  (1.2),  and  (1.3).  Choose  u to  be 
the  harmonic  function  inside  the  rectangle  such  that  on  the  perimeter 

(4.2)  u = f . 

As  u is  harmonic,  it  is  biharmonic.  So  u - u is  biharmonic,  and  is  zero  on 
the  perimeter.  Applying  Miranda's  Theorem  II  (see  (1.4)),  we  get 

(4.3)  |u  - u|  <_  max|g  - g|  , 

where  g is  the  value  of  the  inward  normal  derivative  for  u,  and  $ is  as 
in  (1.4)  . 

We  will  later  show  that  u and  its  first  partial  derivatives  are 
continuous  up  to  and  including  the  perimeter.  So  u - u satisfies  those  of 
Miranda's  hypotheses.  However,  Miranda  also  assumed  that  his  region  had  a 
boundary  with  continuous  curvature  and  continuously  turning  tangent.  Lacking 
these,  we  proceed  as  follows. 
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On  p.  99  of  Miranda  [2)  is  proved  the  Lemma  that  uv  u is  continuous  in 

the  region,  and  approaches  zero  on  the  boundary,  if  f = 0.  One  can  easily 

modify  Miranda's  proof  to  show  that  if  some  segment  of  the  boundary  has  continuous 
curvature  and  a continuously  turning  tangent,  then  within  a closed  portion  of 
that  segment  uV2u  approaches  zero  uniformly  as  one  approaches  the  boundary. 

So  in  the  interior  of  each  side  of  the  rectangle,  one  has  (u  - u)V2(u  - u) 

approaching  zero  as  one  approaches  the  perimeter.  In  the  neighborhood  of  a 

corner, _ V2u  is  bounded.  But  u is  harmonic,  so  that  V2u  = 0.  Hence 
» (u  - u)  is  bounded.  But  u - u approaches  zero,  continuously.  So  we 
conclude  that  (u  - u)V2(u  - u)  approaches  zero  as  one  approaches  a corner. 


So  Miranda's  Lemma  holds  for  the  rectangle,  and  the  rest  of  the  proof 
proceeds  just  as  in  Miranda  [2] . 

For  the  4>  of  (4.3),  we  may  start  with 


(4.4) 


♦ * = i-  x(a  - x) 


This  is  zero  on  the  two  vertical  sides  of  the  rectangle.  Now  add  to  <p  a 
harmonic  function  $ which  is  zero  on  the  two  vertical  sides,  and  equal  to 

1 , 

- j x(a  " x> 

• * * 

on^the  top  and  bottom.  Then  <p  = 4>  + $ . By  the  principle  of  the  maximum, 

$ will  be  everywhere  nonpositive.  So  the  $ of  (4.3)  will  be  bounded  above 
by  (4.4).  It  will  also  be  nonnegative,  because  it  is  zero  on  the  perimeter. 

By  a similar  argument,  is  bounded  above  by 


2 y(t>  - y)  • 


We  have 


|u|  < |u  - u|  + |u|  . 

But,  by  the  principle  of  the  maximum, 

| u | <_  max  | f | . 

So,  by  (4.3)  we  get 

(4.5)  |u|  £max|f|  + /5$"  (max|g|  + max|g|)  . 

So  we  wish  to  find  max|g|. 

Although  f’  will  make  random  jumps  at  the  corners,  f will  be  continuous 
at  each  corner,  since  u is  to  be  continuous  up  to  and  including  the  perimeter. 

In  the  sequel,  we  will  use  superscripts  T,  B,  L,  and  R to  signify  the 
top,  bottom,  left,  and  right  sides  of  the  rectangle.  We  will  express  u as 
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"■  ..  * 


(4-6)  u - I + f + f + [L  + IR  . 

In  this  we  choose  £ a polynomial 

(4.7)  £=A  + Bx  + Cy  + Dxy  , 

with  A,  B,  C,  and  D chosen  so  that  T has  the  same  value  as  u at  each 
of  the  four  corners  of  the  rectangle.  To  accomplish  this,  we  set 

(4.8)  A = f(0,0>  , 

cn  „ _ f(a,0)  - f (0, 0) 


(4.10) 


(4.11) 


r _ f(O.b)  - f (0,0) 
b 


f (a ,b)  - f (a , 0)  - f ( 0 , b ) + f(0,0) 


recall  that  f(x,y)  is  the  value  assumed  by  u around  the  perimeter  of  the 
rectangle . 

We  will  first  determine  the  inward  normal  for  u along  the  top  of  the 
rectangle.  A similar  analysis  will  apply  to  each  of  the  other  three  sides. 

We  have 


(4.12) 


At  x = 0,  this  is 


(4.13) 


and  at  x = a,  this  is 


(4.14) 


3 r 

- 37  ? = ~c  - Dx 


f (0,b)  - f(0,0) 
b 


f(a,b)  - f(a,0) 
’ b 


As  the  right  side  of  (4.12)  is  linear,  its  extreme  values  must  be  (4.13)  and 
(4.14).  However,  (4.13)  is  bounded  below  and  above  by  the  minimum  and  maximum 
of  f1,  evaluated  for  x = 0.  (Here  we  are  considering  arc  length  as  increas- 
ing counterclockwise  around  the  rectangle,  so  that  f’  evaluated  for  x = 0 is 

- ~ flO.y)  .) 

Similarly,  (4.14)  is  bounded  below  and  above  by  the  minimum  and  maximum  of  -f, 
evaluated  for  x = a. 


238 


t 


Wrt  take 
(4. IS) 

(4.10) 

(4.17) 


F - max | f I , 

F ' - max  1 1*  • | , 

F"  - max | f " | , 


taken  around  the  perL'ioter  of  the  rectangle.  Then  w«-  have  just  shown  that 


(4 . 10) 

Wr>  take 

<4.1‘>) 

(4.20) 

(4.21) 


ii  £| 


< F ' 


(4.22) 


where 


<*’  sinh  . 

yT  . } aT Bin 

j-1  j .inh  jnb 


V«  V „n 

l " A Ai  “ 


s i nh 


jn (h  - y) 


3*»1  J sinh 


a , Jnx 

■?-—  tin 

jnb  a 


I'’*  l 


U (a  - x) 

«’  sinh  - ~ ‘ ~ 

d.  r b i n v 

v »in  *:  1 

jna  b 

s i nh  *\ 


- 8 Inh  J"x 

VR  V b . jny 

L . , J . . jna  b 

j»l  J ntnh  J 


14.2)1  »»  - ? /*  sin  I’-*-  f.ls.M  - rio.bl  - x t'iltf-  . 

J « 0 « l * ) 

(4.24)  a”  - 7 I sin  ( f(x,0)  - f(0,0)  - x f-(it.QL.7„fJ0»0)  1 ,x  # 

J « 0 « l * J 

14. 25)  - ?-  /b  .in  jflo.y)  - (10,0)  - y ttMl.jimSlJ*,  , 

'*  ” J /’  *<»  3j*  {((Ml  - f («.0)  - y t(ili!to-,.(’'«l}Jy  . 


(4.20)  A. 


?.)9 


v*T 

Wo  note  that  / is  zero  on  the  sides  and  bottom  of  the  rectangle,  and 
on  the  top  it  equals 


f(x,b)  - f(0,b)  - x 


f (a,b)  - f (Q,b) 


which  is  the  value  of 


u - l 


along  the  top  of  the  rectangle.  Similar  considerations  apply  to  J*',  J*’,  and  Y* 
with  respect  to  other  sides  of  the  rectangle.  So 


rT  rB  rl. 

l + 5.  + l * l 


takes  the  sumo  values  as 


u - l 


around  the  perimeter  of  the  rectangle.  So 

..  ~-s.  v t'T  . rB  _ t-L  uK 


(4.27) 


i + v * r + r ♦ v 


takes  the  same  values  as  u around  the  perimeter  of  t he  rectangle.  Put  (4.27) 
is  harmonic.  Py  the  uniqueness  of  the  solution  of  a harmonic  equation,  we 
conclude  that  (4.6)  holds. 

We  can  integrate  by  parts  in  (4.23),  (4.24),  (4.26),  and  (4.26)  to  get 

(4. 26)  A?  » - f f"(x,b)sin  ■'nX  dx  , 


(4.26) 


(4.30) 


2 2 J 
j It  0 

* \ a f » ' / 0 .n  1 

A 

_ a 

2a  r 

f"  (x,0) sin 

jnx 

.2  2 { 

a 

f" (O.y)sin 

iny 

h 

j n 0 


(4.31) 


^ K “ "2^2"  / * " ( a , y ) s i n dy  , 

J j n‘  0 


where  in  (4.26)  and  (4.29)  the  double  primes  indicate  the  second  partial 
derivatives  with  resjvct  to  x,  and  in  (4.30)  and  (4.31)  the  double  primes 
indicate  the  second  partial  derivatives  with  respect  to  y.  Pe  it  recalled 
that  these  second  derivatives  were  assumed  to  be  of  bounded  variation.  Py  the 
result  on  p.  172  or  Whittaker  and  Watson  131,  the  integrals  on  the  right  sides 
of  (4.26),  (4.26),  (4.30),  and  (4.31)  each  decrease  of  the  order  of  j 60 

each  of  ( a7  | , | aV  | , | A *.’  | , and  |A*j|  goes  to  zero  of  the  order  of  j as  j 

goes  to  infinity. 


Thus  the  various  series  on  the  right  of  (4.19),  (4.20),  (4.21),  and 
(4.22)  converge  absolutely  and  uniformly  everywhere  in  the  rectangle,  including 
the  perimeter,  since 


sinh 

r~r~  sin 

sinh 

a 


< 1 , 


etc.  This  assures  the  continuity  of  £T,  £B,  and  £R.  If  we  take  3/3x 

or  3/3y  of  £B,  £L,  or  £R,  we  will  multiply  terms  by  a constant  times 

j,  and  replace  some  sines  by  cosines,  or  some  sinh's  by  cosh'sj  the  latter  will 
not  make  an  appreciable  difference  for  large  j.  After  multiplication  by  j, 
the  coefficients  will  still  go  to  zero  of  the  order  of  j-^.  This  will  still 
assure  absolute  and  uniform  convergence  everywhere  in  the  rectangle,  including 
the  perimeter,  so  that  the  partial  derivatives  will  be  continuous.  Needless  to 
say,  J and  its  first  partial  derivatives  are  continuous.  So,  by  (4.6),  u 
and  its  first  partial  derivatives  are  continuous  up  to  and  including  the  perimeter. 

rT 

Along  the  top  of  the  rectangle,  the  inward  normal  for  i is 


(4.32) 


« cosh 

J_  yT  r Jr  t a_ 

8*  Z 1 sinh  J2* 


sin 


jifx 


We  split  the  right  side  of  (4.32)  into 

II  + I2  ' 


where 


(4.33) 


r v j*  . jirx 

).,*=-  ) A sm  - , 

1 j=i  a ^ a 


(4.34) 


U - - i ¥ 


2a: 


j*l  exp 


2jitb  j~ 
a 


sin 


jtrx 


i Ti  . —2 

Let  0 <_  r <_  1.  Then,  since  |jA  | goes  to  zero  of  the  order  of  j , 

we  conclude 

L « Lim  £ , 

1 r+1 


where 


By  (4.28),  we  have  for  0 < r < 1 


_ j . jut  jwx 
_ i a • rJsin  J — sin  * — 

Ir  " ^ / f"(t,b)  l ^ 

0 lj=i  J 


This  gives 


. f . r’cos  *iitJ^20  . t)cc,s  ») 

lc-~l  f(t.b)  2 —± l _? 


By  (2.3) , we  get 


I r “ / f " (t,b)|in(l  - 2rcos  -(-  * x)  + r2) 

- tn(l  - 2rcos  ^ — — 4 r2)  jdt  . 

As  f"(t,b)  is  of  bounded  variation,  we  easily  justify  taking  the  limit 
as  r -►  i.  This  gives 


(4-35)  ^ f f»(t,b)j*n(l  - cos  * x)  ) - ln(l 


ir  (t  - x 


} dt  . 


We  have 


, a 

2 ~l  f"(t,b)tn(l  - 


ff(t  4 x) 


it4  (irx/a) 

~ J f"(~  ~ x»b)tn(l  - coss)ds 

2*  nx/a 


F„a  n4(itx/a) 

i — 2 / |fn(l  - coss)  | ds  . 

2ir  irx/a 


He  have  also 


^ J f" (t,b) fcn(l  - cos  — — ]dt 


ir-(fx/a) 

— ~ f f"(—  + x,b)in(l  - coss)ds 

2 if  -nx/a  11 


F„a  if-  (irx/a) 

< — — J | in(l  - coss)  |ds 

2"  -irx/a 

2TT+(xx/a) 

= — ~ j |tn(l  - coss) |ds  . 

2 x 2 ir+ (fix/a) 


Adding  these  gives 


IL  | 1 — f / |£n(l  - coss)  |ds  . 

2ff  0 


By  (2.6)  and  (2.9),  we  have 


(4.36) 


IIJ  i 


4CF"a 

2 


We  turn  to  J . We  have,  of  course, 


0 < r-F-- < 1 

exp  J “ 1 


So,  by  (4.34) 


Then,  by  (4.28), 


iy  isj.  K'  • 


£ ~7  J |f " (x,b)  |dx 

x b j=l  j 0 


ILI  i 


2'  - 3b 


Combining  with  (4.36)  gives 


(4.37) 

3 rT 
3y 

^ {f  * £ir  ■ 

Along  the  top  of 

the  rectangle, 

the  inward  normal 

derivative 

(4.38) 

_ J_ 

CD 

yB  = y 

ab 

3"  1 

a 

3y 

L - L 
3=1 

. — - sin 
a . 3 irb 

sinh 

a 

We  have,  of  course. 

0 < - 

jTTb 

— < 1 

sinh  ^ ~ 
a 


So 


Then,  by  (4.29) 


- £ n i b .1,  i»;i  • 


3 rB  2a  r 1 ^ , . 

3y  l i T"  l ~2  / | f " (x,0)  |dx 

y n b j=l  j 0 


So 


(4.39) 


3 rB 
~ 3y 


2 

< — F" 
- 3b 


Along  the  top  of  the  rectangle,  the  inward  norma]  derivative  for  VL  j.s 


(4.40) 


- sinh  ^V-X>- 

_ yL  = _ y in.  al b 

s*  1 j-i  b J si„b  ^ 


(-1)J  . 


By  (4,30),  this  gives  for  0 < x < a 


(4.41) 


3 rL  2 , 

f (0,y) 

0 


jff(a  - x) 
b 


- sinh  ^ (-l)3sin  XU-  7 


j=l  sinh  2~ 
b 


dy 
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Temporarily  denote  the  material  in  the  curly  brackets  by  J . By  (2.11), 
it  is  just  the  value  at  (x,y)  of  the  harmonic  function  in  the  rectangle 
which  equals  -iry/2b  on  the  left  side  and  is  zero  on  the  other  three  sides. 
So,  by  the  principle  of  the  maximum,  is  nonpositive.  However 

r*  . *y(a  - x) 

L 2ab 

is  a harmonic  function  which  is  nonnegative  or.  the  perimeter.  So  by  the 
principle  of  the  minimum, 

V*  + *y<a  - X) 


is  nonnegative.  So  we  conclude  that 


xy (a  - x) 
2ab 


< r < o . 


Using  this  in  (4.41)  gives 


(4.42) 


| f " (0 , y ) |ydy 


< b(a  - x)F" 
— 2a 


Our  proof  of  this  required  the  assumption  0 < x <_  a to  insure  convergence 
rapid  enough  to  permit  interchange  of  the  order  of  summation  and  integration 
ingoing  from  (4.40)  to  (4.41).  But 


is  continuous  for  0 x a.  So 
A similar  argument  will  give 


_3_  rL 
3y  L 

(4.42)  must  hold  also  for 


x 


0. 


(4.43) 


3 yR  < bxF 
3y  ^ - 


2a 


So  along  the  top  of  the  rectangle, 
bounded  as  follows 


we  have  the  inward  normal  derivative 


Along  the  bottom,  one  gets  the  same  bound.  On  each  side,  one  gets  the 
same  bound,  except  with  a and  b interchanged. 

So,  for  a bound  on  our  normal  derivative,  we  have  to  use  whichever  is 
larger  of 


(4.44) 


ay 


(4.45) 
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and 


(4.46) 


4Cb  2b 2 a 

2 3a  2 ' 

IT 


If  we  subtract  (4.46)  from  (4.45),  the  difference  is  seen  to  be 


(a  - b) 
6ab 


+ ab  + 4b 


2 


+ 


24Cab  \ 
*2  / 


Hence,  we  see  that  if  a ^ b,  then  (4.45)  is  greater  than  or  equal  to 

(4.46)  . So  we  get  the  following  result: 

Theorem  2 . Let  u be  a biharmonic  function  satisfying  (1.1),  (1.2),  and 
(1.3)  in  a rectangle  having  sides  of  lengths  a and  b,  where  a >_  b.  Let 
u and  its  first  partial  derivatives  be  continuous  up  to  and  including  the 
perimeter.  On  each  side,  let  f"  be  of  bounded  variation  in  the  closed  interval 
consisting  of  that  side.  At  each  corner,  let  there  be  a neighborhood  of  the 
corner  within  which  V2u  is  bounded.  Then 

(4.47)  |u  | <_  max  | f | + /24>|max  |g  | + max  | f * | + j^~  + + j j max  | f ” | j , 

where  the  maxima  are  taken  over  the  perimeter,  and  4>  (x , y ) is  the  function 
which  satisfies 
\ 

(4.48)  V2*  = -1 

inside  the  rectangle  and  has  - 0 on  the  perimeter,  and  C is  given  by  (2.7). 

NOTE.  If  the  rectangle  is  oriented  with  one  corner  at  the  origin,  one  side 
of  length  a along  the  positive  x-axis,  and  another  side  of  length  b along 
the  positive  y-axis,  then  $ will  be  defined  as  in  the  paragraph  beginning 
just  before  (4.4).  So  <p  is  nonnegative  and  is  bounded  by 

jmax{x(a  - x)  , y(b  - y)  } . 

5.  POSSIBLE  WEAKENING  OF  HYPOTHESES.  In  Thm.  2 we  assume  continuity 
of  both  first  derivatives  up  to  and  including  the  perimeter.  Could  we  relax 
this  assumption  just  at  the  four  corners? 

To  qet  some  feeling  for  this,  consider  the  unit  square,  ABCD  (see  Fig.  1), 
situated  in  the  first  quadrant  with  A at  the  origin.  Let  us  require  that  u 
be  zero  on  the  perimeter,  and  ask  for  an  inward  normal  of  -1  along  AB  and 
DC  and  of  +1  along  AD  and  BC. 

Lift  the  figure  out  of  the  plane,  and  flip  it  about  the  diagonal  AC;  AB 
goes  up  and  over  to  the  positive  of  AD,  while  AD  goes  down  and  under  to 
the  position  of  AH.  We  now  have  the  same  boundary  conditions  that  we  started 
with.  So,  if  they  determine  u uniquely,  we  must  have  the  same  values  of  u 
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Figure  1 


as  before.  However,  since  the  figure  has  been  flipped  upside  down,  the  values 
along  AC  have  been  changed  to  their  negatives.  As  they  come  out  the  same  as 
before,  they  must  be  zero.  Similarly,  we  conclude  that  u is  zero  along  BD. 


As  we  have  an  inward  normal  of  -1  along  AB,  the  values  of  u next  to 
AB  must  be  negative.  Likely  u is  negative  all  inside  the  triangle  AEB , 
sloping  down  from  AB  and  up  to  AE  and  EB.  However,  even  if  this  is  not 
the  case,  consider  what  happens  if  one  starts  vertically  from  AB,  at  a 
distance  x from  A with  x < 1/2.  One  starts  off  with  a slope  of  -1,  which 
certainly  takes  one  to  negative  values  of  u.  But  by  the  time  one  gets  up  to 
AE,  u has  got  back  up  to  zero.  So  one  must  encounter  some  place  of  positive 
slope.  So  the  slope  has  gone  from  -1  to  a positive  value  in  a distance  less 


than  x.  So,  someplace  along  the  way  3 u/3y  must  be  at  least 


To  find  out  what  V u is  doing,  we  have  also  to  get  an  idea  of  the 
behavior  of  32u/3x2.  Let  us  go  along  parallel  to  AB,  and  close  to  it,  from 
AE  to  BE.  We  start  with  u = 0 at  AE  and  finish  with  u = 0 at  BE.  If 
we  are  close  enough  to  AB,  u will  be  mostly  negative  in  between.  This 
indicates  that  32u/3x2  will  tend  to  be  positive. 


Thus  it  appears  that  as  we  approach  A in  the  triangle  AEB,  we  will 
encounter  points  where  V2u  is  greater  than  1/x . Not  only  are  we  violating 
our  Boundedness  Hypothesis,  but  it  appears  possible  that  uV2u  is  not 
approaching  zero  as  we  get  close  to  A.  So  Miranda's  Lemma  is  likely  failing. 
This  voids  our  proof  of  Theorem  2. 


This  suggests  that  if  we  admit  discontinuity  of  first  derivatives  at  a 
corner,  we  may  entail  a violation  of  our  Boundedness  Criterion. 


If  we  retain  continuity  of  both  first  derivatives  at  the  corners,  do  we 
really  need  the  Boundedness  Hypothesis?  The  key  result  is  (4.3).  As  u - u 
is  zero  along  the  perimeter,  the  derivative  along  the  perimeter  must  also  be 
zero.  Given  continuity  at  the  corner,  u - u and  both  its  first  derivatives 
must  approach  zero  continuously  as  one  approaches  a corner.  This  does  not 


i • «•  v - 


seem  to  leave  much  latitude  for  misbehavior  of  u - u.  We  will  conjecture 
that  this  suffices  to  give  (4.3)  (which  is  adequate),  but  do  not  see  at  this 
time  how  to  prove  it. 

Actually,  though  we  do  not  have  a good  idea  of  the  behavior  of  the  u of 
Fig.  1 (assuming  it  exists,  and  is  unique),  the  best  guess  we  can  make  indicates 
that  it  actually  satisfies  (1.4).  So  perhaps  continuity  of  first  derivatives 
at  the  corners  is  not  really  needed.  However,  we  will  not  venture  to  conjecture 
this.  In  view  of  (3.j),  a more  likely  conjecture  would  be  that  one  could 
prove  something  like  (1.4),  or  its  parallel  (4.3),  but  with  an  extra  term  on 
the  right  involving  the  differences  between  the  limits  at  a corner  of  a first 
derivative  as  one  approaches  the  corner  along  the  two  sides. 
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A NUMERICAL  METHOD  FOR  LARGE  STIFF  SYSTEMS 
OF  ORDINARY  DIFFERENTIAL  EQUATIONS 


T.  P.  Coffee,  J.  M.  Heimerl,  and  M.  D.  Kregel 
Ballistic  Modeling  Division 
US  Army  Ballistic  Research  Laboratory 
Aberdeen  Proving  Ground,  MD  21005 


ABSTRACT . A method  is  described  for  the  efficient  integration  of 
large  stiff  systems  of  ordinary  differential  equations.  The  method  is 
based  on  a predictor-corrector  formulation,  that  uses  a very  accurate 
predictor  and  evaluates  the  Jacobian  in  a non-standard  fashion.  The 
resulting  program  is  compared  with  EPISODE,  a standard  integrator  based 
on  Gear's  stiff  formulas,  for  a number  of  systems  of  ordinary  differen- 
tial equations.  The  results  show  that  the  procedure  is  competitive 
with  EPISODE,  and  is  much  more  efficient  for  some  problems. 

I.  INTRODUCTION.  We  will  consider  the  problem  of  solving  a set 
of  stiff  ordinary  differential  equations  of  the  form 

yk  = Fk^yl’  y2’  k=1,2"’”m  CD 

ykCV  = yko 

By  stiff,  we  mean  that  the  equations  have  widely  different  time  constants, 
several  orders  of  magnitude  apart. 

Standard  numerical  methods  are  constrained  to  a step  size  roughly 
comparable  to  the  smallest  time  constant.  As  a result,  a prohibitive 
number  of  integration  steps  will  be  required  to  solve  the  system.  So 
different  methods  have  been  developed  for  stiff  systems. 


A common  approach  is  the  predictor-corrector  formulation.  We  attempt 
to  predict  y.  at  the  n'th  time  step  using  an  explicit  formula  of  the 
form 


P P 

ykn  - ai  yk(n-i)  + ^ £ ®iyk(n-i)  ’ 

1=1  i=l 

The  predictor  can  be  made  as  accurate  as  necessary,  but  will  not  have 
sufficient  stability.  That  is,  when  a reasonable  step  size  is  used, 
errors  will  grow  and  eventually  become  larger  than  the  real  solution. 


So  an  implicit  corrector  is  used. 


kn 


= F„(y 


kv/ In’  7 2n’ 


We  compute 

O- 


(3) 
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Then 


^kn  ‘ ' '• 


r r P 

> a.v,  . h ) 0.y'  . . + h8  y 

L-k(n-i)  i/k(n-i)  o' k 


P' 

kn 


The  corrector  formula  is  chosen  to  have  adequate  stability. 

F 

We  want  to  find  a final  value  v,  such  that 

■ kn 


r c 

v.  = ) a . 

• kn 


r v F ' 

' a. y.  , + h ) g.y’w  ..  ♦ hS  v. 

l'k(n-i)  r k(n-i)  o' kn 


(4) 


(51 


Simply  iterating  the  corrector  will  not  converge,  unless  the  time  step 

F C 

is  very  small.  But  we  can  approximate  by  a truncated  series 

expansion.  Using  the  notation 


'kn  'kn 


this  results  in  the  equations 


P C 

y , - v, 

kn  • kn 


, P’ 

m 3v. 

J.  c-r 

1=1  3v . 

jn 


(6) 


(71 


So  we  have  a set  of  m linear  equations  in  the  m unknowns  d,  , involv- 

. P*  K 

P C ^^kn 

ing  the  y^,  the  y^,  and  the  Jacobian  elements  — p—  . This  process  is 

called  Newton-Raphson  iteration.  ^-vjn 

Solving  such  a system  involves  approximately  m'Vo  multiplications 
and  divisions.  For  larger  systems  of  equations,  most  of  the  computation 
time  is  involved  in  solving  these  equations.  So  a basic  problem  in 
solving  large  systems  is  obtaining  an  efficient  procedure  for  handling 
these  equations  and  the  corresponding  matrix  of  Jacobian  elements. 


II.  THE  METHOD  OF  GEAR.  The  algorithm  DIFSUB,  by  C.  W.  Gear  (11, 
marks  an  important  advance  in  numerically  solving  stiff  systems.  The 
program  actually  consists  of  two  integrators,  one  for  stiff  problems  and 
one  for  non-stiff  problems. 

The  stiff  integrator  uses  predictors  of  the  form 


•P  = ~ aiyk(n-i)  * h6l  yk(n-l)  P = 1,2 5 

i=l 


ykn 


and  correctors  of  the  form 


(8) 
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The  higher  order  formulas  are  more  accurate,  while  the  lower  order 
formulas  are  more  stable.  The  algorithm  changes  the  order  automatically 
during  the  integration. 

DIFSUB  does  not  reevaluate  the  Jacobian  every  step.  It  first 
attempts  to  find  the  correction  factors  d^  using  the  previous  Jacobian 
values.  If  it  fails  to  obtain  convergence  in  three  Newton-Raphson  itera- 
tions, the  Jacobian  is  reevaluated.  This  can  occur  as  often  as  every 
step  or  only  every  three  or  four  steps,  depending  on  how  rapidly  the 
Jacobian  changes.  For  larger  systems,  this  can  result  in  a substantial 
savings  in  computation  time. 

A number  of  variants  of  DIFSUB  are  now  in  existence.  Most  of  these 
are  available  from  Argonne  Laboratories  upon  request. 

In  particular,  one  version  (EPISODE)  also  varies  the  step  size 
dynamically.  Most  predictor-corrector  formulas  use  fixed  a's  and  0's, 
and  assume  that  all  previous  steps  were  of  the  same  size.  To  change  the 
step  size,  it  is  normally  doubled  or  halved,  using  interpolation  if 
necessary  to  find  the  appropriate  values.  In  EPISODE,  a's  and  0's  can 
be  modified,  and  any  succession  of  step  sizes  can  be  used.  This  is 
especially  important  in  integrating  past  discontinuities,  where  the  step 
size  must  be  drastically  reduced.  This  problem  will  be  discussed  below. 


III.  THE  K- INTEGRATOR.  The  K-integrator,  developed  at  the 
Ballistic  Research  Laboratory,  is  also  a predictor-corrector  method. 
Its  corrector  is  a fixed,  third  order,  three  step  formula 


3 

aiyk(n-i) 


2 

l 

i=l 


^iyk(n-i) 


h0  y. 


P' 
o'  kn 


(10) 


The  exact  formula  was  arrived  at  empirically.  Its  stability  and  accuracy 
characteristics  are  roughly  comparable  to  Gear's  third  order  formula. 


Like  EPISODE,  it  is  a variable  step  size  program.  Unlike  the  Gear 
programs,  the  K-integrator  does  not  vary  the  order  of  the  corrector. 

Our  results  indicate  that  being  able  to  vary  the  order  is  much  less  im- 
portant than  the  method  of  treating  the  Jacobian  and  the  step  size  chang- 
ing algorithm. 

The  main  difference  between  the  K-integrator  and  DIFSUB  is  an  initial 
screening.  Before  generating  the  Jacobian,  we  check  the  agreement  of  the 
predictor  and  corrector  and  the  stiffness  of  each  equation. 
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r,  is  the  inverse  of  the 
k 


More  specifically,  we  let 
time  constant  of  the  equation. 


3yk 

rk  " - ayk 

Then  if 


and 


y^l  < error  bound 


lh  rk(n-l)l  < 


(11) 


(12) 


C F 

we  accept  yRn  as  ykn  . 

For  each  element  that  has  converged,  the  corresponding  row  and 
column  in  the  Jacobian  matrix  can  easily  be  eliminated.  There  are  no 
stability  problems,  since  only  the  non-stiff  elements  are  eliminated. 
The  smaller  matrix  is  solved  explicitly  each  step.  This  can  result  in 
substantial  savings,  depending  on  how  many  elements  can  be  eliminated 
in  the  initial  screening. 


Because  of  this  initial  step,  we  want  our  predictor  to  be  as  accurate 
as  possible.  So  a non-standard  form  for  the  predictor  is  used. 

We  will  write  equations  (1)  in  the  form 


where  f^  and  r^  are  generated  internally  by  the  program,  using  the  rules 

fk  ' yk  " 3yk  yk 

3V 

rk  - - syk  • 

In  general,  fk  and  r^  vary  less  rapidly  than  y^.  (Most  stability 
analyses  assume  these  functions  are  constant.) 


(14) 

(15) 


So  we  first  predict 
step  formulas 


fk  and  r,  , using  the  simple  second  order,  three 


3 


} O'  f|  , • > 

it1  1 k(n-i) 

3 

(16) 

V a r 

1=1  1 k(n-i)- 

(17) 
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jflfrV  m 


. rP  P P 
ykn  59  kn  rkn  ykn 


Substituting  into  the  corrector  (10)  and  solving  for  y^n  results  in 


r r P 

> a.y,  , . . + h V 8 . y'  ..  + h6  f, 

i k(n-i)  >1  rk(n-i)  o kn 


1 + h6^  r, 
o kn 


This  is  our  predictor. 


It  can  be  shown  that  this  is  a third  order  formula.  Under  the  common 
assumption  that  f and  r are  constant,  it  has  the  same  stability  as  the 
corrector. 


IV.  COMPARISON  WITH  EPISODE.  A number  of  comparisons  were  made  on 
a CDC  7600  in  single  precision  between  the  K-integrator  and  EPISODE. 

Five  small  problems  were  chosen  from  a set  proposed  by  Enright,  Hull,  and 
Lindberg  (2).  These  problems,  A4,  B4,  C5,  D6,  and  E5,  in  their  article 
cover  a wide  variety  of  types  ranging  in  sice  from  three  to  ten  ordinary 
differential  equations. 


The  average  of  the  results  is  given  in  Table  1.  While  an  average 
will  obscure  any  problem  dependent  features,  it  does  show  that  the  methods 
are  roughly  comparable.  (Details  will  be  included  in  a future  BRL  report.) 


EPISODE  is  more  efficient  at  a stricter  error  tolerance,  where  more 
steps  are  taken.  The  Jacobian  ages  less  rapidly,  and  so  does  not  need 
to  be  reevaluated  as  often. 


The  K-integrator  is  less  accurate  at  the  stricter  error  tolerance. 

The  program  was  developed  to  deal  with  chemical  kinetics  problems,  where 
appropriate  rate  constants  are  known  only  approximately.  So  the  step  size 
changing  algorithm  was  developed  to  handle  problems  requiring  only  moderate 
accuracy.  At  the  stricter  error  criterion,  where  accuracy  can  be  as  impor- 
tant as  stability,  the  K-integrator  is  overly  optimistic. 


In  general,  the  K-integrator  requires  fewer  steps  than  EPISODE. 

Its  reduced  Jacobian  is  somewhat  more  accurate  than  EPISODE'S  aged  Jacobian. 


The  largest  program  run  is  an  atmospheric  model  of  charge  flow  among 
64  species  under  the  influence  of  a large  electron  flux.  About  500 
reactions  are  involved.  The  details  are  given  by  Heimerl  and  Niles  (3). 

A preprocessor  writes  the  subroutines  for  computing  the  derivatives  an<J 
Jacobian  elements  (4).  Of  practical  interest  is  the  integration  to  10*4 
seconds.  The  results  are  given  in  Table  2. 


r 


Run  Time 

TABLE  1 

Error  Criterion  = 10’2 

No.  of  Steps 

Error  X 102 

K 

.015 

40 

.01 

E 

.022 

49 

. 18 

Error  Criterion  = 10~4 

Run  Time 

No.  of  Steps 

Error  X 104 

K 

.029 

77 

.34 

E 

.048 

100 

.55 

Error  Criterion  = 10'6 

Run  Time 

No.  of  Steps 

Error  X 106 

K 

.076 

206 

4.07 

E 

.091 

212 

.60 

TABLE  2 

Error  Criterion  = 10* 2 
Run  Time No.  of  Steps 


K 

E 


11.749 

14.820 


333 

522 
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The  K- integrator  is  somewhat  faster.  However,  the  programs  actually 
exhibit  quite  different  behaviors.  Table  3 breaks  the  integration  into 

-4  -4  4 

two  parts,  from  0 to  10  seconds  and  from  10  to  10  seconds,  and 
gives  the  corresponding  run  times. 


TABLE  3 

0 - 10~4  sec. IQ'4  - IQ4  sec. 

K 1.6  sec.  10.1  sec. 

E 8.1  sec.  6.7  sec. 


At  the  start,  the  K-integrator  is  much  faster.  Only  a few' of  the 
equations  are  stiff,  and  the  corresponding  reduced  matrices  are  quite 
small. 

Nearer  equilibrium,  most  of  the  equations  are  stiff,  and  the 
K-integrator  is  inverting  much  larger  matrices.  However,  the  Jacobian 
changes  slowly,  and  EPISODE'S  strategy  of  using  an  aged  Jacobian  is 
more  efficient. 

So  the  efficiency  of  the  two  methods  for  large  systems  is  very 
problem  dependent. 

A variable  step  size  program  should  be  able  to  handle  discontinuities. 
So  the  above  problem  was  run  with  a square  wave  driving  function  (Figure  1) . 
The  discontinuties  occur  at  the  powers  of  10. 

4 

The  K-integrator  reached  the  value  of  10  , while  EPISODE  could  not 

get  past  the  discontinuity  at  10  . A comparison  of  the  run  times  is 
given  at  t = S00  seconds  in  Table  4. 


TABLE  4 

t * 500  seconds 

Run  Time No.  of  Steps 


K 28.2  569 

E 61.3  1376 
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Figure  1.  Square  wave  driving  or  source  function;  electron  density 
(cm  ) vs.  log  of  time  (seconds). 


■ 

- 


The  difficulty  occurs  in  the  step  size  changing  algoritha.  EPISODE 
compares  the  original  predictor  with  the  final  accepted  value,  then  uses 
this  value  to  determine  the  size  of  the  next  time  step.  But  at  a dis- 
continuity, an  explicit  predictor  is  very  inaccurate,  and  the  step  size 

3 -12 

is  reduced  drastically.  At  t ■ 10  , the  step  size  becomes  10  But 

on  a CDC  7600  in  single  precision  10*  ♦ 10-1^  « 10*,  and  no  further  progres 
is  possible. 

The  K- integrator  instead  compares  the  corrector  with  the  final  value. 
This  is  less  conservative,  but  normally  creates  no  problems. 

So  the  K-integrator  does  seem  to  be  comparable  to  the  multi-order 
EPISODE  program,  at  least  for  a looser  error  criterion.  It  can  be  more 
efficient,  depending  on  the  problem,  and  is  especially  good  over  dis- 
continuities. 
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NONLINEAR  REALIZATION  THEORY 
R.  E.  Kalman 

Center  for  Mathematical  System  Theory 
University  of  Florida 
Gainesville,  FL  32611 


ABSTRACT.  This  talk  is  intended  to  give  a summary  of  current  results 
and  problems  in  realization  theory,  with  special  attention  to  the  non- 
linear problem.  Since  the  results  of  linear  (finite-dimensional) 
realization  theory  may  be  regarded  as  already  classical  in  1978,  current 
efforts  are  directed  toward  the  understanding  of  nonlinear  realization 
problems,  and  especially  the  development  of  methodology  which  provides 
nontrivial  generalizations  of  the  insights  gained  in  the  linear  case. 
Consequently  the  research  is  heavily  algebraic  in  character.  Most  of 
the  remarks  will  refer  to  work  in  progress  or  published  at  the  Center 
for  Mathematical  System  Theory  in  Gainesville. 


1.  REALIZATION  THEORY  = BASIC  PROBLEM  IN  SYSTEM  THEORY.  It  has 
become  conventional  to  base  the  (rigorous)  mathematical  definition  of  a 
dynamical  system  on  a set  of  equations  involving  internal  variables . 

This  point  of  view  is  usually  (but  not  necessarily  always)  the  most 
efficient  one  also  for  applied  mathematical  work,  such  as  optimization, 
stability  analysis,  etc.  On  the  other  hand,  empirical  data  are  usually 
presented  in  terms  of  an  external  definition  of  a system  (impulse  response, 
transfer  function,  and  other  input /output  relations).  The  connecting 
link  between  these  two  points  of  view  is  technically  known  as  realization 
theory. 

Given  an  internal  description  of  a system,  deducing  its  external 
description  is  a purely  mathematical  (computational)  problem.  The 
converse  is  nontrivial:  given  a system  presented  by  its  external  descrip- 
tion, the  construction  of  its  internal  structure  is  conceptually  the 
same  as  scientific  model  building  from  experimental  data. 


Realization  theory  is  concerned  with  "automating''  this  process;  that 
is,  showing  how  models  can  be  built  from  data  by  means  of  a purely 
mechanical,  deductive  procedure.  To  carry  out  this  program  requires 


FRECEQlMQ  Fi£)B  hi  AKy 


259 


considerable  mathematical  sophistication  and  reveals  questions,  properties, 
and  results  which  are  nonobvious  to  those  who  view  modeling  as  a kind  of 
art  which  should  be  practiced  naively  and  intuitively. 

The  theoretical  framework  which  has  been  developed  for  realization 
theory  can  hardly  be  attacked  on  conceptual  or  scientific  grounds. 

However,  the  question  of  its  effectiveness  is  highly  relevant;  all  depends 
on  the  class  of  systems  for  which  the  abstract  principles  can  be  sharpened 
to  an  explicit  pure-mathematical  theory  and  practical  applied-mathematical 
computational  procedures . 

The  task  of  system  theory  is  simply  to  keep  enlarging  the  class  of 
systems  for  which  something  useful  can  be  said  about  the  realization 
problem. 


2.  LINEAR  REALIZATION  THEORY.  An  important  fact  of  linear  system 
theory  today  (perhaps  the  most  important  from  the  point  of  view  of  the 
conceptually  but  not  mathematically  sophisticated  user)  is  that  there 
is  agreement  on  the  basic  definition.  As  long  as  the  words 

(L)  finite-dimensional,  finitely  many  inputs,  finitely  many 
outputs,  discrete-time,  constant  (time- invariant),  real, 
linear 


are  acceptable  as  attributes  of  the  class  considered,  a small  amount  of 
deductive  axiomatics  will  prove  that  such  systems  Z are  (uniquely) 
described  by  the  equations 


(1)  Vi ' rxt  + nv 

(2)  - nxt, 


where  t is  an  integer  (time),  x,  u,  y are  real,  finite-dimensional 
vectors  (called  state,  input,  output ) , and  F,  G,  H are  matrices  with 
real,  constant  coefficients.  Since  this  description  of  Z is  universally 
adopted  and  unambiguous,  it  is  possible  to  do  mathematics  by  abstractly 
taking  the  triple  of  matrices  Z - (F,  G,  H)  as  the  fundamental  object. 
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remembering  also  the  transformation  law 


(3)  (F,  G,  H)  (TFT-1,  TG,  HT-1) 

under  the  action  of  a basis  change  x hTx  in  the  state  space  X.  [The 
case  of  continuous  time  is  also  explicitly  handled  by  abstractly  viewing 
the  triple  (F,  G,  H)  subject  again  to  (3)  but  now  having  a different 
physical  interpretation  via  the  differential  equation 

(1')  dx/dt  = Fx  + Gu(t).] 

The  above  is  a concise  summary  of  the  internal  definition  of  linear 
systems  possessing  the  attributes  (L).  [For  infinite-dimensional  linear 
systems,  the  question  of  the  appropriate  definition  is  by  no  means 
completely  settled  at  the  present  time.] 

The  external  definition  is  based  on  computing  the  relation  between 
the  time  series  {u^.}  and  (y^)  for  some  fixed  initial  state,  say, 
xq  = 0.  An  elementary  calculation  shows  that 

W Tt-t4oAt-V  Xo‘°’  t-1’  2-  - ’ 

where 

(5)  At  :=  HFt_1G,  t = 1,  2,  ...  . 

If  the  system  £ is  given  via  the  internal  equations  (1-2), 
the  evaluation  of  the  rig]rt-hand  side  of  (5)  is  all  that  is  needed  to 
determine  the  external  description. 

On  the  other  hand,  if  £ is  given  via  its  external  description, 
i.e.,  the  sequence 

(6)  S = (A^,  Ag,  • • • ), 

then  the  realization  problem  amounts  to  finding  matrices  F,  G,  H which 
satisfy  thr  identities  (5)  for  all  positive  integer  values  of  t.  For 
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this  reason,  (s ) is  known  as  the  realization  condition. 

Since  (s)  involves  infinitely  many  conditions,  the  theory  of  the 
realization  problem  for  our  class  (L)  is  nontrivial;  in  fact,  so  much  so, 
that  the  theory  of  relations  (s)  is  actually  more  difficult  in  the  finite 
case  than  in  the  infinite  case  (KAIMAN  [19711). 

The  format  of  condition  ( ) shows  immediately  that  the  realization 
problem  cannot  have  a unique  solution:  for  example,  given  any  triple 
(F,  G,  H)  satisfying  (R ) for  a given  sequence  S,  we  may  enlarge  each 
of  these  matrices  arbitrarily  without  violating  the  realization  condition 
by  introducing  zeroes  as  new  entries.  [Mathematical  intuition  suggests  that 
padding  a given  realization  by  zeroes  is  not  essential;  other  numbers 
could  also  be  used,  with  some  precautions.! 

To  evolve  a viable  theory,  it  is  necessary  to  attach  a realization 
(F,  G,  H)  to  the  data  S in  some  natural  way.  By  a structural  analysis 
of  the  system  E we  see  that  we  can  only  hope  to  do  so  if  the  realization 
has  the  properties  of  "completely  reachable  (completely  controllable! 
and  completely  observable";  this  was  shown  in  the  first  rigorous  paper 
in  realization  theory  (KALMAN  [19625).  It  follows,  furthermore,  that 
any  realization  K can  be  "reduced"  to  such  (smaller)  system  >'  without 

A 

affecting  its  input  output  properties,  i.e.,  the  fact  that  K is  a 
realization.  Hie  Uniqueness  Theorem  for  Canonical  Realizations  (found 
in  19o2,  see  [ KAIA1AN,  FAI.B,  and  ARBIB,  19o9,  Chapter  10,  Appendix  10. c ) 
then  states  that  all  realizations  which  are  simultaneously  completely 

reachable  and  completely  observable  are  a single  isomorphism  class 

that  is,  this  condition  guarantees  that  the  realization  is  naturally 
associated  with  the  data. 

An  algebraic  analysis  of  the  preceding  results  shows  that 

completely  reachable  ' surjection 
completely  observable  ' injection 

and  that  the  realization  problem  is  abstractly  equivalent  to  the  canonical 
factorization  of  a vector-space  (or  R[z-module)  homomorphism.  Consequently 
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we  are  justified  in  using  the  technical  algebraic  term  "canonical"  for 
such  realizations  which  uniquely  correspond  to  the  data. 

A further  analysis  of  the  abstract  algebraic  setting  shows  that  the 
results  concerning  canonical  realizations  are  valid  in  the  most  abstract 
category-theoretical  setting.  See  KAI14AN  r 19761.  Consequently  the 
problem  of  realization  reduces  to  a technical  mathematical  problem, 
requiring,  for  example,  the  discovery  of  appropriate  explicit  conditions 
corresponding  to  "canonical". 

UNIQUENESS  THEOREM  FOR  CANONICAL  REALIZATIONS  OF  POLYNOMIAL  SYSTEMS . 
The  first  nonlinear  case  for  which  the  uniqueness  theorem  holds  under  ai 
explicitly  known  condition  for  "canonical"  was  discovered  by  SONTAG  and 
ROUCHALEAU  [1976"'.  They  consider  the  class  of  systems  characterized  by 

(P)  finite-dimensional,  finitely  many  inputs,  finitely  many 
outputs,  discrete-time,  constant  (time-invariant),  real, 
polynomial 

which  is  the  same  as  the  class  (L)  except  that  "linear"  has  been  replaced 
by  "polynomial".  Evidently  this  is  in  some  sense  the  simplest  class  of 
algebraically  definable  nonlinear  systems.  In  terms  of  equations,  the 
internal  description  of  such  a system  is  given  by 

(6)  xt|L  = f(xt,  ut). 

(7)  yt  --  h(xt). 

Here  f and  h are  polynomials;  otherwise  the  system  interpretation  of 
these  equations  is  the  same  as  for  (1-2). 

The  appropriate  definition  of  "canonical"  Tor  which  the  uniqueness 
theorem  holds  is  then 

(8)  canonical  :=  quasi -reachable  + algebraically  observable. 

By  "quasi-reachable"  we  mean  that  the  (Zariski)  closure  of  all  reachable 
states  is  the  whole  state  space  X.  By  "algebraically  observable"  we 


mean  that  the  initial  state  can  be  recovered  from  finitely  many  output 
values  by  substituting  these  values  into  an  exDlicit  formula  (evaluating 
a polynomial). 

The  theorem  of  SONTAG  and  ROUCHALEAU,  while  very  important  as  a 
fundamental  (first)  result  in  nonlinear  realization  theory,  is  basically 
not  a new  result  of  pure  mathematics.  Rather,  it  is  a sophisticated 
translation  of  the  same  theorem  specialized  to  the  linear  case  over  to  a 
nonlinear  problem.  This  translation  is  achieved  by  defining  certain 
abstract  dual  systems,  using  the  classical  algebraic- geometric  idea  of 
studying  a variety  (algebraic  set)  via  the  polynomial  functions  (coordinate 
ring)  defined  on  it.  Such  a procedure  yields  an  (abstract,  nonphysical) 
linear  system,  for  which  the  definition  of  "canonical"  and  the  uniqueness 
theorem  are  classical;  by  backtranslating  these  notions  via  duality  to 
the  original  nonlinear  setting  leads  to  definition  (R)  as  well  as  to  the 
uniqueness  theorem  for  polynomial  systems. 

No  cases  are  known  at  present  where  a uniqueness  theorem  for  canonical 
realizations  has  been  established  without  explicit  reference  to  the 
abstract  technique  which  proved  the  corresponding  result  in  the  classical 
linear  case. 

The  setup  used  by  SONTAG  and  ROUCHALFAU  may  be  imitated,  for  category- 
theoretic  reasons,  in  the  infinite-dimensional  linear  case.  See  the 
dissertation  YAMAMOTO  [ lqvPl . 

h.  CONCRETE  REALIZATION  THEORY  (LINEAR  CASE).  The  main  pure- 
mathematical  problem  of  linear  realization  theory  is  essentially  to  give 
an  explicit  finiteness  condition  for  the  existence  of  a finite-dimensional 
realization;  the  main  applied-mathematical  problem  is  to  provide  an 
algorithm  for  the  construction  of  a canonical  realization. 

Both  problems  are  simultaneously  solved  in  the  linear  case  by  the 
celebrated  Hankel  construction.  Define  the  behavior  (or  Hankel ) matrix 
Bc  corresponding  to  the  external  description  S (of  Z)  by 

D 
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(9)  Bs 


Then  we  have  the  theorem: 

(10)  dim  ECan(s)  = rank  Bg. 

As  a nontrivial  consequence  of  this  basic  result,  the  applied  mathematical 
problem  of  actually  calculating  the  rank  of  B contains  in  it  some 

O 

partial  results  which,  with  suitable  editing  and  data  rearrangement, 
practically  amount  to  the  computation  of  the  canonical  realization.  Thus, 
at  least  in  the  linear  case,  there  is  an  intimate  connection  between 
determining  if  a finite-dimensional  realization  exists  at  all  and  then 
finding  the  canonical  realization. 

The  proof  of  (10)  is  abstractly  exceedingly  simple.  We  define  the 
state  space  Xg  of  the  desired  (canonical)  realization  of  S by  setting 

(11)  X :=  vector  space  spanned  by  the  (infinite)  columns  of  B . 

o S 

This  definition  is  useful  only  if  rank  B is  finite;  it  has  then 

S 

the  peculiarity  that  X , a finite-dimensional  space,  is  generated  by 

O 

vectors  taken  from  an  infinite  dimensional  space. 

This  definition  is  intrinsic;  it  depends  only  on  B , hence  on  S; 

b 

that  is,  X is  abstractly  a function  of  the  data  S.  That  this  state 
b 

space  actually  works  is  proved  by  explicitly  constructing  (F  , G , H ) 

o o b> 

from  B and  then  showing  that  these  matrices  satisfy  the  realization 

b 

condition  (5)-  That  this  can  be  done  is  a consequence  of  the  "Hankel 
geometry"  of  Bg.  In  other  words,  the  main  idea  of  the  proof  is  that 
the  data  S has  much  nicer  properties  if  it  is  arranged  in  the  Hankel 
pattern  of  an  (infinite)  rectangular  matrix  than  viewed  merely  as  an 
infinite  sequence  (A^,  A0,  ...). 
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It  is  not  well  known,  but  easily  seen,  that  the  entire  construction 
of  a canonical  realization  just  described  "dualizes"  when  we  replace 

(11)  by 

(ll1)  X vector  space  spanned  by  the  (infinite)  rows  of  B . 

S b 

This  second  construction  may  be  generalized  more  easily  in  the  non- 
linear case. 

5.  BILINEAR  RESPONSE  FUNCTIONS.  The  actual  construction  of  a 
realization  in  the  nonlinear  case  depends  on  the  ability  to  imitate  the 
Hankel  construction,  which  works  so  easily  in  the  linear  case. 

We  owe  to  FLIESS  [197^+1  the  remarkably  surprising  discovery  that  the 
concept  of  the  Hankel  matrix  is  totally  independent  from  linearity  and 
can  be  applied  to  power  series  in  finitely  many  (even  noncommutative) 
variables.  This  is  due  to  the  fact  that  the  basic  definition  due  to 
Hankel  that 

(12)  (BsV,v  :=  f(nov) 

can  be  made  whenever  the  abstract  quantities  u,  v form  a (multiplicative, 
but  not  necessarily  commutative)  semigroup;  in  the  system- theoretic 
context  this  works  because  the  right-hand  side  of  (12)  is  the  value  of 
the  response  map  of  the  system  under  the  inputs  P and  V and  these 
inputs  form  the  desired  semigroup  under  the  usual  operation  of 
concatenation. 

This  so  called  "concatenative"  definition  of  the  generalized  Hankel 
matrix  was  given  a thorough  theoretical  study  in  the  dissertation  of 
SONTAG  [1976].  It  turns  out  that  the  rank  of  the  (generalized)  Hankel 
matrix  is  still  a decisive  finiteness  condition.  It  is  seen  also,  at 
least  in  some  examples,  that  the  matrix  so  defined  is  a very  inefficient 
method  of  displaying  the  information  relevant  to  realization  theory, 
since  the  rank  is  already  determined  by  a very  small  (but  information- 
carrying) submatrix. 
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What  the  most  economical  and  pure  mathematically  sharpest  definition 
of  the  behavior  matrix  is  must  be  considered  an  unsolved  problem  at  the 
present  time;  at  any  rate,  there  are  many  alternatives. 

6.  BILINEAR  RESPONSE  FUNCTIONS.  The  first  nonlinear  class  for  which 
a complete  realization  theory  is  available  is  that  given  by  bilinear 
response  functions.  See  KAIMAN  [19791-  This  is  an  external  description 
of  the  system;  the  observed  output  values  are  bilinear  functions  of  the 
inputs  in  two  distinct  channels. 

For  this  class  it  is  possible  to  define  a behavior  matrix  which  uses 
the  convolution  multiplication  (rather  than  concatenation)  to  arrive 
at  a Hankel-like  definition.  (The  details  are  too  complicated  to  be 
given  here.)  It  should  be  noted,  however,  that  the  rigid  Hankel  definition 
cannot  be  used  for  otherwise  the  behavior  matrix  will  have  infinite  rank; 
the  correct  behavior  matrix  replaces  the  elements  defined  by  the  Hankel 
rule  in  certain  parts  of  the  matrix  simply  be  zeroes.  In  this  semi- 
arbitrary  way,  the  fundamental  property: 

finite-rank  behavior  matrix  ~ finite  realizability 

is  preserved  but  at  the  expense  of  an  ad-hoc  definition  of  the  behavior 
matrix.  A deeper  understanding  of  the  questions  is  evidently  lacking 
at  the  present  time. 

7.  FEARIMAN's  THEOREM.  While  the  question  of  the  sharpest  possible 
generalization  of  the  behavior  matrix  to  the  nonlinear  case  is  still 
shrouded  in  confusion,  a very  interesting  algebraic  result  was  discovered 
in  the  dissertation  of  PEARIWAN  [ 19761 . 

This  result  is  concerned  with  giving  an  explicit  algebraic  criterion 
for  quasi-reachability  (necessary  and  sufficient).  The  corresponding 
criterion  in  the  linear  case  was  the  result  from  which  all  of  (linear) 
realization  theory  has  developed,  which  certainly  suggests  that  PEARIMAN's 
criterion  should  be  of  basic  interest  for  nonlinear  realization  theory. 

The  criterion  is  restricted  to  systems  relevant  to  the  realization  of 
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bilinear  response  functions;  what  is  very  surprising,  however,  is  that 
the  criterion  is  expressed  via  the  classical  reachability  rank  condition 
for  linear  systems. 


L. 


The  statement  of  the  theorem  (for  complete  definitions,  please  refer 
to  FEARIJWN  ! 1976] ) is  the  following: 

Let  Z be  a nonlinear  system  realizing  a bilinear  response  function. 
Let  Lr  be  a linear  system  constructed  from  the  information  defining  Z. 

Then 


Z -=  quasi- reachable  iff  Lv  reachable. 

The  phrase  "constructed  from  information  defining  Z"  means  that  the 
nonlinear  system  Z is  defined  via  a collection  of  matrices  (.iust  like 
any  linear  s',  -tern),  these  matrices  are  then  algebraically  combined  (via 
tensor  products,  etc.)  to  form  the  two  matrices  F and  GT  required 
for  subs'!  itution  into  the  linear  reachability  criterion. 

The  necessity  of  the  criterion  is  trivial,  but  the  proof  of  sufficiency 
requires  very  lengthy  direct  constructions . 

The  theorem  is  remarkable  in  that  a nonlinear  problem  is  abstractly 
reduced  to  the  solution  of  a linear  problem,  without  this  reduction  in 
any  way  corresponding  to  classical  mathematical  ideas  such  as  local 
linearization. 
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THE  RADIATION  PATTERN  OF  A DIELECTRIC  ANTENNA  - AN 
ASYMPTOTIC  APPROACH 

Walter  Pressman 

US  Army  Communications  Research  and  Development  Command 
Fort  Monmouth,  New  Jersey 

ABSTRACT 

It  is  possible  to  represent  the  field  radiated  by  a dielectric  antenna 
as  a complicated  one  dimensional  integral  with  highly  oscillatory 
integrand  dependent  upon  several  parameters.  By  suitable  transformation, 
dependence  of  the  integral  on  one  large  parameter  can  be  accomplished. 
Then  by  using  asymptotic  techniques  the  integral  can  be  approximated. 

This  is  done  for  the  TE  Mode  of  operation.  Although  not  done  here, 
the  TM-mode  can  be  analyzed  in  exactly  the  same  way.  The  approximations 
obtained  are  useful  both  for  qualitative  and  numerical  analysis  of  the 
antenna  pattern. 
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PRECEDING  FAGS  bU.iNK 


- 


1.  INTRODUCTION 


The  Army  is  developing  compact  low-cost  mm-wave  transceivers  for 
high  data-rate  communication  at  command  posts.  One  approach  emphasizes 
image  and  insular  line  technology.  Dielectric  antennas  are  directly 
compatible  with  these  dielectric  waveguide  technologies  and  consequently 
are  likely  to  lead  to  cost-effective  designs.  These  antennas  are  made  of 
non-metallic  material  and  may  take  the  form  of  a slender  cone  or  pyramid. 
The  theory  of  such  structures  is  mathematically  difficult.  As  a first 
step,  an  approximate  theory  (using  a so  called  Local-mode  approach)  has 
been  developed  by  the  Antenna  Team  of  Comm/ADP  Laboratory  for  the  two- 
dimensional  problem  of  a wedge.  The  radiation  pattern  and  directivity 
gain,  which  are  extremely  difficult  to  evaluate,  lend  themselves  to 
asymptotic  solution.  It  is  proposed  to  determine  an  asymptotic  method 
for  evaluating  the  radiation  pattern  integrals  in  closed  form;  this  will 
permit  the  pattern  dependence  on  relevant  engineering  parameters  to  be 
established  explicitly. 

The  relevant  field  integrals  will  be  transformed  so  that  their 
dependence  on  a large  parameter  becomes  evident.  The  intrinsic 
characteristics  of  the  oscillations  (stationary  points,  coalescence, 
end-point  behavior)  will  then  be  studied  so  that  suitable,  asymptotic 
techniques  can  be  applied  to  determine  the  radiated  field  pattern. 

The  general  methodology  will  enable  the  engineer  to  calculate  the 
antenna  pattern  as  a function  of  the  important  engineering  variables. 

By  varying  the  parameters  of  the  analytic  representation  a simple  method 
is  obtained  for  approximating  the  desired  antenna  pattern,  thereby 
minimizing  the  need  for  an  extensive  field  measurement  program  to 
determine  the  optimum  antenna  characteristics. 

In  section  two  we  formulate  the  problem  mathematically  and  give  the 
relationship  of  the  pertinent  parameters.  In  section  three  we  perform  a 
detailed  analysis  for  the  transverse  electric  (TE)  mode  of  polarization. 
The  critical  points  of  the  integrand  are  determined  and  then  the 
appropriate  asymptotic  techniques  are  used  to  approximate  the  radiation 
pattern  integral.  In  section  four  we  make  some  brief  comments  on  the 
physical  behavior  of  the  antenna  and  the  transverse  magnetic  (TM)  case 
of  antenna  polarization. 

2.  FORMULATION  OF  PROBLEM 


We  consider  a dielectric  antenna  in  the  shape  of  a three-dimensional 
wedge  whose  cross-section  in  the  (X  Y)  plane  is  constant  with  respect 
to  Z.  Thus  we  will  consider  a two-dimensional  problem.  Figure  1 
shows  the  antenna  which  extends  in  the  X-direction  from  zero  to  L.  The 
transmission  line  feeding  the  antenna  lies  beyond  L.  The  variable 
antenna  cross-section  is  designated  by  6(x)  and  $ is  the  angle  at  which 
energy  is  radiated  from  the  antenna,  measured  with  respect  to  the  antenna 
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axis.  We  will  consider  one  mod#  of  operation:  TE  polarization.  There  are  four 
variable  parameters:  a, 6, 6 and  t whose  relationships  follow.  The  parameters  a 
and  6 are  are  related  by 

6 = (n2_  a2)l/2  - > 


o,B 


0. 


(2.1) 


Here  a and  6 are  the  normalized  propagation  constants  inside  the  wave  guide 
in  the  X and  Y directions  respectively,  and  n is  the  constant  index  of 
refraction 


n^  = 12. 

The  phase  is  defined  by 

t(x,i}>)  = XCOSlfi  + 


aU)d5  . 


(2.2) 


(2.3) 


The  parameters  6 and  6 are  related,  for  TE  polarization,  by  the  equation 


tan(B6)  = {(n2-l) 


6Z 


- 1) 


1/2 


6 = 0. 


(2.1) 


We  now  introduce  the  dependence  of  the  parameters  on  x by  letting  the 
propagation  constant  in  the  x direction,  vary  linearly  with  x, 

a (x)  = 1 + (a  - l)r  , 0 = x - L.  (2.5) 

■U 

In  (2.5)  dielectric  material  properties  determine  the  value  of  the  constant 

a = o(L)  = 2.89  . (2.6) 

By  using  (2.5)  in  (2.1)  and  (2,4)  the  parameters  6 and  6 are  also  defined 
uniquely  in  terms  of  x.  The  dependence  on  x can  be  specified  in  ways  other 
than  by  (2.5),  for  example  by  letting  3 = 6x/L  . We  will  not  consider 

these  various  possibilities  here. 

F.  Schwering,  using  a local  made  theory  [l],  has  obtained  a closed  form 
integral  expression  for  the  antenna  radiation  strength.  In  this  expression 
the  integrand  is  highly  oscillatory,  making  quadrature  difficult  and  expensive. 
His  eauation  is 

rh 


QaU)  = c 


’L, 

q q?exp(-iTx)dx  . 

J0 


Here  the  constant 
c = 


n2(n2  - l)  ,ot(l  + 6/a2  - l).l/2 

2/Iir  (Z 2 _ n \1//2 


(2.7) 


(2.8) 


1) 


and 


(a 


_1,i2  - 1)1/2[1  + 6 (a2  - l)1/2r1}1/2 


sin[  ( B + sinift  )6  ] sin[(B  - sin4>)6] 
6 + sinifi  6 - sin4> 


(2.9) 

(2.10) 
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In  section  three  we  will  approximate  (2.7)  for  long  slender  antennas, 
(i.e.  L >>  1;  S/L  <<  1) 


using  asymptotic  techniques  to  obtain  a simplified  analytic  expression  in  the 
engineering  variables.  This  expression  is  easily  amenable  to  numerical 
calculation  and  at  the  same  time  exhibits  the  dependence  of  the  antenna  pattern  or. 
the  physical  variables.  In  (2.7)  the  functions  q and  q vary  slowly  throughout 
the  region  of  intergration.  However,  the  exponential  varies  rapidly  because  of  the 
large  parameter  L. Hence  (2.7)  is  an  intergral  with  a highly  oscillatory  integrand. 
Tnerefore  cancellation  will  occur  in  the  integration  process  except  in  the  neighbor- 
hood of  special  points  - the  stationary  points  and  the  end  points  of  intergration. 

It  is  the  contributions  from  the  neighborhoods  of  these  critical  points  which 
determine  the  value  of  the  integral. 

3.  ASYMPTOTIC  ANALYSIS  - TE  POLARIZATION 

Our  first  step  is  to  examine  the  range  and  variation  of  the  parameters  of  the 
problem  as  x increases  from  zero  to  L.  We  see  from  (2.5)  that  a will  increase 
monotonicallv  from  one  to  a.  Consequently  from  (2.1)  8 will  decrease  monotonically 

from  /lT  to  6 =(  12  - a2)  . Then  from  (2.1+)  it  follows  that  6 will  increase 

monotonically  from  zero  to  a finite  value  , $,  since  8 occurs  in  the  denominator  of 
this  expression.  We  will  require  in  our  analysis  a more  detailed  behavior  of  6 as 
x approaches  zero.  From  (2.1)  and  (2.1+) 

6 = j arctan{-  ^ 1)1^. 

Then  use  (2.5).  As  x -*•  0 one  sees  that 

6 - (o  + l)1,2[(a  - 1)  £]1/2/82  . 

Finally  the  above  becomes 


As  x + 0; 


a -*■  1 

6 /IT 

6 2 (2[a  - l]}1/2(|-)l/2/ll  - 0. 


Inserting  (2.5)  into  (2.3)  and  integrating  gives 
t 3 - LH(s)  , 

where 

H(s)  3 a ^ s2  + (1  - cos  $ ) s - (^-j  — ) , 

and 

s = x/L  , 0 = s = 1. 


(3.1) 


(3.2) 

(3.3) 
(3.1+) 


Inserting  (3.2)  into  (2.7)  and  making  the  change  of  variables  of  integration 
given  by  (3.1+)  we  obtain 

Qa  = LC  | q1q2exp{iLH}ds 


(3.5) 
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From  (3.3) 

H'(s)  = (a  - l)s  + (1  - cos$ ) , 

H"(s ) = (a  - 1)  > 0 . 

From  (3.6)  we  have  two  cases  - 
Case  1 


0 = 


i £ 

IT 


(3.6) 

(3,7. 


If  $ = 0 and  s = 0 then  H'(0)  = 0.  Thus  there  is  a stationary  point  at 
the  zero  endpoint  of  integration  for  forward  end-on  radiation. 

Case  2 : If  $ 4 0 then  H' (s)  4 0 for  all  x.  Ho  stationary  point  occurs  in  the 
region  of  integration  for  all  tnese  radiation  directions.  For  L much 
greater  than  one  noth  cases  can  be  handled  asymtoticallv  by  the  following 
theorem,  as  presented  by  Erdelyi  [2]. 

THEOREM : For 


g( s )exp{ iLH ( s ) } ( s - a)A_1(b 


vll-1  , 

s ) ds 


= B (L)  - A (L)  , 

H n 


0 < x,u  = 1;  g(s)  £ CN[a,bJ  , 

H(s)  is  differentiable,  and 

H'(s)  = (s  - a)P_1(b  - s)0_1H1(s);  p,o  = 

H,  (s)  > 0 and  CCK[a,b],  then 


(3.: 


(3.9) 


VL) 

= - "ll  K(n)(0)  „,n  + X,  .fTTi(n  + X)^-'  2 

D="  n ! p F(  p )eX?L  2p  ]- 

-) 

exp[ iLH(a) ] 

(3.10) 

UP  = H(s)  - H( a) 

(3.11) 

gAe)  = g(s)(s  - a)>'~1(b  - s)u~* 

(3.12) 

K(U)  = gl(s)U1_A  , 

(3.13) 

and  a similar 

expression  for  Bn(L). 

The  above  formulas  handle  not  only  simple  end-point  and  stationary  point 
contributions  to  the  value  of  the  integral  but  also  include  integrable 
algebraic  singularities  at  the  end  points  (0  < X,u  < 1)  and  stationary 

points  of  higher  order  (p,a  > l)  . 

In  both  cases  we  will  omit  the  contribution  from  the  upper  endpoint,  s = 1, 
as  this  will  cancel  with  the  contribution  from  the  transmission  line.  We  will 
now  consider  the  two  cases  separately. 
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Case  1:  Stationary 

Endpoint 

Since 

we  have  from  (3.3) 

<t>  • 0 

and  (3.6) 

(3.14) 

H(s)  = 

S2.  liili  . H(0)  . _ <5*  1)  , 

(3.15) 

H * ( 3 ) = 

(o  - 1 ) s , H’(o)  . 

(3.16) 

Applying  (3-9)  and 

(3.11)  to  (3.15)  - (3.16)  gives 

p = 2 0 = 1 

(3.17) 

U2  = (“  - 1}  s2  . 

(3.18) 

Therefore 

• - ‘rh’1'2” 

(3.19) 

as  , 2 .1/2 

dU  ~ 5-1' 

(3.20) 

Since  we  are  determining  the  contribution  to  the  integral  in  the  neighborhood 
of  s = 0 we  shall  keep  the  firstterm  of  the  product  q^q^  expanded  in  powers  of  s. 

Applying  (3.1)  and  (3.4)  to  (2.5),  (2.9),  and  (2.10)  we  obtain  as  s -*■  0 


q2  = { 2(a  - 1)}1A  = (2(a  - l)}lAs1/U 


For  - 0 


q = -T-  sin(eS)  = 26  , 

z eV2 

2J  , ,1/2  1/2 

q2  = -jj-  (a  - 1)  s' 


Therefore  to  the  smallest  power  in  s 

qi,2  » - !)3A  ,3A/u 


Inserting  (3.23)  into  (3-5)  gives 

Qa ( 4>=0 ) = 27/U(a  - 1)3/1*(11)-1CLR  . 

We  write  R in  a special  form  for  the  application  of  the  theorem  as  follows: 


(3.21) 


(3-22) 


(3.23) 


(3.2U) 


R * 


s+1exp{iLH)s  ^^ds 


0+ 


Comparing  (3.25)  with  (3.8)  and  (3.12)  we  see  that 

3/4 

qx  - s 

X = 3/4,  v = 1 . 


(3-25) 

(3.26) 

(3.27) 
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Inserting  (3.26),  (3.27),  and  (3.20)  in  (3.13)  gives 

K(U)  = s3/V/\-i_)1/2  • 

a - 1 

Substituting  (3.19)  into  the  above  and  simplifying  yields 

K(U)  = (=-^-)T/8U  , K(0)  = 0 . (3.28) 

a - l 

Then 

K'(0)  = (r-^)T/6  (3.29) 

a - 1 

K(n/(0)  = 0 , n = 2,3," * ‘ • (3.30) 


Inserting  (3.28)  - (3.30),  (3.17),  (3.27),  and  (3.15)  into  (3-10)  yields  the 
(n  = 1)  term,  all  other  terms  being  zero, 


R = 


r(7/8)  m exp(i[^~  - 


21/8(a  - 1) 


Then  from  (3.21+)  and  (3.31) 


QaU  » 0)  * 


2I3/6cril/8)_  „p(117l  . (L*li)Lj)Il/8 


dl)(o  - 1) 


375 


(3.31) 


(3.32) 


In  the  above  T is  the  standard  Gamma  function  and  C is  the  constant  given 
by  (2.8).  It  is  the  formula  we  have  been  seeking.  Note  that 

Qa(*  = 0)  = 0(L1/6)  . (3.33) 


Thus  as  the  length  of  the  antenna  increases  without  limit,  the  the  energy 
radiated  in  the  forward  direction  of  the  antenna  axis  also  increases  without 
limit . 


Case  2:  Nonstationary  Endpoint 
Here 


0 . 

(3. 31*) 

Then  H(s) 

and  H’ (s) 

are  given  by  (3.3)  and  (3.6)  respectively.  Using  these 

equations 

in  (3.9) 

and  (3.11)  we  obtain 

P = 

1,  a = 1, 

(3.35) 

U’ 

H H ( s ) 

- H(0)  = (ot  ~ 1)  s2  + (1  - cos$)s 

(3.36) 

Then 

dU 

ds 

= (a  - l)s  + (1  - cos$)  . 

(3.37) 

As  s approaches  one  the  approximation  of  <1^2  unaf'fec'tet*  by  the  value 
of  <f>.  This  is  so  since  q^  does  not  depend  on  $ and  - 26,  as  can  be  seen 
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from  (2.9),  (2.10),  and  (3.1). 

Therefore  the  equations  (3.21)  thru  (3.27)  remain  equally  valid  for  the  case 
4>  t 0,  where  however  H(s)  is  given  by  (3.3).  Thus  we  can  substitute  (3.26), 
(3-36),  (3.27)  and  (3.37)  into  (3.13)  obtaining 


K(U)  = 


s[  — -g--1-  S + (1  - COS<(>)  ]lA 

(a  - l)s  + 1 - cosifc 


(3.36) 


We  need  to  calculate  the  first  r.on-zero  value  of  K^n^(0).  Using  (3.36)  it 
follows  that  U and  s are  simultaneously  zero.  Therefore  from  (3.38) 


;3.39) 


Since 


KU)(0)  - dK/  dU 

K {0)  ds/  ds  s = 0 * 


we  differentiate  (3.38)  with  respect  to  s,  divide  by  (3.37)  and  set  s = 0. 
We  obtain  after  simplification 

K^(0)  = (1  - cos<f>r7/A. 


(3.1*0) 


All  the  requisite  quantities  have  now  been  computed. 

We  substitute  (3.35),  (3.27),  (3.3),  (3.39),  and  (3.40)  into  (3.10)  obtaining 
to  the  highest  order  in  L 


RU  / 0)  2 -Ajj  = 


r(7/U)exp{i[p-  - ^ g-  L]}L'7A 


COSlJl) 


(3.1*1) 


Substituting  (3.4l)  into  (3.24)  gives 


QU  * 0) 


27A(5  - l)3ACr(7/4)exp{i[^ 
(ll)(l  - cos4>)^ 


(a  + 1) 


(3.42) 


This  is  the  asymptotic  expression  we  have  been  seeking.  Note  that 


QaU  /0)  = 


cos<J>) 


o(l"3A)  . 


(3.43) 


Therefore  as  the  length  of  the  antenna  increases,  the  radiation  energy  in 
all  but  the  forward  direction  becomes  vanishingly  small.  V/e  also  note  that 


as  <p  approaches  zero  the  asymptotic  approximation  (3.43)  becomes 
infinite.  Therefore,  considered  as  a function  of  <p,  it  does  not 
transform  continuously  into  the  asymptotic  approximation  (3.33). 

This  is  an  asymptotic  anomaly,  or  mathematical  defect  of  the 
approximation  method  we  have  used,  since  the  original  integral  (2.7), 
depends  continuously  on  $.  A next  step  would  be  to  determine  a 
single  asymptotic  approximation  valid  uniformly  with  aspect  to 
radiation  direction. 

4 . FINAL  COMMENTS 


We  wish  to  make  two  brief  comments.  On  the  basis  of  the  foregoing 
analysis  it  is  clear  that  as  the  length  of  the  antenna  increases  the 
radiation  pattern  will  become  more  highly  directional.  The  field 
values  can  be  calculated  from  (3.32)  and  (3.42)  once  the  parameters 
a and  L have  been  specified.  Secondly,  an  exactly  analogous  analysis 
can  be  performed  when  the  antenna  is  operated  in  the  TM  (transverse 
magnetic)  polarization  mode.  We  do  not  perform  this  analysis  here  in 
order  to  keep  the  presentation  relatively  uncluttered  and  because  no 
new  mathematics  is  introduced. 
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THE  INTEGRAL  EQUATION  OF  IMAGE  RECONSTRUCTION 
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ABSTRACT.  The  important  problem  of  reconstructing  three-dimensional  images 
from  one-  and  two-dimensional  data  leads  to  an  integral  equation  of  Abel  type. 
Some  theoretical  and  practical  aspects  of  the  solution  of  this  equation  are 
discussed. 

I.  IMAGE  RECONSTRUCTION.  The  general  problem  of  determination  of  the 
internal  structure  of  a system  from  external  observations  arises  in  many  practi- 
cal situations.  For  example,  the  strength  of  a material  or  a welded  joint 
depends  to  some  extent  on  the  distribution  of  included  particles  or  voids  in 
size  and  number.  Traditional  methods  of  investigation  include  polishing  the 
face  of  a slice  of  the  material  for  microscopic  examination,  or  the  use  of  X-ray 
photographs  to  arrive  at  an  estimate  of  the  distribution  parameters.  This  deter- 
mination of  three-dimensional  structure  from  two-  or  one-dimensional  sections  or 
projections  is  the  core  topic  of  the  subject  of  stereology  [10]  (which  also  deals 
with  the  reconstruction  of  two-dimensional  images  from  one-dimensional  data) . 
There  are  a number  of  important  subfields  of  stereology,  such  as  seismology  [4] , 
which  is  concerned  with  the  deduction  of  the  internal  structure  of  the  earth  from 
measurements  made  at  the  surface  of  pressure  and  shear  waves  generated  by  earth- 
quakes or  explosions,  and  tomography  [9],  which  deals  with  the  location  of  tumors 
in  soft  tissues  of  the  human  body  by  X-ray  or  microwave  scanning. 

Anderssen  [2]  lists  a large  number  of  stereological  and  other  problems  which 
lead  to  an  integral  equation  of  the  form 


/ MyjXMx1’  - yP)  “ufxjax  = s (y)  , 0 < a < 1 , p > 0 , (1) 

y 

where  s(y)  is  given  for  y > 0 and  u(x)  is  to  be  determined.  The  kernel 
k(y,x)  of  the  integral  equation  is  assumed  to  be  known  and  continuous;  in  most 
applications  it  is  separable,  that  is 

k(y,x)  = k1(y)k2(x),  0 < y < x . (2) 

In  the  technical  terminology  of  the  theory  of  integral  equations,  (1)  is  called 
a Volterra  integral  equation  of  first  kind  with  weakly  singular  kernel;  more 
specifically,  for  k(y,y)  ^ 0,  it  is  called  an  Abel-type  integral  equation  of 
first  kind  after  the  Norwegian  mathematician  who  derived  and  solved  a special 
case  in  connection  with  a mechanical  problem  more  than  150  years  ago  [1],  Abel's 
problem  will  be  discussed  here  in  sections  IV  and  V.  Because  of  its  importance 
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in  stereology,  the  integral  equation  (1)  with  kernel  (2)  will  also  be  referred 
to  as  the  integral  equation  of  image  reconstruction.  Much  use  is  made  in  what 
follows  of  the  report  by  Anderssen  [2],  which  also  gives  an  extensive  bibliog- 
raphy of  works  dealing  with  the  theory  and  applications  of  this  equation;  only 
a few  key  and  additional  references  will  be  cited  here. 

II.  THE  RANDOM  SPHERES  PROBLEM.  Suppose  one  has  a region  in  which  spheri- 
cal (or  approximately  spherical)  particles  are  distributed  at  random.  As 
examples,  one  can  think  of  carbon  particles  in  steel,  or  holes  in  Swiss  cheese. 

A slice  of  such  a material  will  show  a random  pattern  of  circles  corresponding 
to  the  spheres  cut  by  the  sectioning  plane  (see  Figure  ]).  The  radii  of  the 
circles  will  vary  due  to  the  fact  that  the  spheres  are  of  different  sizes,  and 
are  generally  cut  at  some  latitude  other  than  their  equator.  If  m is  the 


Figure  1.  The  Random  Spheres  Model. 

average  radius  of  the  spheres  and  s (y)  is  the  density  function  of  the  distri- 
bution of  radii  of  circles,  then  the  unknown  density  function  u(x)  of  the 
radii  of  the  spheres  is  given  by  the  integral  equation  of  image  reconstruction 
with 

k^y)  = y/m,  k2(x)  = 1,  a = -j,  p = 2 (3) 

that  is, 


oo 

/ 

y 


u(x)dx 


, 2 2.1/2 
(x  - y ) 


(4) 


An  elegant  derivation  of  this  equation  is  given  in  Chapter  16  of  the  book  by 
Santalo  [8);  see  also  (2,  53].  The  quantity  m can  be  found  to  be 
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By  an  independent  argument  (2,  §5;  12],  the  upper  limit  a is  the  maximum  radius 
of  the  circles.  Another  expression  for  m is 


m = / xu(x)dx  , 
0 


(6) 


assuming  that  u(x)  is  known. 

Some  theoretical  and  practical  aspects  of  the  solution  of  integral  equations 
of  Abel  type  and  first  kind,  such  as  (4),  will  be  given  in  the  following  sections. 

III.  SOLUTION  BY  INVERSION  FORMULAS.  The  transformation  of  equation  (1) 
with  kernel  given  by  (2)  into  an  equation  essentially  of  the  form 


/ k1 (y)k2 (x)  (x  - y)  au(x)dx  = s(y). 


0 < a < 1,  y > 0 


(7) 


does  not  present  any  inherent  difficulty,  so  the  analysis  will  be  carried  out  for 
this  equation.  The  procedure  will  be  formal;  for  justification,  the  appropriate 
conditions  can  be  found  in  the  paper  by  Atkinson  [3].  First,  write  (7)  as 


“ k2(t)u(t)dt  _ S(y) 


(t-y)1 


k^y)  ‘ 


(8) 


Now,  the  technique  discovered  long  ago  by  Abel  [1]  may  be  applied:  Multiply  both 

sides  of  (8)  by  (y  - x)a  1 and  integrate  with  respect  to  y from  x to  « to 
obtain 


J 


x (y-x) 


°°  k (t)  u(t) dt 

r _2 

1-ct  J 


= J 


s (y)dy 


(t-y) 


x k^  (y)  (y  - x) 


1-a  * 


(9) 


Interchange  of  the  order  of  integration  in  (9)  gives 
«°  t 

J k (t) u(t) dt  / 


dy 


OO 

f s (y)dy 
a ' , . . , . 1- 


, . l-o .a  ' , , . , . 1-a 

x (y-x)  (t-y)  x k (y)(y-x) 


(10) 


The  second  integral  on  the  left  can  be  evaluated  explicitly;  the  change  of  vari- 
ables y = x + 0(t  - x)  yields 


JH 


.a  / »l-c 


d0 


x (y  - x)  (t-y)  0 0 (1-0) 

where  the  integral  on  the  right  can  be  identified  immediately  as  the  Euler 
Beta-function  [7,  p.  95], 


(ID 


The  further  change  of  variables  0 = (1  + w)  gives 


o>  -a 

w dw 


B (a,  1 - a)  = / 

0 1 + w 


which  can  bo  evaluated  by  residues  15,  pp.  131-133]  to  obtain  finally 


I ^ Bla,  1 - a)  - -4- 


Thus,  from  (10), 


/ k2(t)u(t)dt  = 
x 


Lnom  r s (y ) dy 

71  , , x , % 1-a 

x (y)  (y  - x) 


Differentiating  (15)  with  respect  to  x gives  the  first  inversion  formula 


sinan  d r 
itk  (x)  dx  ■* 


s(y)dy 


x (y  - x) 1 ak (y) 


The  integrand  in  (16)  is  not  smooth  enough  to  apply  Leibniz'  rule  for  differen- 
tiation under  the  integral  sign;  however,  if  st-yj/k^ty)  is  differentiable,  one 
may  integrate  by  parts  to  obtain 


I s (y) dy 

x (y  - x) 1 “k^  (y) 


= lim  f (y  ~ x)a  s (y)  _ r“  (y  - x)a  _d_  fs(y)  ) 

y>°°  «u  k,  (y)  ■*  au  dy  \k,  (y )/  y 

1 x v 1 


Differentiation  of  (17)  with  respect  to  x and  substitution  into  (16)  results  in 
the  second  inversion  formula 


u(x)  =- 


xit  Tlim  f s(y) \ r 1 d Js(y)  ' \ ..0. 

(x)  y-x»  \ 1-a  . . / . 1-a  dy  \k  (y)J  y 

1 My-x)  k,  (y)-1  x (y  - x)  v 1 J 


From  a theoretical  point  of  view,  the  inversion  formulas  (16)  and  (18) 
provide  a complete  solution  of  the  integral  equation  (7),  aside  from  the  enter- 
tainment afforded  by  verification  of  the  conditions  under  which  various  integrals 
exist  and  interchanges  of  limiting  processes  are  valid.  In  practice,  however, 
these  formulas  leave  much  to  he  desired.  It  is  obvious  from  (18)  that  a differ- 
entiation of  the  data  is  required  if  one  uses  this  formula  for  the  solution  of 
(7).  What  if  the  data  are  known  only  at  discrete  points,  and  are  contaminated 
by  noise?  Then,  one  must  perform  a numerical  differentiation  of  the  data,  which 
is  a notoriously  ill-posed  problem.  Because  of  the  smoothing  provided  by  the 
integration,  the  situation  is  not  quite  as  bad  if  (16)  is  used;  the  extent  of 
the  necessary  smoothness  of  the  data  will  be  clarified  later.  For  this  reason, 
the  solution  of  Abel  equations  of  the  first  kind  is  called  a "weakly  ill-posed" 
problem  by  Andcrssen  (2).  The  basic  features  of  the  nature  of  these  difficulties 
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will  be  shown  in  the  next  two  sections  using  as  a paradigm  the  old  mechanical 
problem  solved  by  Abel. 

IV,  ABEL'S  MECHANICAL  PROBLEM.  The  determination  of  the  path  along  which 
a body  will  slide  a vertical  distance  h in  specified  time  T(h)  is  a problem 
which  apparently  goes  back  to  Christiaan  Huygens,  a contemporary  of  Newton 
[6,  pp.  240-247].  The  body  starts  from  rest,  and  ;he  sliding  is  supposed  to  be 
frictionless  (see  Figure  2).  At  T = 0,  the  body  has  potential  energy  mgh, 


Figure  2.  Abel's  Mechanical  Problem 


referred  to  h,  where  m is  its  mass.  By  the  time  t the  particle  is  at  a 
vertical  distance  y above  h,  the  amount  of  potential  energy  converted  into 
kinetic  energy  is 


_1 

2 


= mg(h  - y) 


(19) 


where  s denotes  arc  length  along  the  path.  Solving  for  dt  and  integrating. 


S(h)  ds 
q ^2g  (h  - y)  T(h) 


(20) 


where  S(h)  is  the  total  length  of  the  path  traversed  in  descending  a vertical 
distance  h.  Relating  arc  length  s and  y by 


ds  *=  -u(y)dy  , 


(21) 


the  result  is  the  classical  Abel  equation 


/ 

0 


^T(h) 

*h  - y 


(22) 


for  u(y),  given  T(h).  Once  this  function  has  been  determined,  the  unknown 
path  in  Figure  2 is  given  by 


x 


/ /r* 


(y) 


1 dy  . 


0 

Corresponding  to  the  inversion  formulas  (16)  and  (18), 
may  be  written  as 


(23) 

the  solution  of  (22) 


u (y) 


/2g  d rV  T(h)dh 
" dy  q /y~-  h 


or,  if  T(h)  is  differentiable. 


(24) 


u(y) 


n 


lim  f T (h ) 1 

ry  t’ (h)dh 

h-K)  \7y  - hj 

(25) 


Formula  (24)  also  requires  some  smoothness  of  T(h),  as  explained  in  the  next 
section.  Setting  T(h)  equal  to  a constant  gives  for  the  path  the  famous 
inverted  cycloid  of  the  isochronous  pendulum,  which  solves  Huygen's  problem  of 
1673  [6]. 


An  image  reconstruction  problem  connected  with  equation  (22)  is  the 

following:  Choose  stations  (points)  along  the  h-axis,  0 < h,  < h < ...  < h , 

12  n 

and  measure  the  times  T ,T  , ...,T  at  body  passes  the  corresponding 

station;  from  this  data,  find  at  least  a good  approximation  to  the  path  x = x(h), 
taking  into  account  that  the  given  times  are  subject  to  observational  errors. 
There  are  two  approaches  to  this  problem,  one  of  which  involves  working  directly 
with  the  original  equation  (22)  and  using  some  technique  such  as  regularization, 
while  the  other  would  consist  of  constructing  a sufficiently  smooth  approximation 
T(h)  to  the  data  to  permit  the  application  of  an  inversion  formula  [2,  §4]. 

Some  aspects  of  the  latter  technique  will  now  be  discussed. 


V.  FKACTIONAI, -ORDER  DIFFERENTIATION.  Motivated  by  the  study  of  Abel  inte- 
gral equations,  the  derivative  of  order  8 of  a function  f (x)  can  be  defined 
by  the  formula 


f (t)dt 


(x-  t) 


8 


0 < 8 < 1 


(26) 


It  turns  out  that  this  definition  is  also  consistent  at  8=0,  giving 

d°f(x)/dx°  = f(x),  and  at  8=1,  where  a limiting  process  gives  a version  of 
the  Cauchy  integral  formula  for  f(x)  if  the  limit  of  the  ratio  of  the  integral 
to  the  Gamma- function  is  taken  first,  followed  by  the  differentiation  to  obtain 
f* (x).  Actually,  (26)  can  be  extended  to  all  real  numbers  8»  with  negative 
values  indicating  integration,  provided  suitable  assumptions  about  f(x)  are 
made  at  x = 0.  In  terms  of  this  definition,  the  inversion  formula  for  the  Abel 
mechanical  equation  (22)  becomes 
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fE  jL 

/ n 1 


T(y>  , 


Recalling  that  r (— ) = /iT.  Thus,  the  use  of  the  inversion  formula  requires  a 
* 1 

fractional  differentiation  of  order  — of  the  data.  Continuing  this  line  of 


reasoning,  the  first  inversion  formula  (16)  for  the  general  Abel  equation  (7) 
becomes 


k (x) T (1  - a) 

2 dx 


1 ° / s(y)] 
1-a  jk^y)/  ' 


the  fractional  differentiation  of  the  data  being  of  order  1-a. 


Thus,  in  the  reconstruction  prohlem  of  the  previous  section,  a piecewise 
linear  interpol ation  of  the  data  is  not  smooth  enough.  On  the  other  hand,  cubic 
spline  interpolation,  which  results  in  continuous  second  derivatives „ may  be  too 
smooth  in  that  some  interesting  irregularities  in  the  actual  path  will  be  lost. 
The  weakly  ill-posed  nature  of  this  problem  induced  by  its  fractional  order  as  an 
integral  equation  also  appears  if  equation  (7)  is  attacked  directly,  as  there  is  a 
close  connection  between  the  optimal  regularization  parameter  and  optimal  smooth- 
ing (filtering)  of  the  data  (11). 


VI.  LINEAR  FUNCTIONAI.S  OF  THE  SOLUTION.  In  many  practical  problems,  the 
difficulties  brought  on  by  the  weak  i 1 1-posedness  of  equation  (7)  can  be  avoided 
if  what  one  really  wants  is  not  its  solution  u(x),  but  rather  some  linear 
functional 


W (u)  *=  f w(x)u(x)dx  , 
a 0 


with  smooth  kernel  w(x).  For  example,  in  the  random  spheres  problem,  one  may 
want  to  know  the  fraction  of  spheres  with  radius  less  than  or  equal  to  a;  here 
w(x)  • 1.  For  probability  density  functions  u(x),  frequent  choices  of  w(x) 


would  be  l,x,x  , ...  to  obtain  the  moments  of  the  corresponding  distribution, 
and  so  on.  If  w(x)  is  differentiable,  then  integration  by  parts  may  be  applied 
to  (29),  using  the  first  inversion  formula  (16),  to  obtain 


W tu] 

A 


[w (x) slnanl  r 

**2<x)  J ; 


s(y)dy 


(y  - x) 1 °k1 (y) 


♦/  / 

0 x 


s(y)dy 


Jw(x)sincinl 


(y  - x)1_ak1(y) 


nk2 (x) 


Here,  the  integrals  provide  a little  smoothing  of  the  data,  even  if  only  of 

fractional  order.  Thus,  it  appears  more  sensible  to  use  (30)  in  this  circum- 
stance in  preference  to  solving  (7)  by  some  approximate  method,  and  then  substi- 
tuting the  result  into  (29)  [2,  §5]. 
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STOCHASTIC  INTEGRAL  EQUATIONS 
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ABSTRACT . This  paper  summarizes  some  of  the  results  in  Berger  [2),  [3],  (4) 
and  Berger  and  Mizel  [5]  on  stochastic  integral  equations.  The  presentation  and 
the  manipulations  are  intended  to  be  formal,  motivated  entirely  by  examples. 
Compound  noise  effects  and  feedback  in  the  presence  of  noise  are  illustrated.  A 
theorem  on  changing  the  order  of  integration  in  a double  stochastic  integral,  and 
a resolvent  formula  for  linear  stochastic  Volterra  equations  are  included. 

I . I NTROPUCT I ON . Lot  be  a probability  space.  White  noise  is 

generally  taken  to  be  a stationary  Gaussian  process  (z(t)  : t c (-<",»')}  with 
mean  identically  zero,  and  a constant  spectral  density.  It  is  easily  seen  that 
such  a process  does  not  exist  in  the  classical  sense,  and  the  interested  reader 
is  referred  to  Gelfand  and  Vilenkin  [6]  for  a rigorous  description. 


II.  STOCHASTIC  DIFFERENT  I AT.  EQUATIONS.  In  studying  the  effect  of  white 
noise  on  the  solutions  of  ordinary  differential  equations,  one  is  led,  through 
the  stochastic  integral,  to  the  well-known  subject  of  stochastic  differential 
equations.  (See,  for  example,  Arnold  (11.)  Thus  a Brownian  motion 

t 

(B(t)  : t > 0}  is  defined  by  B(t)  **  / z(t)dt,  and  the  ordinary  differential 

0 


equation 


(ODE)  x ( t ) » a (t, x (t) ) + o(t,x(t) )z(t) 

is  converted  to  the  stochastic  differential  equation 


(SDE)  dx (t)  - a (t,x (t) ) dt  + o (t,x (t) )dB (t)  . 


For  example,  the  Langevin  equation 

v(t)  ■ -av(t)  + oz(t)  (a  > 0,0  constants)  , 

describing  the  velocity  of  a tiny  particle  in  fluid,  corresponds  to  the  linear 
stochastic  differential  equation 

dv(t)  •*  -av(t)dt  + odfl(t)  . 

An  important  consideration  in  the  subject  of  stochastic  differential  equations 
is  that  of  asymptotic  stability.  The  one-dimensional  linear  homogeneous  equa- 
tion can  be  used  to  illustrate  the  types  of  results  one  desires.  The  solutions 
to  the  equation 

dx  (t)  - ax (t) dt  + ox (t) dB  (t)  (a,o  constants) 

Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG-29-75-C-0024  and  the 
National  Science  Foundation  under  Grant  No.  MCS75-173B5  A01. 
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A 


are 


x(t)  *=  cc 


(a  - j o2) t + 06 (t) 


Thus  the  necessary  and  sufficient  condition  for  a.s.  asymptotic  stability  is 
12 

a < — o , and  the  necessary  and  sufficient  condition  for  moan-square  stability 
, 1 2 

is  a <--o  . In  particular,  if  the  unperturbed  equation  (o  = 0)  is  asymp- 
totically stable  then  the  perturbed  equation  is  asymptotically  stable  a.s.  For 
results  and  examples  on  multi-dimensional  equations  the  reader  is  referred  to 
Khasminski  [8]  and  Pinsky  [9]. 

III.  STOCHASTIC  INTEGRA!.  EQUATIONS.  Just  as  in  the  deterministic  case, 
many  stochastic  models  can  be  more  accurately  described  through  hereditary-type 
equations.  Instead  of  focusing  on  equations  of  the  form  (SDK),  one  can  consider 
a more  general  stochastic  differential  equation 

(SDE)  ' dx  ( t)  = a ( t,  {x  (x ) : 0 < x < t})dt  + o(t,{x(t)  : 0 < x < t})d£l(t)  . 

For  the  measurability  conditions,  assume  that  the  processes 

a(t,{f(t)  : 0 < t < t } ) and  o(t,{f(t)  : 0 < x < t } ) are  non-anticipating  when 

f is  a deterministic  function.  For  example. 


1 ( t,  { f (x ) : 0 < X < t})  = / k(t,x)f  (x)dfi(x)  , 

0 


or 


o(t,{f(i)  : 0 < T < t})  = <Mt,f(t))  . 

Of  course,  it  is  understood  that  the  solutions  of  (SHE)'  will  not.,  in  general, 
be  Markov.  However,  questions  concerning  stationari ty , blowing  up  of  solutions, 
asymptotic  behavior,  etc.  are  still  of  interest.  The  case  where  the  coefficients 
a and  o are  independent  of  t appears  in  Ito  and  Nisio  [7). 

A related  equation  is 

(*)  x (t)  ■=  a (t,  {x (x)  : 0 < x < t})  , 

where  a satisfies  the  same  measurability  condition  as  before.  Under  suitable 
differentiability  assumptions  on  a,  (*)  can  be  converted  to  an  equation  of  the 
form  (SDE) ' . Thus 


x ( t ) - / k(t,x)x(T)d8(x)  = f(t) 

0 


becomes 


dx(t)  ” (f(t)  + / k (t,x)x(x)dB(x)  ]d*-  + k (t,  t)  x (t)  dP  (t) 
0 
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IV.  EXAMPLES.  The  first  example  concerns  the  circuit  below.  Thermal 
noise,  acting  on  the  current  I(t),  through  the  resistor  R results  in  a 
dissipation 

H (t)  = oi(t)7.(t)  . (4.1) 

Assuming  an  inductance  of  one,  the  circuit  equation  is 
i(t)  + RI(t)  + H (t)  = 0 , 

1(0)  = IQ 

This  leads  to  the  equation 


dl(t)  - -RI(t)dt  - ol  (t)dB (t) 
the  solution  of  which  is 


-(R  + j o2)t-o8(t) 


I(t)  - IQe 


If  the  dissipation  has  a hereditary-type  effect, 

t 


H (t)  = (ol(t)  + n / e 
0 


-R(t-r) 


I(T) z(T)dl]z(t)  , 


(4.2) 


then  the  circuit  equation  leads  to  the  stochastic  integro-differential  equation 

t 


dl(t)  - -RI(t)dt  - (ol(t)  + n / e 

0 

The  solution  of  this  equation  is 

X,t+u,8(t) 


-R(t-t) 


I(T)dB(T)]d6(t)  . 


Kt) 


2 X0 


0 Oe1  1 


fo2  - 4n 


+ ' 7T^ 

/o  - 4n 


„ A_t+y  p (t) 
O \ 2 2 


iQll  - nt  - ~ oe(t))eAt+w8(t> 


o / 4n  , 


o - 4n  . 
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where 


<K.K 


2 n)  ' vo/o‘  -4ii  , 


(K+}o2 

4 


k - - n 


1 . 1 / 2 

r n)  + TO'O  - 4n  , 

2 4 


1 IjlJ  4 

W.  - 4n 

1 * d. 


1 1 j 2 , 

2 o + - /o  - 4n 


u ■=  - 2 0 

This  case  is  entirely  different  from  the  preceding  one.  Assuming  K s 0,  the 
current  is  always  a.s.  asymptotically  stable  under  a dissipation  of  the  form 
(4.1),  for  any  o.  But  under  a dissipation  of  the  form  (4.2)  the  current  is 
a.s.  asymptotically  stable  if  and  only  if 

1 2 

n < 2R  + - o . 

Thus,  whereas  o can  only  have  a stabilizing  effect,  the  hereditary  coefficient 
n can  have  both  a stabilizing  and  a de-stabil izing  effect.  In  Berger  (41  it  is 
shown  that  whenever  the  Fourier  transform  of  k(t)  has  a non-negative  real  part, 
the  solutions  of 


dx(t)  c ax(t)dt 


" t 

+ / k(t  - T)X(T)dp(T)  dtMt) 

L? 


satisfy 


I x (t)  | > I xQ  j e 


la--  k(0)]t 


The  next  examples  concern  feedback  in  the  presence  of  white  noise.  Shown  in  the 
figure  is  a typical  feedback  diagram.  The  box  T signifies  a transfer  from  the 
input  F 


to  the  output  x.  For  example, 
t 

X (t)  = / k(t  - T)F(T)dT  . (4 

0 

Junction  J is  a step-up  or  step-down  point.  Here  either  some  fraction  of  x 
is  diverted  for  external  consumption,  or  else  x is  scaled  up.  Thus  the 
remainder  in  the  loop  is 


If  the  process  uses  this  remainder  x to  drive  itself,  along  with  an  external 
driving  force  E,  then 


F = E + x . 


(4.5 


Combining  (4.3),  (4.4),  (4.5)  it  follows  that  the  equation  governing  the  system 
is 


x(t)  - / k(t  - t)c*(T)x(T)dT  = / k (t  - T)E(T)dT  . 

o 0 

however,  that  a is  in  the  form  of  a noise 

a - a + a, z . 

1 2 
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Then  the  governing  equation  becomes 


t 

x(t)  - / k(t  - t)o  (t)x(t)di 
0 1 

t 

= / k(t  - t ) E (t >dr  . 

0 

Consider  next  the  problem  of  thermostat  control.  A uniform  rod  of  infinite 
length  lies  along  the  positive  x-axis.  The  temperature  at  the  boundary  (x  = 0) 
is  set  by  a thermostat,  based  on  the  reading  at  some  interior  point  x4 . For 
example,  the  boundary  could  be  set  so  that  the  average  temperature  between 
x = 0 and  x = x#  is  T.  The  complete  problem  is  then  described  by  the  follow- 
ing equations  for  u(x,t)  - the  temperature  at  position  x along  the  rod  at 
time  t. 


- I 


k(t  - T)a^ (t ) x (x ) d8 (t ) 


(4.6) 


U = YU 

t ' xx 


(4.7) 


2 lu(0,t)  + u(x*,t) ) = T 


u (x,0)  = u (x) 
0 


(4.8) 

(4.9) 


The  procedure  for  solving  these  equations  is  straightforward.  Let 


f (x,y, t) 


(x-y)  (x+y) ' 

e ' - e 


2/yTit 

Then  v(t)  = u(x4,t)  - T is  the  solution  of  the  Volterra  equation 

t <» 

v(t)  + Y / f (xt,0,t  - T)v(T)di  = / T (x*,y,t) [u  (y)  - T]dy  . 
0 y 0 0 

If  the  reading  at  x = xt  is  disturbed  by  white  noise  then  (4.8)  should 
properly  be  replaced  by 


— {u (0,t)  + [1  + a (t) z (t) ] u (x# , t)  } = T , 


and  then  the  Volterra  equation  for  v(t)  becomes 


t t 

v(t)  ♦ Y / r (x,,0,t  - t)v(x)dx  + Y / r (x#,0,t  - x)a(x)v(x)d6(x) 

0 y 0 y 

(4.10) 

*•  t 

■ / r (x#,y,t)  [u  (y)  - T)dy  - yT  J r (x#,0,t  - x)a(x)dB(x) 

0 0 y 

Equations  (4.6)  and  (4.10)  are  examples  of  linear  stochastic  Volterra  equations. 
The  general  linear  equation  is 

t t 

x ( t)  - / a(t,T)x (x)dx  - / b(t,x)x (x)dB (x)  *=■  g(t)  , 

0 0 

and  whenever  a has  a resolvent  this  equation  can  be  reduced  to 
t 

X (t)  - / k(t,X)x(x)dB(x)  - f(t)  . (4.11) 

0 

Indeed,  let  aA(t,x)  be  the  solution  of 

t 

a4vt,x)  - / att/Sja^ (s,x)ds  = a(t,x)  . 


Then 


t 

f(t)  - g (t)  + / a# (t,x)g(x)dx  , 

0 

t 

k(t,x)  * b(t,x)  + / (t,s)b (s,x)ds  . 
x 

Thus,  in  order  to  solve  (4.6)  and  (4.10)  it  is  enough  to  derive  a resolvent 
formula  for  the  solution  of  (4.11).  Based  on  the  classical  analysis  of  integral 
equations  (cf.  Riesz-Nagy  [10])  one  would  construct  a resolvent  kernel  as 
follows.  Define 

k^t^)  « k(t,x)  , 
kn<I(t.T)  - / 

m 

k#(t,x)  -=  l 
n-1 


k(t,s)k  (s,x)dB(s)  i n - 1,2,..., 

n 

k (t,x)  . 
n 
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That  is,  is  to  be  a solution  of 


t 

k*(t,x)  - / k(t,s)k4 (s,x)d6 (s)  *=  k(t,T)  . (4.12) 

T 


Then  the  solution  x ought  to  be  given  by 

t 

x(t)  = f(t)  + / k^t.xJffxJdSfT)  . (4.13) 

0 


But  there  are  two  drawbacks  with  this  argument.  First  of  all,  the  integrand  of 
the  stochastic  integral  in  (4.13)  anticipates,  since  kt(t,x)  depends  on  the 
Brownian  path  up  to  time  t.  Thus  the  stochastic  integral  in  (4.13)  needs  to  be 
defined.  This  can  be  done  in  an  intuitive  way.  However,  rather  than  go  through 
the  details  of  the  general  definition,  which  appear  in  Berger  [3],  an  example 
can  be  used  to  illustrate  the  ideas.  Let  k(t,x)  « 1.  Then,  by  Ito's  Formula, 

k (t, t ) = — H ( 6 (t ) - 0 (t)  , t-T) ; n = 1, 2,  . . . , 

n n-i  n-i 


where  H (x,t)  is  the  Hermite  polynomial  of  degree  n,  defined  as  the  solution 
, n 

of 


(H  ) + - (H  ) = 0 , 

n t 2 n xx 


H (x,0)  = xn 
n 


Thus 

0(t)-0(T)-|  (t-T) 

kA(t,x)  = e 


and,  indeed,  this  is  the  solution  of  (4.12).  So  the  definition  of 
t 

/ k#(tfx)f (x)dB(T)  is  simply 
0 

8(t)-yt  t -0(t)  + ^-t 
e J e f(T)dBU)  , 

0 


and  the  first  drawback  in  deriving  (4.13)  can  be  circumvented. 

The  second  drawback  is  that  (4.13)  yields  an  incorrect  solution  of  (4.11)! 
Again,  let  k(t,t)  s 1.  Then  if  f is  differentiable,  (4.11)  can  be  written 
as  a stochastic  differential  equation. 

dx(t)  = x(t)d0(t)  + f(t)dt  , 


x(0)  = f(0)  . 


......  i,  • 

i * 


The  solution  x is  therefore  given  by 

t 

x (t)  - f (0)k# (t, 0)  + / k4  (t,T)f(t)dt 

0 

t t 

- f(t)  ♦ / k4(t,T)f(T)dP(T)  - / k#(t,T)fh)dT  , 

0 0 

and  this  does  not  agree  with  (4.13). 

To  understand  what  went  wrong  it  is  enough  to  examine  the  first  few  terms  of  the 
Neumann  expansion.  The  justification  for  (4.13)  is  based  on  successive  approxi- 
mations. Define 

*x(t)  - f(t) 

t 

x (t)  ■=  f(t)  + / k(t,t)x  (r)d0  (t)  ; n - 1,2,... 

n+1  0 n 

It  is  shown  in  Berger  [3)  that  under  mild  conditions  on  k,  thio  sequence  con- 
verges to  the  unique  solution  x of  (4.11).  In  the  classical  case  it  would  also 
be  true  that 


n-1  t 

x (t)  ■=  f(t)  + I / k.  (t,T)f  (T)dP(T)  t n = 1,2,...  . 

n j-1  0 j 

This  is  based  on  Fubini’s  Theorem  on  changing  the  order  of  integration  in  a 
double  integral.  Thus,  for  example, 

x (t)  = f(t)  + / k(t,x)f (T)dS(T)  + / k (t, t ) f / k (t , s ) f (s)d6 (s) 1 dP  (t ) 

2 0 0 lo  J 

- f(t)  + / k(t,T)f (x)dB(T)  + / [/  k(t,s)k(s,T)dp(s)lf(T)d6(T)  . 

0 0 ‘•t  •* 

However,  here  lies  the  discrepency  between  the  stochastic  and  the  classical  case. 
Fubini's  Theorem  does  not  hold  in  the  stochastic  case!  Thus  it  is  not  true  that 

t t t t 

/ / $ (t, s) d$  (s)d6  (t)  = J I $ (t, s) dP (T)d$ (s)  . 

0 0 Os 

This  is  easily  seen,  for  if  $(t,s)  5 1 then 

t T i 1 2 1 

/ / $ (t , s) d0 (s)dp (t)  - / B(T)dP(t)  ■ j 6 (t)  - - t , 

0 0 0 
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t t t 

/ / $<T,s)d6(T)dB(s)  = / [e (t)  - 6<s)]dB(s) 

Os  0 


= B2(t)  - J B(s)dB(s)  = ^ B2(t)  + \ t . 

0 2 

In  Berger  [2],  [3}  it  is  shown  that  for  a wide  class  of  two-parameter  stochastic 
processes  { <J>  ( T , s ) : 0 < s < x}  the  following  result  is  true: 

t t t t t 

/ / 4>  (x,s)dB  (x)dB  (s)  = / / $ (t  ,s)dB  (s)dB  (?)  + / <Hi,T)dT  • (4.14) 
Os  0 0 0 

For  example,  if  $(t,s)  £ 1 then  the  difference  between  the  two  double  integrals 
is  t,  which  is  consistent  with  the  above  calculations.  As  another  example,  if 
$(t,s)  = B(t)B(s)  then  it  follows  from  Ito's  Formula  that 

t t . t 

/ / $(T,s)dB<s)dB(T>  = i [6  (t)  - tl  - - / 3 (T)dx  , 


t t t 

/ / <MT,s)dB(x)dB(s)  = £ [B  (t)  - 1 1 + j f B (T)dT 


Now  using  (4.14)  it  can  be  seen  by  induction  that  in  fact  for  n > 2 

n-1  t n-2  t (4.15) 

x (t)  = f(t)  + l j k . (t,x) f (t )dB (t)  ~ I / k . (t,t)k (t,t) f (t)dT  . 


j=l  0 


j=l  0 J 


Indeed,  for  n = 2 the  result  is  clear.  Furthermore,  if  it  is  true  for  n = m 
then 

t 

x (t)  = f(t)  + / k(t,T)x  (x)dB(T) 
m+1  ^ m 

m t m- 1 t 

= f(t)  + l f k.(t,T)f(T)dP(T)  ~ll  k.(t,T)k(T,T)f(T)dT 
j=l  0 3 j-2  0 3 


-f  k(t, r)k (t, t) f (t) dt  , 
0 


’V 


•*#» 


since  = 0 for  j > 2.  Thus  (4.15)  is  established,  and  the  solution  of 

(4.11)  is  given  by 

t t 

x(t)  = f(t)  + / k*(t,T)f (T)dB(T)  - / kjk(t,T)k(T,T)f (T)dT  . (4.16) 

0 0 

This  is  consistent  with  the  example  k(t,t)  = 1 above.  As  another  example,  let 
k(t,t)  = k^(t)k2(x).  Then,  again  using  Ito's  Formula,  it  follows  that 


t 

/ k (s,s)dB (s)- 
kA(t,x)  = k(t,t)eT 


k2(s,s)ds 

z T 


and  x is  given  by  (4.16).  If  k^  and  f are  differentiable,  this  result  can 

be  checked  directly  by  converting  (4.11)  into  a stochastic  differential  equation. 
Namely, 


dx  (t) 


. (-1 


k,  (t) 


jyy  [x (t)  - f (t)  ] + f (t) Vdt  + k(t,t)x(t)dB(t) 


x (0)  = f(0) 

For  proofs  and  additional  results,  examples  and  applications  the  reader  is 

referred  to  Berger  [2],  [3),  (4). 
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ABSTRACT 

» 2 

Interpolating  elastlca  are  the  extremals  for  the  functional  / ic  (s)ds, 

0 

which  is  the  integral  of  the  square  of  the  curvature  with  respect  to  arc 
length.  In  the  family  of  plane  curves  that  Interpolate  at  (not  prescribed) 
arc  lengths  s^  < s^  < . . . < sn  a prescribed  configuration  of  points 
pQ,  p^,  ...,  pR.  If  at  one  or  both  terminals  the  slope  Is  prescribed, 
the  extremal  Is  said  to  be  angle-constrained,  otherwise  free.  The  curvature 
functional  represents  the  elastic  strain  energy  of  a thin  elastic  beam 
of  indefinite  length  with  sleeve  supports  anchored  at  p^,  p^,  ...,  p^, 
which  allow  tbe  beam  to  slide  through  without  friction  and  to  rotate 
freely  (except  at  the  end  supports  If  angle-constrained) . The  interpolating 
elastlca  are  also  known  as  nonlinear  spline  curves.  It  is  known  that  the 
infimum  of  the  strain  energy  is  0 in  all  cases,  hence  cannot  be  attained 
if  the  points  pn,  p, , . . . , p do  not  lie  on  a ray.  On  the  other  hand, 
interpolating  elastlca  are  known  to  exist  for  a variety  of  configurations, 
and  this  report  Investigates  whether  these  extremals  make  the  strain  energy 
a local  minimum  or  not  (i.e.,  whether  they  are  "stable"  or  "unstable"). 
Several  general  stability  criteria  are  established  and  they  are  used  to 
decide  the  stability  of  some  specific  elastlca. 


STABILITY  OF  INTERPOLATING  ELASTICA 


Michael  Golomb 

1.  Introduction 

Elastics  aro  the  plane  curves  with  "normal  representation"  s ►*  0(s)  (s  denotes 
arc  length  and  0(s)  the  angle  of  inclination  at  s)  which  arc  solutions  of  the 
differential  equation 

(1.1)  ^0,2(s)  ■ X [sin (0  - 0^ ) - a) 

where  X.Oj^  and  <*  ate  real  constants  (see,  e.g.  (1,  Article  263]).  (1.1)  is  the 

Euler  equation  for  the  variational  problem 

s s s 

(1.2)  6 / 0'  “0,  / cos6  ■ b,  / sin0  • d 

0 0 0 

where  s,b,d  are  prescribed  (see  above  reference  or  [2,  Prop.  3.2)).  The  integral 

s 

/ 0'  represents  (with  the  proper  choice  of  units)  the  strain  energy  of  a thin 

0 

elastic  beam  of  uniform  cross  section  of  length  s,  and  the  side  conditions  in  (1.2) 
specify  the  relative  position  of  the  ends  of  the  bent  beam. 

The  elastica  described  by  (1.1),  when  considered  for  all  values  of  s,  have 
infinitely  many  inflection  points,  0' (s)  • 0 when  sin(0(s)  - 0^)  = a,  and  are 

therefore  called  inflectional  elastica  (see  (1,  loc  cit.J).  Below  we  will  consider 
only  elastica  for  which  a « 0i  geometrically  speaking,  these  are  curves  for  which 
the  variation  of  0 between  consecutive  inflection  points  is  ».  We  refer  to  them 
as  simple  elastica.  All  the  simple  elastica  are  obtained  from  a particular  one  by 
similarity  transformations. 

The  interpolating  elastica  (so  named  by  M.  A.  Malcolm  in  [3])  consist  of  finitely 
many  subarcs  of  the  simple  elastica,  fitted  together  so  that  a smooth  curve  with 
continuous  curvature  results  which  has  jump  discontinuities  of  the  derivative  of 
the  curvature  only  at  the  "knots"  p^, . . . »Pn_j • Such  an  interpolating  elastica  K 
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with  normal  representation  6 is  the  solution  of  the  variational  problem 


(1.3) 

where  the 


bi'di 


0*  "0,  / cos©  ■ b^,  / sin0  ■ d^  |1*  linn 

*i-l  *1-1 

are  prescribed  (they  are  the  coordinates  of  the  vector 


n) 


but  the  arc  lengths  s.  < s,  < ...  * s of  the  terminals  p ,p  and  of  the  knots 
0 1 n on 

p, , ...,p  , are  varied  (see  [2,  loc.  cit. ) or  (3,  Sec.  2]).  If  the  ends  p ,p 

1 n- 1 oi 

are  "free"  then  the  natural  boundary  conditions 

(1.3a)  0'  (0)  - 0,  6*  (s  ) ■=  0 

n 

are  appended  to  (1.3).  Frequently  we  shall  be  concerned  with  "angle-constrained" 
interpolating  elasticai  in  this  case  we  are  given 
(1.3b)  0(0)  - a,  6(sn)  - B . 

The  aolutions  of  (1.3),  (1.3a)  represent  possible  equilibrium  positions  (stable  or 

not)  of  a thin  elastic  beam  of  indefinite  length  which  is  constrained  to  pass  through 

frictionless  freely  rotating  small  sleeves  anchored  at  the  positions  P-,P, . 

0 1 n 

If  the  sleeves  at  the  terminals  P0’Pn  ere  pinned  then  (1.3b)  replaces  (1.3a).  The 

interpolating  elastics  are  a reasonable  mathematical  model  for  the  mechanical  spline 
used  by  draftsmen  to  pass  a smooth  curve  through  the  given  points  Po'pi"  ’ ' ,Pn" 

They  are  also  called  nonlinear  (interpolating)  splines  (see,  e.g.,  (4])  and  were 
referred  to  as  extremal  lnterpolants  for  the  configuration  {p^p^, . . . ,p„)  in  (2). 

He  still  will  refer  to  them  by  this  name  in  the  sequel. 

The  solutions  of  (1.3)  are  definitely  not  absolute  minima,  except  in  the  trivial 

case  where  p„,p, ,...,P  lie  (in  this  order)  along  a ray  (and  moreover,  a ■ 6 • 0 
oi  n 

in  case  of  end  conditions  (1.3b)).  This  was  first  pointed  out  by  the  authors  of  IS], 
■n  . 

/ 0*  can  be  made  arbitrarily  small  by  using  large  interpolating  circular  loops. 

0 


Hie  solutions  are  often  referred  to  as  local  minima,  although  no  proofs  ara  given 
that  they  are  indeed  extrema  of  this  kind.  Only  in  [2,  Theorem  6.1)  was  it  proved 
that  the  nontrivial  simple  elastica  interpolating  2 points  are  nonstable,  i.e.,  they 

*1  2 

do  not  represent  local  minima  of  / 0'  . It  is  the  objective  of  this  paper  to 

*0 

establish,  for  several  known  extremal  interpolants,  whether  they  are  local  minima 
or  not  (stable  or  unstable). 

The  fact  that  the  extremal  Interpolants  do  not  represent  minima  nor,  in  general, 
local  minima  of  the  functional  / 8'^  is,  probably,  the  major  reason  for  the  lack 
of  general  existence  results  and  of  good  computational  procedures.  (For  an  existence 
proof  limited  to  length-restricted  extremals,  see  (6).  In  [7,  Theorem  3]  it  is 
proved  that  if  there  is  a length-restricted  extremal  of  "unstable  length",  there  is 
also  an  interpolating  local  minimum,  but  no  nontrivial  length-restricted  extremal  of 
unstable  length  is  presented.  Existence  of  length-prescribed  extremals  and  of 
unrestricted  extremal  interpolants  close  to  a ray  interpolant  is  proved  in  [2,  Appendix 
and  Theorem  7.4),  where  also  many  examples  of  specific  interpolants  are  given,  which 
were  not  known  before.  For  a survey  of  old  and  new  computational  procedures,  see  (3).) 
In  the  discussion  of  stability  (that  is,  whether  the  extremals  are  local  minima  or  not) 

we  naturally  restrict  ourselves  to  cases  where  existence  of  extremal  interpolants  has 

•> 

been  proved  or  is  postulated. 

In  Section  2 the  variational  equations  for  interpolating  splines  in  normal 
representation  are  derived,  without  recourse  to  Lagrange  multiplier  theory,  and  as 
a preparation  for  the  computation  of  the  second  variation.  In  Section  3 the  second 
variation  is  used  for  stability  criteria  (Jacobi's  condition):  an  explicitly  given 
quadratic  functional  must  be  positive-definite,  or  equivalently,  a nonconventional 
linear  second-order  boundary  value  problem  must  have  only  positive  eigenvalues.  In 
Section  4 it  is  proved  that  interpolating  splines  close  (in  a precise  sense)  to 
•table  ones  are  stable  and  those  close  to  strongly  unstable  ones  are  unstable.  This 
result  is  then  used  to  prove  that  splines  that  interpolate  configurations  close  to 
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a ray  configuration  (whose  existence  was  proved  in  (21)  are  stable  (even  in  the  case 
of  free  teminals) . This  is  probably  the  first  general  existence  proof  for  locally 
minimising  interpolants  which  are  not  length-restricted.  In  Section  5 it  is  proved 
that  the  extremal  2-point  intcrpolant  consisting  of  n > 1 complete  loops  of  the 
simple  elastics  is  unstable  even  if  angle- cons trained  (in  [27]  the  instability  was 
proved  for  the  free  elastica) . If  the  angle-constrained  2-point  interpolants  is  a 
proper  subarc  of  one  loop  of  the  simple  elastica  (hence  has  no  inflection  point)  then 
it  is  stable,  and  any  angle-constrained  2-point  interpolant  that  contains  one  complete 
loop  of  the  simple  elastica  is  unstable.  The  proof  for  these  last  results  is  contained 
In  Section  6;  it  is  built  mainly  on  the  discovery  of  the  eigenfunction  belonging  to 
the  eigenvalue  0 for  the  second  variational  equation  that  goes  with  the  one-loop 
angle-constrained  simple  elastica.  By  an  extension  of  this  method  it  is  proved  in 
Section  7 that  if  an  angle-constrained  interpolant  contains  an  interior  inflection 
point  then  it  is  stable  if  it  contains  neither  the  left  nor  the  right  "stability 
focus".  These  are  points  on  the  simple  elastica  which  are  situated  symmetrical ly  with 
respect  to  the  Inflection  point,  not  far  from  the  neighboring  inflection  points.  If 
the  angle-constrained  2-point  interpolant  with  one  inflection  point  contains  both 
stability  foci  it  is  unstable.  The  general  result  on  the  stability  of  such  2-point 
Interpolants  is  stated  with  the  use  of  what  we  call  "conjugate  points".  If  p is 


a point  on  a simple  elastica  arc  containing  one  inflection  point  there  is  a conjugate 
point  p4  defined  by  a transcendental  equation,  and  it  is  also  given  a geometric 
Interpretation  (p  and  p#  are  on  opposite  sides  of  the  inflection  point)  if  p is 
a stability  focus  then  pt  is  the  o'  stability  focus).  Hie  angle-constrained 
alastica  is  stable  if  and  only  if  it  contains  no  pair  of  conjugate  points.  If  the 
2-point  extremal  interpolant  is  'ree  at  one  end  „na  angle-constrained  at  the  other 
and,  then  it  is  stable  if  and  only  if  it  contains  no  stability  focus.  Section  8 
contains  the  most  important  stability  re-ults.  It  is  first  proved  that  a necessary 
condition  for  the  stability  of  extremal  N-point  interpolants  is  that  each  arc  between 
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consecutive  nodes  b«  "proper",  i . e . internal  arcs  do  not  contain  a pair  of  conjugate 
points,  and  the  terminal  arcs  do  not  contain  a stability  focus.  Then  a computable 
•stability  function"  of  (el-2)  real  variables  is  defined  for  the  extremal  N-point 
Interpol ant  under  investigation,  which  has  a critical  value  at  the  point  that 
corresponds  to  the  extremal.  It  is  proved  that  the  extremal  is  stable  if  and  only 
If  the  critical  value  is  a local  minimum.  These  results  are  applied  to  decide  the 
stability  of  some  3-point  and  4-point  extremal  interpolants.  In  this  connection  it 
is  also  shown  that  the  often  repeated  claim  (first  appearing  in  [51)  that  a certain 
4-point  configuration  has  no  interpolating  elastica  is  false.  In  the  last  section 
wc  show  that  the  closed  extremals  which  interpolate  the  vertices  of  a regular  n-gon 
(n  j*  3)  (their  existence  is  proved  in  [2,  Sec.  6)) 


are  stable. 


2 . The  Euler- Lagrange  conditions  for  the  Interpolating  spline  In  normal  rcproscMt.it  ion. 


Let  a •*  a (0  ) , 0 < i < « be  the  normal  representation  of  an  acbnissable  inter- 

polant  C for  the  configuration  {pQ,Pj, . . . ,p„) . Here  s denotes  the  arc  length 
•long  the  curve  C and  8(s)  the  angle  that  C makes  at  arc  length  s with  a 
reference  line.  The  interpolation  conditions  are 

•l  *l 

(2.1)  / cosfl(s)ds  “ b^,  I sin0(s)ds  ■ d.,  i « l,...,n 

•l-l  'i-1 

where  b ,d  are  given  mmbers,  an!  the  nodes  0 » s„<  s < . . . < s - s are  the 

o  l n 

arc  lengths  at  which  C passes  through  the  interpolation  points  p ,p ,...,p 

oi  n 

(l^,..,lsn  vary  with  C) . We  assume  ♦ d^^  > 0,  hence  ¥ p^i  ~ *«• 

Much  of  the  paper  deals  with  angle-cons trained  interpolants , in  which  case  the 

angles 

(2.2)  6(0)  - o,  6 (s)  - B 

•re  prescribed.  If  0(0)  and/or  0(s)  is  not  prescribed  the  corresponding  terminal 
of  C is  said  to  be  free,  and  the  corresponding  natural  end  conditions  for  an 
extremal  interpolant  turn  out  to  be 

(2.3)  0* (0)  - 0,  6’ (5)  - 0 . 


The  functional  which  is  made  stationary  by  an  extremal  interpolant  E is  the 
potential  energy  (or  curvature  functional) 


(2.4) 


I (0’(s))2d-  . 
0 


The  comparison  functions  are  taken  from  the  Sobolev  space  W - W [0,S]  of 

1 # 2 

functions  0 i (0,S)  ♦ » , which  are  absolutely  continuous  and  have  derivatives 

S y 

0'  in  L.I0,S]  with  norm  {/  (0  + 0'  ))  . S is  a prescribed  positive  number 

2  0 

large  enough  so  that  the  functions  in  W satisfying  conditions  (2.1)  and  (2.2) 

1# « 

(If  imposed)  form  a subset  with  nonempty  interior.  In  this  paper  we  do  not  deal 
with  the  existence  of  extremal  interpolants,  but  we  start  with  a known  extremal  F, 
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,w 


and  investigate  whether  it  is  stable  or  not.  In  this  case,  we  may  take  S « s + 6 

where  s is  the  length  of  E^  and  6 is  an  arbitrary  positive  number. 

I^t  s 0q(s)  be  the  normal  representation  of  E^  and 

0“s<8<...<s  -s  the  interpolation  nodes.  For  fixed  real  numbers 
u i n 

I* • • • • #T  and  fixed  functions  n,£  in  W , which  we  assume  to  have  piecewise 

^ n if  * 

continuous  derivatives  with  jumps  only  at  Sj,...,*  , consider  the  family  of 

comparison  curves  C 1 , given  parametrically  by 

8£  (t)  ■=  0 (t)  + en(t)  + e2 *C(t),  0 <_  t <_  s 

(2.5)  i-1 

•,(t)  *■  I (1  + cx.)(t.  - t ) + (1  + ex  ) (t  - t.  .),  s.  < t < s 
j-1  J J J-1  1 ' 1-1  1-1  “ _ 

where  0£(t),  s£(t)  denote  the  angle  of  inclination  and  the  arc  length  of  C at  t. 

If  e t R is  sufficiently  small  then  C £ is  in  a prescribed  neighborhood  of  EQ. 

The  interpolation  conditions  (2.1)  require 

*i  “i 

(1  + tx^)  / cos0e(t)dt  « b^  (1  + CT^)  / sin0£  (t)dt  = d^ 

(2.6)  81-1  8i_l 

i B 1|  • • • f n • 

For  definiteness,  we  assume  dA  f 0(i  - l,...,n).  Then  equating  terms  in  e1 
in  (2.6)  gives 


(2.7a) 


(2.7b) 


l 

■ - (1 | d^)  / cos0Qn 


A 

/ (bicos0Q  + disin0o)n  * 0, 


2 

and  equating  terms  in  e gives 
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r 


* 


1 . . 

/ (coit  n 4 2sine0C>  4 2b^t^  - 


(2.7c) 


1-1 

•a 


A J 2 

/ (Bine0n  - 2cose0t)  ♦ 28^  - o 


l-i 


Ik  • If  ■ • » t R • 


The  value  of  the  potential  energy  for  the  curve  C Is 


(2-8) 


U(c) 


l re«(t)l2  n *1  , 

I [^trj  1 “ • 'V  / •;  • 


Set 

(2.9) 


°1  * [ *0  * V ui  * 


i-1 


Expand  (2.8)  in  powers  of  e,  using  (2.5): 


0(e)  - 0Q  4 c 


(2.10) 


4 e 


[ l - 1 **] 

. r * n *1  n i "I 

2 / e-c-  - 2 l t / e-n*  4 l t2u  4 / n'2 

L o i-l  ° l-l  o J 


4 0(C  ) . 


Since  0^  is  a stationary  value  of  the  potential  energy,  we  must  have,  using  (2.7s), 


n *i  u. 

£ / (20*n'  ♦ cos60n)  - 0 

1=1  si-l  1 


and  this  must  be  true  for  every  n for  which  (2.7b)  holds  and  for  which 
(2.7d)  n(0)  ■ 0 and/or  n(s)  « 0 


if  is  angle-constrained.  From  this  one  infers,  by  the  usual  arguments  of  the 


calculus  of  variations  (carried  out  in  detail  in  (2])  that  0^  is  continuous,  6 


is  continuous  between  consecutive  interpolation  nodes,  and  there  exist  constants 


1^  c K such  that 
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• O 


' 


(2.12) 


«•(.)  - lid1«ine{)(«)  - 


^ 4 Xibi 


coseQ(*)  - o. 


^ ® ^ ( ® lf.a.lR  « 

Moreover,  conditions  (2.3)  must  hold  for  8^  if  the  terminals  are  free. 
Integration  of  (2.12)  gives 


(s)  ♦ X^d^eos8g  (s)  - 


57  * Xibi 


sin90<s)  - 6^ 


6q2(s)  4 XXcos0o(s)  4 X^sin60(s)  - 0, 


and  another  integration  from  s^^  to  Sj  shows  that  4^  - 0.  Thus, 

(2.13) 

u 

•i_1  < S £ s.,  1 » l,...,n 

where  we  have  set 

% •*  Uj 

(2.14) 


K m x<v  \ - -*  b-  - ^ 

1 1 1 i 11  d . 


To  determine  the  multipliers  X.,X.  we  use  the  fact  that  6 and  6'  are 

11  0 0 


continuous,  hence 
(2.15) 


(Xi4l  - Xl)cos60(si»  + (Xi+1  " Xi]sineo(si)  * °* 


i » 1, . . . ,n  - 1 . 

Conditions  (2.15)  together  with  the  interpolation  conditions  (2.1)  and  end  conditions 

®q(0)  " a (or  ®q(0)  ”0),  8g(s)  “ 8 (or  8q(s)  “0),  are  3n  4 1 independent  conditions 

1 2 

for  the  In  4 1 unknowns  X^X^s^i  - l,...,n)  and  80(0).  which  together  with  the 
differential  equation  (2.13)  determine  the  interpolating  elastics  6Q.  There  may  be 
many  solutions  of  these  equations,  as  shown  in  (2),  but  the  distinct  solutions  are 
isolated. 

The  assumption  d^  f 0(i  _ l,...,n)  was  made  only  to  avoid  case  splitting. 

The  obtained  result  remains  true  as  long  as  b*  4 d*  > 0 for  1 » l,...,n. 
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n» 


(3.4)  VO(0Q>  “ {n  « Wj  j(0,s]  , / (blCos0o  ♦ di8ine0)n  - 0 for  i - 1 

8i-l 

D(0)  “ 0 and/or  n(s)  - 0 if  E^  is  angle-constrained 
at  the  corresponding  terminal), 
and  the  quadratic  form  Q(0g,*)  with  domain  V^s 


(3.5) 


Q(80.n) 


(n' 


fcv. 


n 

-2  l 

i-1 


.-1 


i i 

/ (cos©  )n  / 


0-n- 


"i-l 


*i-l 


It  is  understood  that  the  factor 


is  replaced  by 


(sinOo>n 


if  d^  *=  0.  If  Q(0Q,n)  < 0 for  some  n / 0 then  the  stationary  value  UQ  is  not 

a strict  local  minimum  of  the  potential  energy,  i.e.  the  extremal  interpolant  E^  is 
not  stable.  If  Q(0q»T))  > 0 for  each  n / 0 then  the  potential  energy  is  larger 

than  UQ  for  every  admissable  interpolant  0 / 0Q  in  some  2(0,S]  neighborhood 
of  0g  (not  only  for  those  of  the  form  (2.5)),  hence  is  a strict  local  minimum 

and  is  a stable  extremal.  We  have  obtained 

Proposition  3.1.  The  possibly  angle-constrained  extremal  interpolant  E with  the 
normal  representation  s 0Q(s),  interpolation  nodes  0 «■  sQ  < ...  < s^  - s,  and 

*1  "i 

interpolation  data  / cos0Q  " ^i'  / sin0Q  " di'  *s  stab*°  and  on^y 

*i-l  *i-l 

the  quadratic  form  (3.5)  with  domain  (3.4)  is  positive  definite,  i.e.  Q(0Q,n)  > 0 
for  every  n / 0. 

Set  now 


(3.6) 


Clearly  Q#  > 


Q.  - inf  Q(0  ,n> 


n»v. 


/ T’2"1 


Also  / n’2  is  bounded  for  n « v f®0) « / nJ  " 1,  Q(Ofl.n)  < 5,  ♦ 1. 
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By  familiar  arguments  it  follows  that  the  continuous  form  Q attains  the  value 

• , 

0*  *or  ®ome  n.  « V (6  ),  / n„  **  1.  The  Euler  equation  for  n#  is: 

0 


hj(s)  + ~flQ2(s)h.(s)  - 0Qni)cos0o(s)  + di1(/  cos60nJ0"  (S) 

Si-1  *i-l 

+ piIbicose0<s)  + disine0(s)l  + y*n»(s)  = o, 

i 8 £ s^»  i “ l,...,n;  nj  continuous  . 

Si 

The  multipliers  p t R result  from  the  side  conditions  f (b.cos0„  + d sin6  ) n *=  C 
t i 0 i 0 

Si-1 

s 

and  * R from  the  condition  / n = 1.  It  should  be  understood  that  d.*cos0 


in  the  two  integral  terms  of  (3.7a)  is  replaced  by  -b^^sinS^^  if  d^  *=  0.  (3.7a)  is 

■implemented  by  the  conditions  of  (3.4) 


(3.7b) 

and 

(3.7c) 


X 

/ (b1cos0Q  + disin0Q)n)l  *•  0,  i *=  l,...,n. 


1-1 


n(0)  = 0 or  n^(0)  = 0 and  nt(s)  = 0 or  nj(s)  = 0 


depending  on  whether  0^  is  angle-constrained  or  free.  Besides  we  have  the  conditions 


(3.7d)  0^<si) 


-1  8i  -1  *i+1 
dl  I c°s0*n,  - d“+1  / cos0on. 

Si-1  8i 


0,  i “ 1, . . . ,n-l 


resulting  from  the  fact  that  the  coefficient  of  n‘  in  (3.5)  is  discontinuous.  If 

8n(s.)  ^ 0 for  the  internal  nodes  s,,...,s  , then  (3.7d)  combined  with  (3.7c) 

v*  i n-i 

requires: 

-i  8i  -i  81 

(3.8)  d^  / cos0Qn.  ■ -b^  / sin0Qn#  « constant  for  i » l,...,n  . 

*i-l  *i-l 
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The  multipliers  can  be  eliminated  from  (3.7a).  We  integrate  (3.7a)  over 

the  interval  (Sj_^,s^)  and  obtain: 


'X  * "I1 


- j / 


* b^;1 


’i-1 


(3.9) 


i-i 


1 1 

+dl  <0o(si-l)  " 0O(Si”  / cos0on*  " u.  / • 

si-l  ‘i-1 

With  (3.9)  substituted  in  (3.7a),  we  obtain  the  equation 

n;(s)  + ^q2h*(s)  + 6^(nt)cos0Q(s)  + 5i(n„)sineo<s)  •*-  p„n*(s)  - o, 

(3.10) 

»i_1  <_  s <_  s.,  i + l,...,n 

where  the  and  4^  are  well-defined  linear  functionals,  depending  only  on  0Q. 

(3.10)  together  with  (3.7b,c,d)  is  a nonconvent ional  linear  boundary-value  problem 
for  n„ , being  the  eigenvalue.  Introduce  the  linear  operator  R with  domain 

D( R)  of  functions  n : (0,s)  -*■  R,  with  n’  continuous  on  [0,s],  n"  continuous 
on  each  [Sj_^,-s^]  and  r)  satisfying  conditions  (3.7b,c,d),  defined  by: 


(Rh> (s) 

(3.11) 


n"(s)  - j0^2(s)n(s)  - 6i(n)cos0Q(s)  - 4i(n)sin0Q(s) , 
6^  ^ ^ s ^ s^,  i — 1, . . . ,n  . 


Then  the  above  eigenvalue  problem  may  be  stated  as: 

(3.12)  Rn  - PH  . 

• 2 

A simple  calculation  shows  that  if  / n - 1 then 

0 


(3.13) 


a 

M ■ / nRn  - Q(0~,n)  . 
o 


Therefore,  vt  “ 0(8q»H#)  is  the  smallest  eigenvalue  of  R. 

We  conclude  that  the  form  Q is  positive  definite  if  and  only  if  p#  > 0, 
or  equivalently,  all  the  eigenvalues  of  R are  positive.  We  have  obtained 
Proposition  3.2.  The  extremal  interpolant  E^  is  stable  if  and  only  if  the 
operator  R defined  above  has  only  positive  eigenvalues. 
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The  following  proposition  provides  a useful  sufficient  condition  for  instability 
of  interpolating  elastica. 

Proposition  3.1.  Suppose  E with  normal  representation  s «-  0 (s)  (s  < s < s ) 

0 0 1 — — n 

is  an  angle-constrained  extremal  interpolant  for  some  configuration  {p  ,p  ,...,p  }. 

12  n 

Suppose  E is  another  extremal  interpolant  (angle-constrained  or  free),  with  normal 

representation  s +♦  0 ( s ) (s  < s < s ,,,  s„  < a, , s > s ),  where  6 is  an 

u — - n+1  u — 1 n+1  — n 

extension  of  0 with  no  additional  knot,-  thus,  0”  is  continuous  at  s (s  ) if 
0 In 

s < s (s  > s ) . Then  E is  also  unstable. 

0 1 n+1  n 

Proof.  The  extremal  E,  which  interpolates  the  configuration  (p0<P2.....p  j.P 

can  also  be  considered  as  an  extremal  E which  interpolates  the  configuration  with 

p, (p  ) inserted  between  p^  and  p„  (p  , and  p , ) if  s„<  s.  (s  . > s ) . Let 
In  0 2 n-i  n+1  0 1.  n+1  n 

0 denote  0 in  this  identification.  Since  E^  is  unstable  there  exists,  by 

Proposition  3.1,  nQ  * VO{0Q)  suc^  that  t.  ln  particular, 

tl_(s  ) « n„(s  ) « 0.  Let  n be  defined  as  an  extension  of  n.: 
u l on  0 


n(s)  « 0_(s)  , S < S < S 
u l “ — n 


(3.14) 


■ 0,  s-  < s < s,  and  s < s < s ... 

0 — 1 n — n+1 

It  is  easily  checked  that  n e Vg(0)  and  Q(P,n)  “ CKPg.Hg)  — lt  f°H°ws»  again 
by  Proposition  3.1,  that  E is  unstable.  Since  E is  obtained  from  E by  the 
removal  of  constraints,  E is  unstable. 

Let  Eg  of  Proposition  3.3  be  angle-constraincr*  at  one  terminal  only,  say  at  p 
For  this  case  we  have  the 

Corollary.  If  the  unstable  extremal  of  Proposition  3.3  is  angle-constrained  only  at 

p and  0 is  an  extension  of  0„  to  s_  < s < s , with  0"  continuous  at  s 

n 0 0 - — n+1  n 

then  E is  unstable. 

The  proof  of  this  is  an  obvious  modification  of  that  for  Proposition  3.3. 

Another  useful  sufficient  condition  i«  expressed  in  the  following 
Proposition  3.4.  Supposo  E is  an  interpolating  elastica  angle-constrained  at  none, 
one,  or  both  terminals)  and  E ^ is  a subarc  between  consecutive  nodes  of  E.  If  E^, 


mm — 


considered  as  a 2-point  extremal  intcrpolant  which  is  angle-constrained  at  the 
terminals  which  are  internal  nodes  of  E,  is  unstable  then  E is. 

Proof.  Suppose  s h-  0 (s)  <0  <_  s <_  s)  is  the  normal  representation  of  E and 
s 8^(s)  (s^_^  £ 5 1 s^)  is  the  restriction  of  0 which  represents  E Since  E 
is  unstable  there  exists  ^ e V^),  * 0,  such  that  Q^.n.)  < 0.  In  particular. 

ni(6i-l)=0  and/or  W "0  if  ‘i2  and/°r  i<n-l.  The  extension  n with 
value  0 on  [O.s^l  (if  i > 2)  and  on  <s..S]  (if  i < n - 1)  is  continuous,  and 
clearly  n * VQ(e),  Q(0,n>  = 0(0.,^)  < 0.  Hence  E is  unstable. 


4 • Extremals  close  to  stable  ones. 

If  E Is  an  extremal  intcrpolant  of  some  configuration  (p  ,p  , ...,p  ), 

U 0 1 n 

• >*  0,.(s),  0 < a < s,  is  its  normal  representation,  and  0 ■ s < s,  < ...  < s « s 

u o l n 

are  its  interpolation  nodes,  then  t « O^tst)  » 0^(t),  0 <_  t £ 1,  is  the  normal 

representation  of  an  extremal  interpolant  for  the  configuration 

(s  Vn*3  *p  )•  with  interpolation  nodes  0 * t.  < t,  < . . . < t “1, 

vi  i n 0 1 n 

" s^ls.  If  the  terminals  of  K are  free  or  angle-constrained,  so  are  those  of 
Eq.  Clearly,  f’Q  is  stable  if  and  only  if  E is.  In  the  following  we  will  often 

use  the  standardized  normal  representation  of  elastica. 

Ia*t  F^  denote  the  metric  space  of  functions  0:  f 0 , 1 ) -»  1R  , for  which  there 
are  real  numbers  a = a(0),  P “ 6(0)  such  that  the  equations 

|«,2(t)  - asinO(t)  - 6cos0  (t ) 

(4.1) 

0*  (t)  • acos0 (t)  ♦ BsinO (t) , 0 < t < 1, 

hold  with  the  distance  functional  " max0  < t < 1^1^'  “ 62(t)|.  For 

proof  of  the  proposition  below  we  will  use  the  following 

Lemma . The  functionals  a, 6 from  F^  to  » are  continuous. 

Proof.  First,  a(0),0(0)  are  uniquely  defined,  for  if  (4.1)  and  also 
1 2 

• a^sinO  - B^cosO,  0"  » a^cos0  ♦ B^sinO  hold,  then 
0 « (a  - a^)sin0(t)  - (B  - B^)cos0(t)  » (a  - a^)cos0(t)  + (B  - B^sinOlt),  hence 
a • and  B ■ 8^.  Clearly,  (4.1)  is  equivalent  to 

1 

(4.2)  0(t)  - (1  - t)  6 (0 ) - t0  (1)  - / g(t,T)  {acosO(t)  ♦ Bsin0(i)}dT, 

0 


g(t,T)  - (t  - l)t,  0 < I < t 

• (T  - l)t,  t T 1 . 

The  uniqueness  of  a, 8 in  (4.2)  implies  that  the  continuous  functions 


1 1 

x « / g(',i)cos0(T)dT,  y - / g ( • , t ) sinO (t)dt  are  linearly  independent. 
0 0 


Therefore,  the  Gramian  / x2  / y2  - (/  xy)2  ia  f 0.  Thus,  if  (4.2)  is  dot-multipl iod 
by  x and  y respectively,  two  independent  linear  scalar  equations  for  a,$  arc 

obtained,  whose  solution  demonstrates  the  assertion  of  the  Lcmna. 

We  also  observe  that  the  functionals  a(8),8(9)  are  uniquely  determined  by  the 
restriction  of  0 to  any  subinterval  of  10,1). 

Now  let  F denote  the  class  of  interpolating  elastics  E with  normal 
representation  t **  0 (t) , 0 <_  t <_  1,  all  satisfying  the  same  type  of  end  conditions 

(free  or  angle  constraints)  and  having  (n  + 1)  interpolation  nodes 

0 - t < t < ...  < t - 1,  where  t - t. (0)  for  i - l,...,n  - 1.  We  also  assume 
u i n li 

that  no  two  consecutive  interpolation  points  of  E coincide.  F is  made  into  a 

n 

metric  space  by  use  of  the  distance  functional 

(4.4)  d<0.,0,)  « max  1 1 (0  ) - t.  (0,) | + max  |0,(t)  - 0,(t)|  • 

1 i-l,...,n-l  11  1 2 0<t<l  1 2 


We  now  prove 

Proposition  4.1.  Suppose  E Q is  an  interpolating  elastica  with  normal  representation 

00  * F which  is  stable.  Then  there  exists  6 > 0 such  that  every  interpolating 

elastica  E with  normal  representation  0 r F for  which  d(0.,0)  < 6 is  also  stable 

n 0 

Proof.  For  every  0 e F we  have  by  (2.12) 
r n 

ifl,2(t)  - a^OJsinOtt)  - 8i(0)cos0(t), 

(4.5)  ’ 0“(t)  - a^OJcosSft)  + Bi  (0)sin0  (t) , 

t^jtO)  < t < t± (0) , i - 1 n . 

We  first  take  4^  > 0 so  that  d(0,0Q)  < 4^  implies 

(4.6)  (WV'W)  n (ti_l(0,'ti(6))  * * for  1 “ 1 • 

It  then  follows  from  the  above  I ->01013  that  we  can  find  4^  > 0,  42  < 4^  so  that  for 


d(e,0Q)  < 42« 


|«A (0)  - o1ce0) I < x,  |b,;0>  - B,(0„)|  « 1,  i - 1, 
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hence  by  (4.5) 


MX  |0"(t)  | M 
0<t<l 


for  some  M.  Ttuis(  the  family  {0*  i 6 t f^,d(0(0^)  < is  equicontinuous: 

(4.7)  le'if)  - o*(t“)|  < M|f  - t-|  . 

Suppose  t > 0 is  given.  Using  the  Lemma  again  and  Equations  (4.5),  we  can  choose 
«3  >0,  «3  < «2  so  that  d(0,0o)  < «3  implies  |a.  (6)  - (Oq)  I ♦ |6.(8)  - 3 (eQ)  | 
is  so  small  for  i » 1 n that  (4.5)  yields 

(4.8)  |e*  (t)  - 0^(t)  | <|  for  t*  ( tA_i  <e0) . li  (®0) 1 0 ,ti-l(0)'tit0,l  ' 

i * 1, . . . ,n  . 

Let  tlie  overlapping  of  the  two  intervals  in  (4.8)  occur  so  that 

<eQ)  1 t.^O)  * ti^60)  i ti(0).  If  « > 0,  «4  < «3  is  such  that 

M|t1_1<0)  - * £/J  for  d(0.0o)  < «4  then  by  (4.7)  and  (4.8),  for 

‘i-i'V  - t-  ti_1(0» : 

I®*  <t)  - e*(t)|  < |0-(t)  - •i(ti_l(«0))|  ♦ |e-(t._1(e0))  - e*  Cti_1(0o>) ! 

♦ l®,(ti.1(v)  - «'  ct)  | < | f 

and  the  same  result  is  obtained  for  t^tS^  i t < t.(9).  Altogether  one  finds  that 

for  d(0,0  ) < 5 = 

0 4 

(4.9)  |e-  (t)  - 0*  (t)  I < t,  0 < t < 1 . 


(4.10) 


-l^IO.il 

define 

(compa re 

f1  2 

1 .2  2. 

n 

r 

! (n-  - 

n ) 

+ 2 l 

0 

1-1 

1 / V1 
/ (cos0)n //  sin0 


Li-1 


‘i-l 


/ 9n\ 

Vi 


where  t^  stands  for  t^(0).  In  (4.10)  it  is  assumed  that 


/ ein0  f 0»  if  / sin0  - 0 then  the  term  in  brackets  is  to  be  replaced  by 


"i-1 


vl-l 
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1 / “i 

/ (»in0)n //  cos8 


‘‘1-1 


"i-1 


. It  follows  from  (4.9)  that  on*  can  find,  for  a given 


bounded  set  B C w [0,1),  4 > 0,  4 < 4 , such  that 

9 5 “*  4 


(4.11) 


I Q CO , n ) - O(0Q.n)  | < 2c 


for  all  n « B and  6 * F , d(0,0„)  < 4_. 

n 0 5 

For  0 « F we  also  define  the  subsj-ace  V (0)  of  W,  _(0,1)  (see  (3.4)): 
n 0 1#  2 


V0) 


(n  * 


Wl,2[0'11 


"1-1 


dt  / 
t 


dtn(t)cos[0(t)  - 0 (t ) 1 


1-1 


(4.1'’’  1 ■ l,...,n;  and  » 0 and/or  n(l)  « 0 if  the 

elements  of  F are  angle-constrained  at  the 
n 

corresponding  terminal). 

For  the  given  bounded  set  B c W ,[0,1]  (B  is  then  totally  bounded  in  L [0,1]) 
one  can  choose  4,  >0,  4,  < 4e,  so  that  the  L-  - distance  of  the  sets 

© O *”  D Z 

V-(8)  n b,  V (8  ) B is  arbitrary  small  if  d ( 0 , 0_ ) < 4 . From  this,  together  with 
0 0 0 Ob 

(4.11),  one  concludes  that  4 > 0 can  be  found  such  that  d(0,0Q)  < 4 implies 
(4.13)  inf  Q(0o,n)  - inf  Q(0,n)  < inf  Q(0Q,n) 


"•W* 


nfV0O),  n 


1, 


hence  that,  by  Proposition  3.1,  E is  stable. 

Proposition  4.2.  If  0Q  in  Proposition  3.1  is  strongly  unstable  (i.e. 

inf  Q(8ft»n)  < 0),  then  there  is  4 > 0 such  that  the  elastica  E for 

nev(0o),  /n  “1 

which  d(0Q,0)  < 4 are  also  unstable. 

We  apply  Proposition  4.1  to  extremals  which  interpolate  configurations  close 

to  the  ray  configuration.  Suppose  EQ  is  the  extremal  interpolant  with  normal 

representation  0Q(t)  "0,  0 <_  t 1,  which  interpolates  the  ray  configuration 

(P«»P?» • • • ,P°),  where  p®  ” (t0,O),  0 ■ t®  < t®  < ...  < t°  ■ 1,  and  has  free 
o i n li  oi  n 
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terminals.  It  was  proved  in  (2,  Theorem  7.4)  that,  given  c > 0,  there  exists 
« > 0 such  that  for  every  configuration  {p^ pj  with  |p.  - p°j  < 6 there 


1.  a unique  extremal  interpolant  E with  free  ends  and  normal  representation  0 

e 

for  which  d(0o.0t)  < c.  Now  0Q  is  stable.  In  fact,  Q(0,n)  - / n * 2 and 

V(0q)  (n  . / n " 0,  i » 1, . . . , n) . in  particular,  we  must  have  / n c 0 for 
*1-1  0 

H « V(0Q),  and  it  follows  that  C(0Q,n)  > 4n2  / n2  . Thus  we  have  obtained 

0 

Proposition  4.1.  For  every  configuration  sufficiently  close  to  the  ray  configuration 
there  exists  a unique  stable  extremal  interpolant  with  free  terminals  that  is  close 


to  the  trivial  interpolant. 


Of  course,  this  proposition  holds,  a fortiori,  for  extremal  interpolants  with 


angle  constraints. 
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5.  Instability  of  the  2-point  interpolants  E ,E*. 

n n 

If  the  configuration  to  be  interpolated  consists  of  two  points  Pq'Pj  then  the 

•lastica  E0  has  normal  representation  0Q  r CjlO.l],  satisfying  the  equations 


(see  (2.12),  (2.13)): 


- X1sin8Q  + X2cos6q  =0,  8J  - X1cosOQ  - X2sin8Q  = 0 . 

In  the  sequel  we  will  arrange  it  so  that  0^  *=  0 when  8^-0  or  itj  then  these 
equations  become 

(5.1)  ie!2  *>  X sin8  , 0"  = X„cos6„ 

2 0 0 0 0 0 0 

for  some  X^  < S,  If  Pq  “ (0,0),  p,  = (0,d),  d > 0,  then  the  interpolation 
conditions  are 

1 1 
/ cos8  c 0,  / sin0  c d . 

0 0 0 0 

If  80<0)  *=  a,  8 (1)  - B,  0 < a <_  w,  0 < B £ then  by  (5.1)  : 

B B 

(5.2)  (2XQ) 1/2  - |/  sin'1/2udu|,  (2XQ)  1/2d  ■=  | / sin1/2udu|. 

a a 

However,  these  formulas  for  XQ  and  d are  correct  only  if  8^(t)  / 0 for  0 < t < 1 
(i.e.  Eg  has  no  internal  inflection  point);  otherwise  they  must  be  modified,  as  will 
be  done  below. 

The  quadratic  form  (3.5)  becomes 

1 , , 1 , 

(5.3)  Q(9  ,n)  - / (n‘  - X sine  n ) - (2X  /d )(/  COS0  n) 

O 0 0 0 ° o ° 

and  it  is  to  be  minimized  on  the  space  (see  (3.4)): 

1 

(5.4)  V (8  ) *=  (n  « w ,(0,1)  : / nsinB  » 0; 

0 0 1,2  0 

n (0)  “ 0 and/or  n(l)  *=  0 if  E is  angle-constrained)  . 


a.  Wo  first  investigate  the  stability  of  the  extremal  E (n  > 1)  with  free 

n — 

terminals  which  has  (n  - 1)  internal  and  2 terminal  inflection  points.  E consists 

n 


1 


of  n arcs,  congruent  to  E^,  which  is  the  basic  nontrivial  2-point  extremal 

interpolant  (see  [2,  Sec.  5]).  If  8 is  the  normal  representation  of  E and  we 

n n 

choose  8 (0)  » 0 then  8 (t)  varies  from  0 to  i to  0 to  i...  to  ^(1  - (-l)nJir 
n n 2 

as  t varies  from  0 to  1/n  to  2/n  to  ...  to  n/n.  The  points  k/n(k  ■=  l,...,n  - 1) 

arc  the  internal  inflection  points.  The  total  variation  of  6 is  Va(8  ) *>  nit  . 

n n 

We  have 

(5.5)  ^8,2(t)  = X sinO  (t) 

2 n n n 

8 (1/n  + t)  - ff  - 8 (t),  8 (2/n  + t)  = 8 (t) 

n n n n 

8 (0)  *»  0 . 

n 

Formulas  (5.2)  are  now  replaced  by 

(5.6)  (2X  )1/2  - n / sin~1/2u  du,  (2X  )1/2d  = n / sin1/2u  du  . 

n 0 n 0 


We  choose 

, 1 

n “ 8 - d / 0 sin0 

n o " n 

1 i 

Then  f nsin8  ■ 0,  hence  n e Vn(8  ).  Since  / cos8  » 0,  we  have 
0 n ° " 0 

1 1 

f ncos8  “ f 0 cos8  , and  (5.3)  becomes 

0 n o " " 

1 , 1 2 1 2 
(5.8)  s?{0  ,n)  - 2X  d - X / 0 sine  + (X  /d)  (/  8 sin8  ) - (2X  /d)  (J  8 cose  ) . 

n n ninn  ninn  n i.  n n 


We  use 


1 2 1 2 1 1 , 

(f  8 sine  ) < / e sine  / sin8  - d / 8 sin8 

£ n n — q n n ^ n on  n 


and  find 
(5.9) 


Q(8  ,n)  < (2X  /d)(d2  - (/  0 cose.,)2) 

n — n ' n n 

0 
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To  evaluate  the  integral  term  in  (5.9)  we  first  assume  n even.  Then 


/ 9 COS0  “ ^ 

0 » " 2 


(5.10) 


1/n  1/n 

/ 0 COS0  - / (it  - 0 )cos@ 

n n ' nr 


0 n n 0 


l/n  2 

- - (n/2X  ) 2 / 0'  « -2d  . 

n ' n 


n o n 


We  find  the  same  result  for  n odd.  (5.9),  (5.10)  show  Q(0  ,n)  < 0.  Thus,  we 

n 

have  proved  that  E^  is  unstable.  This  was  also  proved  in  (2),  but  by  a different 
method. 

b.  We  now  show  that  the  above  extremal  is,  for  n ^ 2,  also  unstable  if 

angle-constrained  at  both  ends.  Let  this  extremal  be  denoted  as  E* . If  0*  is 

n n 

1 2 

its  normal  representation  then  0*  minimizes  / 0’  among  the  functions  that 

n 0 
1 1 

satisfy  the  interpolation  conditions  J cos0  =0,  J sinO  = d and  the  end 

0 0 

conditions  0(0)  = 0,  0(1)  = ^-(1  - (-l)n)n.  £>  coincides  with  E of  paragraph  a., 

2 n n 

1 

hence  0*  = 0 . n * V(0*)  now  requires  n(0)  = n(l)  = 0 besides  / nsin0  = 0. 
n n n ^ n 

We  choose 

n#(t)  * 0* (t) , 0 < t < 2/n 

* n — — 

(5.11) 

*■  0,  2/n  <_  t <_  1 . 

1 

Then,  clearly,  n t V.  (0*),  and  also  / tkcos0  ■«  0.  Thus  (5.3)  becomes 
* u n * * n 


(5.12) 


2/n 

Q(0*,nj  - / <n;‘  - ^nsin0nni) 

2 2 2 2 2 ,^n  2 
- / (X  cos  0 - 21  sin  0 ) «=  X 1 2/n  - 3 / sin  0 1. 

^nnnnn  ^ n 


But,  using  (5.5),  (5.6)  and  integration  by  parts,  we  find 


2/n 


(5.13)  J sin20  - (2//2X- ) J sin3/2u  du  - (2/3/2X-)  / sin"1/2u  du  - 2/3n  . 


0 “ n 6 n 0 


Thus,  Q(n.)  “ 0,  and  this  proves  instability  of  the  extremal  E* , n > 2. 

n — 

In  the  next  section  it  will  be  proved  that  i ?•  is  also  unstable. 
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ilnt  anqlc-constralned  intcrpolants  with  no  Inflection 


! 


; 

I 


I 


In  this  section  we  prove  that  2-point  angle-constrained  interpolants  arc  stable 
if  they  have  no  inflection  point,  and  are  unstable  if  they  have  at  least  2 inflection 
points. 

Proposition  6.1.  A 2-point  angle-constrained  extremal  interpolant  E with  no 
inflection  point  is  stable. 

Proof.  If  E has  no  inflection  point  then  E is  a proper  subarc  of  the  basic 

2-point  extremal  E (see  Sec.  5).  Clearly  E is  contained  in  another  proper 

subarc  E of  which  has  an  axis  of  symmetry.  By  Proposition  3.3  it  suffices 

to  prove  that  the  angle-constrained  extremal  E is  stable.  Let  t h-  0 ( tl  (0  <_  t <_  1) 

* 

be  the  normal  representation  of  E and  (0,0),  (0,d),  (d  > 0)  the  coordinates  of 

the  terminals,  with  0=0  along  the  positive  x axis.  Then  we  have  the  following 
equations  for  0: 

i«,2(t)  = XsinO  (t) , 0 < t <_  1 

8(t)  «=  if  - 6(1  - t) 

(6.1)  6(0)  b a,  0 < a < ir/2 

y .1 

d - / sine  ■=  2 (2X)  f sin  ' u du 

0 a 

(2X)1/2  - 2 / / sin“1/2u  du  . 
a 

V 

It  follows  from  Proposition  4.1  that  E is  stable  tor  all  a sufficiently  close  to 
* 

w/2.  Hence,  if  E is  unstable  for  some  a > 0,  there  exists  a smallest 

a « aQ,  0 < aQ  < ir/2,  for  which  E «=  EQ  (correspondingly,  e^X^)  unstable. 

It  then  follows,  by  Proposition  4.2,  that  inf  r 2 ,Q(0n,o)  = 0,  hence  there 

T'*V0  "o' ' z7*  0 

exists  nQ  t Vq*®o*'  n0  **  8uch  that  2^®o,no^  = °*  We  show  that  this  is 

not  the  case. 
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By  (3.4)  and  (3.5)  wo  have 


VO  1 •>  (n  t W ,(0,1)  ! / nsinO  - 0) 

o U h d q O 

1 1 
Q(Oft.n)  ■=  / (n‘  - Xosln0on  ) - (2An/d)  (/  cosOnn)2 


0 0 0 


j /n2-=l®*°0' n'  c ®^°o'no'  = ° imPlies  <see  Proposition  3.2  and 
Equations  (3.7a,b)  that  satisfies  the  following  system  for  some  t R • 

n"(t)  + A sinG  (t)n  (t)  ♦ or  cosG  <t)  ♦ p sinG  (t)  « 0 

0 0 0 o 00  00 


n (0)  *>  n (l)  ■ o,  / n.sinO^  « o,  n / o 

U O q w w o 


°0  " (2Vd>  / nocos0o  • 

0 

The  equation  q“  + X^sinO^n  ■*  0 has  the  general  solution 

t 

(6.4)  »)  - cQ0^  + CjG^Yq,  yQ (t)  « / (l/sin6Q(T)  )dx  . 

By  using  the  method  of  variation  of  parameters  one  finds  for  the  general  solution  of 
the  differential  equation  in  (6.3): 

(6.5)  n0(t)  - -<o0/2A0)te*(t)  - <P0/A0)  ♦ coe-(t)  ♦ c^tjy^t)  . 


nQ(0)  - nQ<l)  “ 0 give,  since  8^(0)  - 8^(1)  K0 

(6.6)  cQ  •>  P0/X0<0.  c - oo/;'.0Yo<l)  • 

By  the  use  of  integration  by  parts  one  finds 


/ nQcose0  « -(o0/2Xq)  (sinaQ  - d)  + cx  (yQ  (1)  sinaQ  - 1) 


and  since  this  must  equal  (dc^/2\^)  by  (6.3),  one  obtains 

(6.8)  -(a  /2A  )sina  ♦ c (y  (l)sina  - 1)  - 0 . 

0 0 0 1 0 0 


(6.8)  together  with  (6.6)  gives  oQ  - 0,  c “ 0.  Thus,  we  are  left  with 

(6.9)  n0  - (P0A0-r0)  (0*  -<Q)  . 


a 


1 

The  final  condition  / ri  sin0Q  = 0 yields 
0 

(6.10)  (Pq/AqKq)  (2cosaQ  - KQd)  ■=  0 . 

Since  pQ  *=  0 implies  = 0,  we  must  have 

0 «■  G(Og)  s *»  cosaQ  - xQd/2  • 

By  (6.11  we  have  kq  ■=  0^(0)  = (2A0sino0) 1/2 , d/2  = (2XQ)"1/2  sinV2u  du, 

a0 

f /2 

hence  G(0)  = 1,  G(ir/2)  » 0,  G' (a)  = - (l/2)sin“1/2acosa  / sin1/2u  < 0 for 

a 

0 < a < n/2.  Therefore  no  t)0»Pq  satisfying  (6.3)  exist,  and  the  proof  of 
Proposition  6.1  is  complete. 

We  prove  next: 

Proposition  6.2.  A 2-point  extremal  interpolant  E (angle-constrained  or  free)  with 
2 or  more  inflection  points  is  unstable. 

Proof.  If  E has  at  least  2 inflection  points  then  E contains  the  basic  2-point 
extremal  E ^ (see  Sec.  5).  By  Proposition  3.3  it  suffices  to  prove  that  EJ,  which 
is  E^  with  angle-constraint,  is  unstable.  We  do  this  by  exhibiting  < Vc/®1*  ’ 

¥ 0,  for  which  Q(0^,n^)  *■  0.  As  in  the  preceding  proof,  this  will  be  the  case 
if  for  some  p^  t JR  : 

r|J  + X^HjSinOj^  + Oj^cosO^  + p1sin©1  « 0 

1 

(6.12)  r»  (0)  - n (1)  *=  0,  / n sin0  « 0,  ri  j 0 

1 l 0 I l l 

1 

Oj  - (2A1/d)  / HjCosOj^  . 

This  system  is  satisfied  by 

P1  " ni(t*  “ (1  “ 2t)0j  (t)  . 
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/ n.cose  - 2d  - do  /2X 

ft  1 1 11 


1 

n,(0)  - n,(i)  - / n.sine  «■  o . 
A 1 o 1 1 

Here  we  have  used  0^ (0)  = 0^1)  - 6|(0)  - 9'(1)  - 0 . 
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7.  Two- point  angle-constrained  lnterpolants  with  one  Inflection  point. 

If  the  2-point  Angle- cons trained  extremal  E contains  one  inflection  point 
(either  at  one  end  or  internally)  then  the  problem  of  stability  is  more  complex.  If 
one  proceeds  from  the  inflection  point  0 along  E in  one  or  the  other  direction 
to  a terminal  one  traverses  a proper  subarc  of  the  basic  extremal  (see  Sec.  5). 

There  is  a point  on  E^,  close  to  the  far  terminal,  - its  precise  location  is  given 
below  - on  which  the  stability  of  E depends.  We  call  this  point  a stability  focus. 

E may  contain  the  right,  the  left  or  neither  stability  focus.  We  prove 
Proposition  7.1.  A 2-point  angle-constrained  extremal  interpolant  E with  one 
inflection  point  is  stable  if  E contains  no  stability  focus. 

Proof.  E contains  neither  stability  focus  as  one  proceeds  from  the  inflection  point 
to  one  or  the  other  terminal,  hence  is  a subarc  of  another  extremal  E,  which  is 
sysnetric  with  respect  to  the  inflection  point  and  also  contains  no  stability  focus. 

By  Proposition  3.3  it  suffices  to  prove  that  the  angle-constrained  extremal  £ is 
stable,  let  t >*  S(t)(0  < t < 1)  be  the  normal  representation  of  E and 
(-b/2,  -d/2),  (b/2,  d/2),  (b  > 0,  d > 0)  the  coordinates  of  the  terminals,  with  6 « 0 
along  the  positive  x axis.  We  then  have: 

y0,2(t)  - XsinS  (t) , 0 < t < 1 

8 (t)  - 0(1  - t) 

6(0)  - o,  0 < a < x,  0(1/2)  - 0'  (1/2)  *=  0 

(7.1)  b ■ / cos0  * 2(21)  *^2  / cosu-sin  ly^2u  du 

0 0 

1 a 

d - / sin§  - 2(2X)'1/2  / sin1/2u  du 
0 0 

(21) 1/2  - 2 / sln"1/2u  du  . 

0 

It  follows  from  Proposition  4.2  that  E is  stable  for  all 
Further  if  a ■ »,  E contains  2 inflection  points,  hence 


a sufficiently  small, 
is  unstable.  Thus  there 
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is  a smallest  a “ a.,  0 < a.  < »,  for  which  E • E . (correspondingly,  0.,X.) 

* 

is  unstable.  As  one  proceeds  along  this  F.  from  the  inflection  point  to  one  of 
the  terminals  one  reaches  the  (left  or  right)  stability  focus,  mentioned  in  the 
Statement  of  the  proposition. 

By  Proposition  4.1,  we  are  left  to  find  a.  and  6.,  so  that 

"""V9.1-  /-2- 19"-'”  ■ “• 

where  6-0.  satisfies  (7.1),  with  o replaced  by  o..  By  (3.4)  and  (3.5)  we  have 

1 

vQ(e.)  - {n  f W1(210.11  : / n(b  cos0.  + d sine.)  - 0) 

(7.3) 

1 , 1 
Q(8.,n)  “ / (n‘  - A.sxnU.n  ) - (2A./d ) (/  ncos6.)2  . 

0 0 

The  lnfiir.jm  0 of  Q(8. ,n)  is  attained  for  n **  n.  « V(8.)  if  (see  Equations  (3.7a,b)) 
I),  satisfies  the  following  system  for  some  p.  t ]R  : 

T|J  + X.n#sin0#  + o.cos0.  + p.(b  cos0.  + d sin8.)  « 0, 

1 

(7.4)  n.(o)  ■ n.d)  “0,  / n. (b  cose.  + d sine.)  ■ o,  n.  / o, 

...  0 

1 

o.  - (21. /d)  / n.cos0.  . 

0 

Using  the  general  solution 

n(t)  - - no.  + p.b)/2i.ite;(t)  - p.d/i.  + cQe;(t)  + c y.(t) 
t 

f - e;<t)  / (l/sin0.(T))dT  for  0 < t < 1/2 
0 


Y,(t)  - ( 2 


for  t - 1/2 


l e;(t)  / (1/sinO. <T))dT  for  1/2  < t < 1 
t 

of  the  differential  equation  in  (7.4),  one  finds  after  lengthy  calculations. 


n,(t)  - (i  - 2t) e’  (t)  - e ' (o) , P.  - i.e;<o)/d  . 


‘ U'fflqp!./ 


Using  integration  by  parts  and  the  relations,  following  from  (7.1) : 

(7.7)  2aina,  » k2/X4,  b “ “2k,/!.,  where  k#  » 0^(0) 

one  obtains 


1 

(7.8)  - (2Xt/d)  / n.cos0t  * 4X4  - X#K#b/d  . 

0 

Then  one  verifies  readily  that  (7.6)  solves  the  differential  equation  in  (7.4) i also 

1 

h, (0)  - n#(l)  “ 0 and  / n^sinO^  - Icosa^  - 2b  - K#d,  hence 

0 

(7.9)  / n,(b  cos0#  + d sin0#)  = -2k 3/X2  ♦ 2d  cosa^  - K^d2  . 

0 

Thus,  all  the  conditions  of  (7.4)  are  satisfied  if  the  quantity  (7.9)  is  0,  or 
using  (7.1)  and  ;7.7)  and  the  abbreviation 

a 

S(a)  “ / sin  u du,  0 <_  a <_  », 

0 

(7.10)  F (a.)  i - sin1/2a4S2(o4)  ♦ cosa4S(a#)  + 2sin3/2a4-  0 . 

a#  is  the  unique  root  between  w/2  and  * of  (7.10).  Since  F(x/2)  > 0 and 
F(«)  < 0,  there  is  a root  between  s/2  and  n,  and  since  F’ (a)  < 0,  the  root  is 
unique  (a  rough  estimate  shows  a *»  171*). 

Me  have  shown  that  8,  given  by  (7.1),  with  a < is  stable  and  this  completes 
the  proof  of  Proposition  7.1. 

The  result  in  Proposition  7.1  is  sharp  because  we  have 
Proposition  7.2.  A 2-point  angle-constrained  extremal  interpolant  E with  one 
Inflection  point  is  unstable  if  E contains  the  two  stability  foci. 

Proof.  In  the  proof  of  Proposition  7.1  it  was  seen  that  the  extremal  Et  whose 
terminals  are  the  stability  foci  is  unstable.  By  Proposition  3.3  E,  which  contains 
is  unstable. 
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Itiore  remains  the  case  whore  the  2-point  angle- cons  trained  intcrpolant  E 
contains  one  inflection  point  and  one  stability  focus.  We  may  assume  that  the  normal 
representation  0 of  E is  a solution  of 

|ie*  «t) i 2 - Asine(t),  o < t < l 

(7.11) 


6(0)  - a,  6(1)  - B 


for  some  If  R , where 
(7.12) 


0<a<at<^B<» 

8(t  ) “ 8'(t  ) ■=  0 for  a unique  t 
U 0 0 


The  numbers  1 and  t are  determined  from  the  relations 


(7.13) 


SiX  - / sin  1/2u  du  + ^ sin“1/2u  du,  i/JIt-  « / sin"1/2u  du  . 


It  is  seen  that  tQ  <_  1/2  and 


(7.14)  0(tQ  - t)  « 0(tQ  + x),  0 < t < tQ  . 

We  now  show  that  for  each  a,  0 < a < at,  there  exists  a unique  8 « 8,  (a) 
such  that  the  extremal  E is  stable  if  B < B.(u)  and  is  unstable  if  B>  8, (a). 

We  say,  the  point  on  E for  which  6 has  the  value  Bt(a)  is  conjugate  to  the 
point  for  which  6 has  the  value  a.  As  a approaches  a,,  (from  below)  8,  (a) 
approaches  am  from  above,  hence  the  stability  foci  of  Proposition  7.1  are  the 
special  case  of  conjugate  points  where  8.  (a)  « a. 

We  now  prove 

Proposition  7.3.  Suppose  E is  an  angle-constrained  extremal  2-point  interpolant 
with  normal  representation  t «■  0{t),  0 < t £ 1,  which  contains  one  inflection 
point  and  for  which  8(0)  - a,  0 < a <_  a.  (see  (7.10)),  0(1)  * B >«,.  E is  stable 
if  and  only  if  8 < 8,  (a),  where  B#(a)  is  the  unique  root  betw-en  at  and  ir  of 
Equations  (7.17)  below.  As  a increases  from  0 to  at,  6#(a)  strictly  decreases 
from  * to  ac. 
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Proof.  By  Proposition*  6.2  and  7.1  t is  stable  if  6 < aA  and  unstable  if  B • s. 
Lst  0,(o>  denote  the  smallest  value  of  8 for  which  E is  unstable  and  let  8# 
bo  the  normal  representation  of  the  extremal  £.  for  which  6,(0)  - a,  8#(1)  - 0A(a). 
there  must  then  exist  n.  * V0(84),  / t\2  - 1,  such  that 

<7-l5>  lnfn«v0<e.)  Jn2-iQ(9*'n)  “ c(0*'n.)  ■ 0 • 

As  in  the  proof  of  Proposition  7.1,  we  have  for  n#  the  system  (7.4).  The  general 
solution  of  the  differential  equation  in  (7.4)  is  given  by  (7.5).  One  ccxnputes,  using 
integration  by  parts, 

1 1 

/ Y,cos0,  - 1.  / Y.sinO,  - 2/8; (1)  - 2/9; (0) 

0 0 

(7. 1C) 

1 1 
/ t cos8# (t) *8; (t)dt  “ sinB  - d,  / t sin6# (t) -8; (t) dt  • b - cosB  . 

0 0 

1 

the  four  renditions  n,(0)  - n.(l)  “0,  / n#cos8#  - do#/2X, 

o ' 

1 

/ (b  cos6#  ♦ d sin8#)n,  “ 0 for  n.  * V0(8#),  and  the  condition  n#  ^ 0,  then  lead 
0 

to  the  equation 

1/2  2 

H(a,0)  I*  (sinasinB)  ' (S(a)  + 5(B)) 

(7.17)  ♦ (sin^^acosB  + sin1/,2f5cosa)  (S(a)  + S(8)) 

♦ 2(einasin8)2y/2(sin*^2a  ♦ sin1/,20)2  » 0 

for  0 * 0A(a).  One  finds  that  the  function  8 H(a,B)  is  strictly  decreasing  for 
a,  < 0 < *.  Also,  if  0 < a < aA, 

(7.13)  ■(<>,«)  < 0,  H(a,a)  - 4F(a)sin-1/2a  > 0, 

where  F in  the  function  of  (7.10)  and  F(a)  >0  since  a < a(.  It  follows  that 
0A(a)  is  uniquely  defined  by  (7.17).  Ihen  0 “ 8#,  with  8#(0)  ” a,  0fc(l)  » B#(o), 
is  the  normal  representation  of  an  extremal  £#,  for  which  there  exists  n,  < VQ(8#), 
with  n,  " 0,  such  that  (7.15)  holds.  Therefore,  is  unstable,  and  by 

Proposition  3.3,  E is  unstable  if  E contains  Et,  i.e.  if  6 >,  BA(a). 
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The  function  a t+  B#(a)  is  nonincreasing.  For  if  0^(0^)  * 6^(0^)  for  > o^, 
then  the  angle-constrained  unstable  extremal  E ^ with  0^(0)  - a^,  0^(1)  ■ B ^ (a ^ ) , 

is  contained  in  the  extremal  E2  with  0^ (0)  - c«2,  8^(1)  «=  Bll(a1),  which  is  stable 
since  0.(o^)  < 8t(a2).  This  is  a contradiction  to  Proposition  3.3.  Actually,  8# 
is  strictly  decreasing,  for  if  Bt(a1)  «=  B.(a2>  for  c. 2 > then  B#(a)  is  constant 
for  oij  ^ i «2<  which  is  impossible  since  the  function  B#  is  analytic.  Clearly, 

B#(0)  •=  s and  ” <*4,  thus  the  proposition  is  completely  proved. 

We  proceed  to  give  a geometric  interpretation  of  conjugate  points  on  a 
simple  elastica  curve.  At  the  same  time  we  obtain  the  precise  range  of  angles  that 
an  the  elastica,  which  contains  one  inflection  point,  can  make  with  the  chord 

connecting  the  endpoints.^ 

Let  E be  the  simple  elastica  of  Proposition  7 3,  t •»  0(t)  (0  < t < 1)  its 
normal  representation,  0(0)  - a,  0(1)  = B,  with  0<o<  B <t,  and  let  Pq'Pj  be 
the  local  vectors  of  the  terminals  of  E.  In  the  original  interpolation  problem  the 

length  of  the  vector  p^  - pQ  and  the  angles  A, B that  E makes  with  p^  - pQ  at 

the  endpoint  are  prescribed.  More  precisely,  let  A,B  denote  the  angles  in  (-it, it] 
from  the  vector  p^  - pQ  to  the  oriented  curve  E at  Pq,P^,  respectively.  We 
investigate  the  relationship  between  a,B  and  A,B.  Clearly, 


(7.19a) 


a - B “ A - B 


If  the  inflection  point  is  taken  as  the  origin  of  a cartesian  coordinate  system 
xy , with  the  positive  x-axis  along  0 « 0,  then  the  point  (t,0(t))  on  E has 
coordinates 

x " / cosO(t)dt  » (2//2X)sin*^20(t)sgn(t  - t ) 

• u 


y “ / sin0(T)dr  *•  (l/*^2l)S(0(t)sgn(t  - tQ) 


Expressing  the  slope  of  the  vector  p^  - we  obtain 


(7.19b) 


(S(a)  +•  S(B)]/[2sin1/2a  ♦ 2sin1/28]  - tan(a  - A)  . 


I wish  to  express  my  gratitude  to  Dr.  D.  D.  Pence  for  his  valuable  assistance  with 
this  investigation.  - M.G. 
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Since  p^  is  above  and  to  the  right  of  pQ  it  follows  that 
(7.19c)  0 < a - A x/2 

For  each  pair  (a, 6),  with  0<_a<^6<^«,  a + 0 > 0,  there  is  a unique  pair  (A,B) 
with  -x  < A <_  B < x determined  by  Equations  (7.19a,b,c)  (actually  A > -x/2) . 

Let  B(A;a,0)  be  the  angle  B for  fixed  A,a,B,  and  set 


(7.20) 


B*(A)  “ sup  B (Asa,  0)  ■=  B(A;a  ,0  ) . 
O<a<0<x 


It  is  readily  found  that  if  a ■ 0 then  A “ -x/2  and  0m  « x and  if  0.  * x then 

A A A 

A *■  -w/2  and  o,  *■  Oj  also  if  a,  » 0.  then  a = a (solution  of  (7.10))  and 

A A A A * 

A - B* (A) . We  write 


(7.21) 


A*  **  B(A*;a4,»i'  *=  sup  B(A*;a,0) 
O<a<0<x 


(A*  m 99.5°).  It  follows  that  if  A is  neither  -x/2  nor  A*  then  the  supremum 

in  (7.20)  is  attained  in  the  interior  of  the  region  0 < a < 0 < x.  Thus,  (a  , 6 ) 

A A 

make  B •»  A - a + 0 a maximum  under  the  side  condition  (7.19b).  It  follows  that 
a « a^,  0 « 0^  satisfy  the  equations 


(7.22) 


1 ♦ j;(3/3a)(S(a)  + S(6)  - 2 tan(a  - A)  (sin^^a  + sin1^2©) ) « 0 
-1  |i (3/30)  [S(a)  + S(B)  - 2 tan(a  - A)  (sin1/2a  + sin1/20)]  - 0 . 


Elimination  of  the  multiplier  u,  and  use  of  (7.19b)  yield 

<7.23)  H (a  ,0  ) « 0 

A A 

where  H is  the  function  (7.13).  Thus  sup  B(A;a,0)  is  attained  for  conjugate 

values  This  is  also  true  in  the  excluded  cases  A ” -x/2,  A *>  A*  since 

(0,v),  (a#,at)  are  conjugate  pairs.  Each  conjugate  pair  (o,0)  occurs  in  this 

characterization;  for  if  a,0  are  used  in  (7.19b,c)  a unique  A is  obtained  for 

which  a *■  a.,  0-0..  We  have  proved 
A A 

Proposition  7.4.  Suppose  A,  -x  < A < x,  is  such  that  there  exists  a simple  elastica 
E with  terminals  pQ,p^,  which  contains  an  inflection  point  and  which  makes  the 
angle  A with  the  vector  p^  - pQ  at  pQ.  Then  the  largest  angle  B that  E can 
auke  with  p ^ - pQ  at  p^  is  obtained  if  p^.p^  »re  conjugate  points  of  E. 
Conversely,  each  p^ir  of  conjugate  points  is  characterized  in  this  way. 
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Wo  proceed  to  determine  the  range  of  angles  A,B  that  a simple  elastica  with 

one  Inflection  point  can  make  with  the  chord  joining  the  endpoints.  Because  of 

symmetry  it  suffices  to  determine  the  half  where  A ^ B,  which  we  denote  as  F 

~~~  A<  B 

If  0 < A <_  A*  (see  (7.21))  then  the  interval  {A,  A < B < B* (A) } is  in  F 

A«B 

(B*  (A)  as  In  (7.20)).  If  A > A*  then  there  is  no  7 >_  A such  that  (A,B)  e 

this  follows  from  the  above  discussion.  Let  us  assume  now  A < 0.  By  (7.19c),  we 

have  A >_  -s/2;  so  fix  A,  0 < A -s/2.  Substitute  B - A + a for  6 in  (7.19b)  , 

which  then  defines  B as  a function  of  a.  It  is  easily  found  that  3B/3a  at  a = 0 

is  +«.  B takes  on  its  minimum  B^  (A)  for  a *=  0,  hence  by  (7.19a,b) 

(7.24)  S(Bt  (A)  — A)  *=  2 sin1/,2(B,(A)  - A)tan(-A)  . 

It  is  easy  to  see  that  the  interval  {A,  B#(A)  <_  A B*(A)}  is  in  /?  . In  summary, 

we  have 

/?A<B  - {-S/2  A < 0;  B#(A)  <_  B <_  B*  (A)  } U {0  < A <_  A* ; A < B < B*  (A)  } . 

Remark.  The  general  (A, B)  e F.  *J  F is  the  imaqe  of  two  pairs  (a, (5),  hence 

A<n  B<A 

arises  from  two  distinct  simple  elastica  E . If  angle-constrained,  no  more  than 

* A t B ) 

one  of  these  is  stable.  There  may  be  no  stable  elastica  at  all  for 

(A,B)  t F U F . Thus,  if  0 < X < A*,  B = B*  (A) , then  B - B (A;  a ,$  ) and 

A'D  D'A  ~ A A 

there  is  a unique  E,  . , whose  terminals  are  at  the  conjugate  a. ,8  . By 

(A,B)  A A 

Proposition  7.3|  the  angle-constrained  E^  ^ is  not  stable.  It  seems  probable 

that  this  happens  only  on  the  boundary  of  J?  U F . 

A<B  J<A 

The  last  proposition  of  this  section  deals  with  2-point  intcrpolants  with  angle 
constraint  at  only  one  end. 

Proposition  7.5.  A 2-point  extremal  interpolant  E which  is  angle-constrained  at 
one  terminal  and  free  at  the  other  is  stable  if  and  only  if  E contains  no  stability 
focus. 

Proof.  For  the  normal  representation  t h-  0(t)  (0  <_  t <_  1)  of  E we  may  assume 


(7.25) 


i e,2(t)  - XsinO  (t)  , 0 £ t < 1 

0(0)  ■ 6'  (0)  - Of  0(1)  » 0>O  prescribed 
1 X 

/ cosO  « b and  / sinO  » d prescribed  . 

0 0 

If  0 Is  sufficiently  small  then  E is  clearly  stable.  If  E Is  stable  for  some 
0^  > 0 then,  by  the  Corollary  to  Proposition  3.4,  E is  stable  for  each  6 < 8^. 

On  the  other  hand,  E Is  not  stable  If  0 • x since  in  this  case  E is  unstable 
even  if  angle-constrained.  It  follows  that  there  exists  Bt,  0 < 6„  < h,  such  that 
E is  stable  for  8 < B#,  but  unstable  for  8 > 8t.  By  the  same  arguments  as  in  the 
earlier  part  of  this  section  we  conclude  that  we  have 
(7.26) 


lnfn*v0(e>,JnJ-iQ(e'n)  * Q(0'n‘’  “ °' 


where 


(7.27)  V„(6)  - (n  « w,  ,[0,u  I n(l)  - o,  / n(b  cosO  * d sinO)  - ol  . 

0 1,2  0 

For  n„  we  have  the  conditions  (compare  (7.4)): 

nj  ♦ In^sinO  + ocosfl  ♦ P (b  cosO  ♦ d sinO)  • 0 


(7.28) 


a - (2X/d)  I n.cosO,  n;(0)  - o,  n, (l)  - o,  n.  / o 
o 


the  condition  nj(0)  “ 0 results  from  the  fact  that  if  n " 0.  minimizes  0(0, 0) 
then  n,  must  satisfy  tho  free  boundary  condition  h»(0)  ” 0.  Proceeding  as  in  the 
proof  of  Proposition  7.1,  one  finds 

(7.29)  r»,(t)  - tO*  (t)  - «•  (1) 

la  a solution  provided  0 (which  entors  (7.28)  through  1, 


(21) 


1/2 


/ sin  1/2u  du)  is  a zero  of  F,  cf.  (7.10).  H\us,  Bt 


the 


previously  found  stability  focus. 
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8.  The  stability  function 


In  the  two  procedinq  sections  the  stability  problem  was  settled  for  all  extremal 

2-point  interpolants.  Let  E*  now  bo  an  extremal,  interpolating  a general  (n  + 1)- 

points  configuration  (p_»P, , ...,p  ),  and  free  at  the  terminals  p„,p  . For  ease  of 

0 1 n On 

formulation  we  introduce  the 

Definition.  A subarc  E*  of  E*  between  two  consecutive  interior  nodes  p^  ^.p^ 

i i i n • 1)  is  said  to  be  proper  if  f>  contains  no  pair  of  conjugate  points. 

The  terminal  arcs  E*  and  E * are  proper  if  they  contain  no  stability  focus. 

X n 

By  Propositions  3.4,  7.3  and  7.5,  E*  is  unstable  if  any  of  the  subarcs  E* 
is  not  proper.  We  state  this  important  result  as 

Proposition  8.1.  A necessary  condition  for  stability  of  an  extremal  interpolant 
with  free  terminals  is  that  each  arc  betweer  consecutive  interpolation  nodes  be  proper. 

It  should  be  observed  that  by  assuming  all  arcs  are  proper  we  do  not  exclude  the 
presence  of  inflection  points.  However  we  will  exclude,  with  little  loss  of 
generality,  inflection  points  at  the  knots.  We  say  E*  is  decomposable  if  p^  for 
some  m between  1 and  n - 1 is  an  inflection  point,  otherwise  E*  is 

Indecomposable.  If  E*  is  decomposable  then  the  subarcs  E from  p.  to  p 

d on 

and  E from  p to  p are  (free)  extremal  interpolants,  and  it  is  readily  seen 
b m n 

that  E*  is  stable  or  unstable  if  both  E and  E are  stable  or  unstable, 

a b . 

respectively  (the  case  whero  one  of  the  *s  stable,  the  other  unstable,  is 

omitted) . 

For  indecomposable  extremal  interpolants  E*  which  satisfy  the  necessary 

condition  of  Proposition  8.1  we  find  a computable  function  U*  of  n - 1 variables 

(n  ♦ 1 I*  the  number  of  interpolation  nodes)  with  the  property  that  E*  is  stable  if 

and  only  if  U*  has  a local  minimum  at  the  critical  point  corresponding  to  E* . 

Let  s »►  6*(s)  (0  < s < s*)  be  the  normal  representation  of  E* , with  inter- 
— *■  n 

point  ion  nodes  0 ■*  s*  < s*  < . . . < Then  for  uniquely  defined 

o l n in 

p*, . . . ,p*  we  have 
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8*"(s)  ♦ X*sinO*(s)  - pjcos0*(s)  - 0, 


(8.1) 


j ••'*(•)  - X*cos0*(»)  - p»sin0*(s)  - 0,  s*^  < a <_  s* 


/ cosO*  - b . , / sinO* 

i-1  "i-1 


V 


1 * 1 , ■ • ■ , n 


0* ' (0)  - 0,  0*'(s*)  - 0 . 

n 


In  addition  to  (8.1)  we  have  the  comer  conditions 

(8.2) 

The  potential  energy  for  E*  is 


8*'(s*  - 0)  - 0*’(sJ  + 0),  i « 1, . . . ,n  - 1 


(8.3) 


0 IE*)  - / 0*'2  - l 2(X*b.  + pjd  ) . 

0 i-1 


He  choose  an  arbitrary  number  4 > 0,  set  s*  + 4 - S,  and  extend  0*  to  the 

n 

interval  (0,S)  by  setting  0*(s)  - 0*(s*)  for  a*  < s < S.  Every  function  0 in 

n n — 

this  section  is  in  the  space  W « W [0,S]  and  is  constant  on  some  interval 

x , x X|X 

(s  , S) , where  0 < s - s (0)  < S. 
n n n 

As  stated  above,  we  assune  each  subarc  ff*  (i  - l,...,n)  of  E*  ia  proper  and 

also  that  8**  (s^)  |<  0 for  i - l,...,n  - 1.  We  set  0*(sj)  = aj  (i  » 0,1, ,n). 

For  every  (n  - l)-tuple  a - la  .... ,a  ) sufficiently  close  to  a*  - (a*,..., a 

1 n-1  i 

the  system 

8"(s)  + X^sin0  (s)  - picos0(s)  - 0, 

1 2 

y 8'  (s)  - X^cos0(s)  - uisin0(s)  - 0,  s^_^  £ s £ 


(8.4) 


i *i 

/ CO80  - / sine  - di# 


i-1. 


*i-l 


’i-1 


8'  (0)  - 0,  0*  (s  ) - 0, 

n 


8(s^)  - o^. 


J - 1, . . . ,n  - 1 


339 


« C 


■■MM 


has  a unique  solution  6 « W.  ,,  with  A ,jj  « » , 0 = s < s_  < ...  < s < S, 

l#*  12  n 

in  a sufficiently  small  preassigned  neighborhood  of  9*.  This  follows  readily  from 
the  fact  that  each  of  the  arcs"  E*  is  proper.  (8.4)  is  system  (8.1)  with  additional 
conditions  9(s^)  = replacing  the  conditions  (8.2).  We  let  6 denote  the 

solution  of  (8.4),  E # the  ^P()'P1 ' ’ ‘ "Pn^  interpolant  represented  by  9a.  The 
potential  energy  for  Eq  is 

8n  n 

(8.5)  U0(Ea)  = / 0;2  - l 2(Aib.  + w^)  . 

0 i”l 

We  now  introduce  the  function 

(8.6)  U*(e)  - U0(Ea) 

and  call  it  the  stability  function  (associated  with  the  extremal  E*) . It  is  defined 
in  a neighborhood  of  a*.  We  prove 

Proposition  8.2.  There  is  a neighborhood  N(a*)  C nn  1 Qf  a*  such  that  a*  is 

the  unique  critical  point  in  N(a*)  of  the  function  U*. 

0 

Proof.  Let  W denote  the  metric  space  of  functions  9 f W*  which  interpolate 
1#  2 1,2 

the  points  p.  • at  nodes  s.  *=  s.(8),  A ■=  s < s < . . . < s < s*,  with  the  metric 
1 11  oi  n 

(8.7)  d°(91,e2)  = max  |s.(01)  - s^e^l  + |9l(0)  - 8^0)  | + {/  (8-  - 8')2|1/2 

We  can  choose  A*  > 0 so  that  the  following  three  conditions  are  satisfied:  (i)  8* 

is  the  only  extremal  in 

(8.8i)  N<6*>  - {8  t W®,  s d°(8,8*)  < «*}; 

(ii)  for  each  a in 

(8.8ii)  N(a*)  * {a  < »n_1  : |a  - a*|  < AM 

system  (8.4)  has  a unique  solution  8 « N(0M  and  each  restriction  8 i, 

« °ll8i-l'si1 

(i  ■>  1,..‘. ,n)  is  proper*  (iii)  for  j » l,...,n  - 1 

(8. 8iii)  sgnOMs  - 0)  - sgn8*(s  + 0)  « sgn9*‘(sj)  . 

a 3 ° 3 3 

To  prove  the  proposition  it  suffices  to  show  that  a t N(a*)  is  a critical  point  of 
U*(a)  if  and  only  if  a - a*. 
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■ ' 


■puqpjgpU! 


By  (8.S)  we  have 


(8.9) 


0*(a)  - l (X  b ♦ p.d.) 

l-l  1 1 11 


where  the  X^  - X^(a),  “ jijto)  are  determined  from  the  interpolation  and  end 

conditional 

*1 

X^.p  ) i-  f cos8  - b.  - 0 
"i-l 


«■  / sinO^  ” d^  ■ 0,  i - l,...,n 
“i'l 

(8.10) 

WW  *"  Xlcosa0  + >Jisinao  ” 0 

* (o  ,X  ,v  ) !"  A cosa  ♦ p sina  « 0 . 
nnnn  n n n n 

We  now  seek  critical  points  of  W»  as  a function  of  a - (a,,..., a ,)  and  the 

1 n-1 

accessory  variables  A **e«,X  * an#  a , under  the  2n  + 2 side  conditions 

1 n i nun 

(8.10).  If  a is  a critical  point  then  there  exist  multipliers  Pj/0^1  ” l,...,n) 

and  u-,u  such  that 
l n 

K {Jx  (Vk  + W + \\  + W + Vl  + "nBn}  “ 0 

where  Y stands  for  each  of  the  variables  • 

let  first  i (2  <_  i < n - 1)  be  such  that  has  no  inflection  point.  Then 

egne*'(s*_1)  - 8gne**(sJ)  - 1,  say,  and,  by  (8.8iii),  9^(s)  > 0 for  s^  < s £ s^ 

thus,  using  (8.4),  we  find 


®i  ^ai-i  #air*i#**i^  * / (u)cosu  du  - b 

ai-i 


(8.12) 


Oj(o^_j»a^,X^,y^)  - I K^1(u)sinu  du  - d^, 
•i~l 


where 

(8.13) 


K^(u)  - (IX^cosu  ♦ 2y1sinu) 


1/2 
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Using  Y “ ^ and  Y ■ in  (8.11),  one  obtains 


“l  _ ai 

- pi  / K^cos2  - oA  / k~ ^sin- 


cos  “ 0 


i-1 
a 


'i-1 


1 -3 


\ ~ pi  J cos* sin  - °i  / : j3sin2  ■ 


i , 

or,  since  b - / cosB  " / k.tos  - / k“3(21  cos  ♦ 2p  sin) cos 

“i-1  “i-1  “i-1  1 


i-1 

o. 


i-1 


<2Xi  “ Pi*  f “j^ccs2  + (2w4  - at)  f K~2cos*sin  - 0 


(8.14) 


i-1 

o. 


i-1 


(2Xt  ~ Pj)  / K^cos-sin  + (2ui  - a A)  / ic”3sin2  - 0 . 


'i-1 


By  the  Schwarz  inequality 


l o. 


/ \ 


-3 


cos -sin 


i-1 


i-1 


“i  “i 

2 < / <ci3cos2  / K~3sin^ 

“i-1  “i-1 


(equality  cannot  hold),  hence  (8.14)  gives 


(8.15) 


Pi  " 2Xi'  °i  “ 2vi  • 


If  i ■ 1 then  8»'(s*)  f 0 (since  is  proper),  say  6*' (sj)  > 0,  and 

also  6^(s)  > 0 fc r 0 < s <_  s^,  hence  (8.12)  holds  for  i — 1 (the  integrals 
involved  are  improper).  To  avoid  the  divergent  integrals  in  (8.14),  we  set 


(8.161) 


B1  " Vl  * “ici*  Dl  ’ »*iri  - Vl 


342 


where 


(8.1611) 


P1  " tXl  + Vl,-1|^  + WjSln)  - Xjbj  - Pjd^J 

3X  ■ (ij  + pX)_1|/  x^MjSin  + P1cos)  + X^  - p^^j 


- <x*  + w^)-1(ic1(a1)  + xidl  - p^r. 

Using  these  expressions  in  (8.11),  one  can  carry  out  the  differentiations  with  respect 
to  y ■ X^  and  v » p^,  and  one  obtains  (8.15)  for  i - 1.  The  same  result  is 
obtained  for  1 » n. 


Finally  if  j (2  ^ j < n - 2)  is  such  that  sgn9*' (s*  ^)  “ -sgn0*'(s*)  ■ 1,  say, 
:e  F*  has  an  inflection  point) , 

(Sj_^,8j),  and  (8.12)  is  replaced  by 


(hence  F*  has  an  inflection  point),  then  by  (8.8iii),  0'(s)  also  changes  sign  in 

3 ® 


(8.17) 


Wl'VW 


DJ<0J-1'0J' W 


? . r 

*1-1  63 

Z1  -Z1' 

*1-1  *1 


(x^  cos)  - b_. 


(x^sin)  - d^ 


where  x4(Bj)  “ 0,  aj_x  * ®j  * aj"  1,0  ferentiate  the  improper  Integrals  one 
replaces  the  Bj'Dj  functions  Fj*Gj  analogous  to  (8.16),  then  (8.11)  for  Y - Xj 
and  Y ■ Wj  again  yields  (8.15)  for  i - j.  It  should  be  observed  that  8^  depends 
on  Oj  j,a^,X^,p^,  but  9F^/3y  and  3G^/3y  do  not  contain  terms  38^/9y*  We  have 
now  established  (8.15)  for  i ■ l,...,n. 

We  next  choose  o^  (i  - 1, . . . ,n  - 1)  for  y in  (B.ll)  and  obtain 


(p1cos<i1  ♦ oisino1)x"1(ai)  - (p^cosc^  * ®l+1,lnoi,'[ili,e,i) 
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or,  using  (8.13)  and  (8.15) : 


Ki<°i>  " ’'i+l*0!*'  i-e" 


(8.18) 


8'(s.  - 0)  - 8*(s.  ♦ 0),  i - 1 n - 1 . 

a i ax 


Furthermore,  by  (8.4),  8’ (0)  - 6* (s  ) - 0.  Thus  we  have  shown  that  if  a is  a 

a an 

critical  point  of  U*(a)  then  0 satisfies  (8.1)  and  (8.2),  hence  8 - 8%  a » a*. 

a a 

That  conversely  U*(a«)  - U0<E‘)  is  * critical  value  of  U*  follows  immediately  from 

the  fact  that  Ug(E*)  is  a stationary  value  of  U^.  Proposition  8.2  is  proved. 

The  stability  function  U*  attains  a minimum  in  the  compact  set  N(a*),  say 

U*(o  ) « min  U*(a)  . 
min  Of  N (a*) 

If  a is  a critical  point  of  0*  (i.e.  a is  in  the  interior  of  N(a*))  then, 

«•!..  nin 

by  the  preceding  proposition,  omin  " a*  and  E*  minimizes  the  potential  energy  UQ 

among  all  E with  a * N(a*).  The  theorem  below  will  show  that  in  this  case  E* 
a 

minimizes  UQ  among  all  the  {pQ,P1, . . . .p^}-  interpolants  sufficiently  close  to  E* , 

hence  that  E*  is  stable.  On  the  other  hand,  if  U*(o*)  is  not  a local  minimisn  of 

U*  then  there  are  interpolants  E arbitrarily  close  to  E*  for  which 

a 

U_(E  ) «=  U*(a)  < U*(a*)  ” U (E*),  hence  E*  is  unstable.  Thus,  we  arrive  at  the 
u a o 

following  effective  stability  criterion: 

Theorem . Suppose  the  indecomposable  extremal  interpolant  E*  *■  E has  only  proper 

a* 

subarcs  EJ.  Then  E*  is  stable  if  and  only  if  the  stability  function  U*  has  a 
local  minimum  at  a*. 

Proof.  The  proof  depends  critically  on  the  following  result  which  we  formulate  as 
a lemma. 

Lemma.  There  exists  a neighborhood  N.  (0‘)  C N(0*)  such  that  0.  ((7)  > U .(E)  for 

o 0 — 0 a 

each  C with  normal  representation  0 f N (0*).  Here  a “ (a.,..., a ,}» 

0 1 n- 1 

ai " 0(si(e,)* 

Proof  of  Lemma.  Since  each  internal  (terminal)  arc  of  E between  consecutive 
a 

interpolation  nodes,  if  considered  as  a 2-point  extremal  interpolant  with  two  (one) 
angle  constraints,  is  stable  it  is  true  that  VQ(C)  >_  OgfEj)  for  C sufficiently 
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■■■■■■■■■■ 


closa  to  S ,o  fixod.  The  lenma  asserts  that  this  inequality  holds  in  a neighborhood 

Q 


that  is  independent  of  a. 

He  say  assume  I in  the  form  (2.5)  > 


0-0  ♦ tn  ♦ t ( 

a 


with  n « v_(0  ) , n(s.  (8  ))  - 0 (i  - - 1) , d'  (0,n)  «,  1.  d (0,0  i 1.  We  also 

0 a 1 ® 


VV 


iy  assume  d - / sin6  t 0 (the  integral  is  independent  of  o) , otherwise  d. 

i-  _ /A  \ 8 


•i-i(V 


should  be  replaced  by  b^  Then  by  (2.10),  (3.5) 


S A Sam 

f e*2  . f 9’  + e Q(6  ,n)  + R(e)» 

• * 01  01 


Q(«a,n)  - / (n*2  - \ ea"2)  * 2 £ diX  / 


•i<V 


i-1  *i-l 


•i'ea> 

(cosea)n  / e^n 


si-l(V 


where  R(e)/e2-0  as  e - 0,  uniformly  for  0eN(0*),  a«N(o*).  The  mappings 

a » • (0  ) a - 1 n),  owe,  from  N(o»)  to  *,  N(8«),  respectively,  are 

i'  a a 

continuous,  and  so  is  the  mapping 

(8.21)  lnW(6  ),d°(e.n)<iQ<ea'n)  % • 

0 a ~~ 

Since  qa  > 0 for  each  o * N(oM  it  follows  that  q„  - * 0 and’  by 

(0.19),  / B'2  >J  8^2  ♦ j e2p(0a,n)  for  all  sufficiently  small  t,  say  |c|  < cQ. 
We  can  now  choose  the  neighborhood  1^(0*)  C u(0*)  so  that  0 « NQ(0»)  may  be 
represented  in  the  form  (8.19)  with  |c|  < eQ.  Then  J B'2  > J 0;2,  which  proves 
the  lemma. 

Proof  of  the  Theorem.  We  need  to  prove  only  the  sufficiency  of  the  condition.  Thus, 
wa  assume  there  exists  tx  > 0 such  that  0*(o*)i«‘(a)  for  |«  - «*l  < If 

the  neighborhood  V®*’  C V9*’  is  sufficiently  small  then  for  cach 

9 e a - (6  (si (0) } . Using  the  U*mma,  we  have 

s S J S 2 

J e**2  - U«(a*)  <.  UMa)  - / 8^  </  ••  . 
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- 


PV.,  '.  _ 


1 


hence  (£* ) is  a local  minimum. 

Me  present  two  examples,  which  illustrate  the  effectiveness  of  the  propositions 
in  this  section. 

Example  1.  Suppose  we  have  the  configuration  where  pQ  « (0,0), 

pj  " (1,0),  p2  = (l,d).  Without  loss  we  may  assume  d 1.  It  is  easy  to  see  that, 

for  each  d,  there  is  an  extremal  interpolant  E*,  which  makes  the  angle  o»  with 

the  vector  p^  - pQ  at  p , where  a*  varies  from  x/4  to  0 as  d varies  from 

1 to  -.  Here  the  stability  function  U*  is  a function  of  a single  variable  a, 

which  has  been  computed  by  Dr.  D.  Pence.  It  is  found  that  U»(a*)  is  a local  minimum 

for  each  d.  By  the  Theorem,  the  above  E * is  a stable  extremal. 

Example  2 . Suppose  the  configuration  to  be  interpolated  is  {p  ,p  ,p  ,p  } with 

12  3 4 

P2  • (a,0),  p2  » (1,0),  3 “ (0,1),  p^  = (0,a),  where  -»  < a < 1.  This 

configuration  with  a •=  0.5  was  mentioned  first  in  the  note  (51  as  an  example  for 
which  there  is  no  interpolating  elastica,  and  this  claim  was,  without  examination, 
repeated  in  many  subsequent  publications.  However,  there  are  interpolating  elastica, 
for  each  a^,  in  particular  there  is  one  which  is  symmetric  with  respect  to  the 
symmetry  axis  of  the  configuration.  This  can  be  seen  as  follows.  Let  C„  be  the 

P 

symmetric  interpolant  of  {p^,p2,Pj,p^}  which  is  uniquely  defined  by  the  following 
conditions.  Ca  has  continuous  slope;  the  arcs  C a,C.,0,C,a  between  the  interpolation 

p lp  2p  3p 

nodes  are  simple  elastica;  C and  C,a  have  curvature  0 at  p,  and  p, 

lp  Jp  14 

respectively;  the  tangent  vector  along  C turns  through  the  angle  6.  Clearly, 

lp 

for  6 **  x,  the  curvature  at  p2  jumps  from  0 to  a negative  value;  and  for  some 

6 < w the  curvature  at  p2  jumps  from  a negative  value  to  0.  Therefore  there  is 

some  value  (it  is  unique)  6^,  0 < < x,  such  that  has  continuous  curvature 

at  p2  (thus  also  at  p^,  in  fact  everywhere),  and  this  is  an  extremal  interpolant 

of  {p, *P-»P,,P.)-  In  this  way,  for  each  a,  -•  < a < 1,  a unique  extremal  inter- 
12  14 

polant,  E* , is  defined.  We  will  see  that  each  of  these  extremals  in  unstable.  The 
results  are  based  on  computations  carried  out  by  Dr.  D.  Pence. 
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It  ® 2.  •*»  '***Br°  *•  * -.27,  then  the  terminal  arcs  of  E*  are  iaq>ropcr, 

hence  B*  Is  unstable  by  Proposition  8.1.  If  a < e»  then  the  hypotheses  of  the 

above  Theorem  are  satisfied.  Instead  of  the  stability  function  U«(a)  - u IE  ), 

0 a* 

a • , we  use  the  function  of  one  variable  which  is  the  restriction  of  UMa) 

to  a.  “ 3«/4  ♦ a (i.e.,  we  consider  only  symnetric  perturbations  E of  £*) . 

* 1 Ql 

The  computed  results  show  that  a*  is  not  s minimum  point  of  this  function,  hence  £• 
is  not  stable. 

The  question  whether  there  are  stable  extremal  interpolants  for  the  configuration 
{pi P4  } (which  would  necessarily  be  nonsymmetric)  remains  open. 


9»  Stability  of  clo9od  extremals  Interpolating  regular  polygons. 

An  extremal  lnterpolant  E with  normal  representation  a **  0(s)  (0  <_  s <_  s) 


la  aald  to  be  closed  If 


0(0)  - 0 (s) , 0’(0)  - e * <5)  . 


l«*t  P0,P1 Pn-1  '>e  t'*e  vertices  of  a regular  n-gon  (n  > 3).  In  [2,  Sec.  8]  it 

was  shown  that  there  exist  closed  extremals  that  Interpolate  the  configuration 
^P0,P1’ ’ ' ' ,Pn-l’Pn  " P0K  ln  P*rtlcular»  there  Is  one,  E ’ , which  has  no  inflection 

points.  Let  s ►*  8^(s),  0 s <_  n,  be  its  normal  representation.  Its  total 

• • 

variation  Va(9  ) is  minimal,  Va(6  ) *=  2x.  We  prove 
n n 

Proposition  9.1.  The  closed  extremal  E^ (n  >_  3)  is  stable. 

Proof.  The  course  E consists  of  n conqruent  arcs,  each  of  lenqth  1.  and  the 

■ n 

increment  of  angle  along  each  arc  is  2x/n.  We  write  8 for  its  normal  representation 


and  define  8 (s  +■  n)  - 6(s).  Then 


0(s)  - 8 (s  - 1)  + 2*/n  . 


Me  assime  pQ  « (0,0),  and  set  pfc  - pfc  J - (b^.d^)  with  b^  - 0, 


d^  - d > 0.  Then 


k . k 

b » / cos8  - -d  sin(k  - l)2x/n,  d * / sin8  *=  d cos  (k  - l)2x/n  • 
k-1  * k-1 


Because  of  symmetry  we  have 


8(0)  - w/2  - x/n,  0(1/2)  « x/2  . 


^0,2(s)  « Xsin6(s),  0 < s < n 


■1/2u  du,  (2X)1/2d  - 2 / 


x/n  1/2 

cos  u du  . 


The  quadratic  form  (3.S)  becomes  in  this  case 

• 1 1 . 1*2  2 
0(0, n)  - l I tn*  (t  + k)dt  - ^8’  (t  + k)n  (t  ♦ k)]dt 
k-0  0 * 


n-1  .1  . 

•2  J (X/4)(J  n(t  ♦ k)cos8(t  + k)dt)" 
k-0  X 0 


■ 


By  (9-2)  and  (9.5) 


(1/d.)  J n(t  + k)cos8(t  ♦ k)dt  “ (l/d)  J n(t  ♦ k)cos8(t)dt, 

* 0 0 


thus 


(9.6)  0(e, n)  - l {/  [n,2{t+k)dt-i|,2(t>n2(t+k)]dt-  (2X/d)|j  n(t+k)cose(t)dtj2j 


This  form  is  to  be  minimized  on  the  space  (3.4): 

k 

I 

k-1 

Here  W denotes  the  Vf  , -space  of  functions  of  period  n.  Using  (9.3),  we  find 
1*2  1*2 


Vq{6)  ■ (n  « 2 : J (b^cosO  + d^sinO)  = 0,  k - l,...,r.)  . 


(9.7)  V_(8)  « {n  « W : J H(t  + k)sin8(t)dt  «=  0,  k - 0,1,..., n - 1} 

° o 


Put 


n(t  + k)  - nk(t)  (k  = 0,l,...,n  - 1).  Clearly  Q(8,nk)  *»  Q(6,n0)  and  f VQ 


(9) 


if  nQ  « V (6).  If  Q(8,n)  attains  its  infimum  for  n * nn,  then  also  for 


n » n “ (1/n) (n„  + n,  + ...  + n ,),  and  n has  period  1.  For  n of  period  1 (9.5) 
o 1 n-i 

becomes 


(9.8) 


(l/n)Q(e,n>  " / (n'2  - Inline)  - (2nx/d) (/  qcosa)2 

0 0 


and  (9.7)  requires  f qsinS  ■ 0.  Thus,  q must  change  sign  in  (0,1)  and  we 

0 


conclude 

(9.9) 


/ n,2/n2  >.  / (d  sin2st/dt )2jf  (sin2»t) 


2 , 2 

* 4n 


Proa  (9.5)  we  have  the  estimates 


(2X)1/2  < (2„/n)cos"1/2s/n 


(9.10) 


d > cosn/n 

With  (9.9),  (9.10)  substituted  in  (9.8),  we  find 


(9.11)  (l/n)Q(6>n>  > <ir2U  - (l/n)tan2ir/n  - l/2n2cosir/n)  / q2, 

0 


thus  q Q(0,n)  is  positive  definite  for  n >_  3.  By  Proposition  1,  8 is  stable. 
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ON  THE  OPTIMIZATION  OF  THE  MODIFIED  MAXIMUM  ENTROPY  SPECTRUM 
OF  LINEAR  ADAPTIVE  FILTERS 

Jacob  Benson  and  Leon  Kotin 


Systems  Analysis  Division 
Plans,  Programs  & Analysis  Directorate 
US  Army  Communications  Research  & Development  Conmand 
Ft.  Monmouth,  New  Jersey  07703 


Abstract.  Optimization  of  modified  maximum  entropy  spectra 

of  linear  adaptive  filters  requires  computing  min  |H(z)|  , where 

N « 

H(z)  = n (z-z  ) (z-z  ),  I z.|<l, 

k=l  k k ^ 

is  the  transfer  function  of  a finite  impulse  response  least  mean  square 
error  whitening  filter.  A method  for  computing  the  relative  minima 
is  presented. 
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1.  Introduction:  the  problem.  Processors  have  been  developed  which 
may  be  used  to  estimate  the  instantaneous  frequency  of  digital  signals. 
One  such  processor  takes  the  form  of  a linear  adaptive  filter  [l]  which 
represents  a relatively  simple  adaptation  algoritlim.  The  major  computa- 
tional load  lies  in  the  calculation  of  the  "modified  maximum  entropy 

spectrum"  as  defined  in  [l] . This  spectrum  is  given  by: 

L 2 

Q(ui)  = 1/|  1 - Z g * exp (-iu)£)  | 5 V|h(z)|  , z = e'w. 

1=1 

Except  for  a scale  factor,  H(z)  is  the  transfer  function  of  a finite 
impulse  response  LMSE  (least  mean  square  error)  whitening  filter.  The 
purpose  of  this  whitening  filter  is  to  remove  the  coloration  of  the  in- 
put sequence.  If  the  input  sequence  contains  a very  narrow  band  spec- 
trum centered  at  U)^,  or  equivalently  if  the  input  spectrum  has  a pole 
very  close  to  the  unit  circle,  then  the  whitening  filter  places  a zero 
at  the  frequency,  very  close  to  the  unit  circle  [ 2 J . Essentially  this 
means  that  it  is  of  interest  to  find  the  relative  minimum  values  of 
|H(z) | on  the  unit  circle. 

In  the  formulation  considered  here,  H(z)  is  a real  polynomial  (i.e., 
has  only  real  coefficients)  of  degree  2N  with  no  real  zeros. 


352 


The  zeros 


* * 

then  occur  in  complex  conjugate  pairs:  z^,  z^  , z2»  z 2 , 
z , z *.  The  problem  may  then  be  expressed  geometrically  as  fol- 

lows: 

Given  2N  points  (the  zeros  of  H(z))  located  in  the  interior  of  the 
unit  circle  C symmetrically  with  respect  to  the  x-axis,  determine  the 
relative  minima  of  the  product 


(1) 


H (z) 


- Iz-zJ 


z-z. 


z-z. 


N 


N 

= n 

k-1 


z-z. 


z-z. 


of  the  distances  from  the  2N  given  points  to  the  variable  point  z on  C. 

In  this  report,  we  express  the  product  in  terms  of  a real  polynomial 
gN(x)  of  degree  2N  whose  coefficients  are  given  in  terms  of  the  zeros 
z1#...,zN.  As  a function  of  a real  variable,  in  contrast  to  H(z),  this 
polynomial  can  then  be  minimized  by  standard  elementary  techniques. 

2.  Analysis:  the  solution.  Let  us  first  represent  the  zeros 
in  rectangular  coordinates: 


(2)  = xk  + iyk»  k = 1,2, .. . ,N, 


with 

(3) 
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Since  z lies  on  C, 

18 

(4)  z *=  e **  cos  0 + i sin  0 
whence,  from  (1), 

(5) 


|H(z)|2  - n |(ei0-zt)(ei0-z/)|2. 
k=l 


Then 

(6) 


.2  N 


| H (z)  J *"  = n |e2l°  - 2x^ei9  + r 2\* 
k*>l  K . x 

- II  [(cos  20  - 2xkcos  0 + rk2)2  + (sin  20  - 2xksin  0)2J 


2,2 


* rk4  + 4\2  4 4) 


r 2 2 

■Hi  2rk  cos  20  - 4x^1  + rk  ) cos  0 

With  the  identity  cos  20  = 2 cos20  - 1 and  the  substitution 
(7)  x = cos  0, 

(6)  represents  a real  polynomial  of  degree  2N  in  the  real  variable  x: 


(8) 


.2  N 


gN<x)  = |h(z)  | - fi  [4rk2  x 2 - 4xk(rk2+l)x  + 4xk2  + (rfc2-l>2] . 


In  more  conventional  summation  form,  this  can  be  shown  to  be 


(9) 


2N 

gN(x)  « z ( r 

n=0  A. +...+£  =n 

JL  N 


“*U,  a2t  •••V,”  k 

12  N 


where  t.  3 0,  1 or  2 and  each  a_.£  is  given  in  terms  of  the  corresponding 


zero  zj  = xj  + aE  follows: 


(10) 


•jo  5 ***  * ,rj2  - 1>2 


*Jl5'4>iJ<rj  * 11 

- A 2 


with  j = 1,2,. ..,N. 


•5^/1  . 


The  relative  minima  of  g lx) , and  hence  of  |li(z) | , can  now  be  ob- 

N 

tained  by  elementary  methods  from  a knowledge  of  the  zeros  of 

2H  n_j 

(11)  dgN(x)/dx  - nEx  (I  <au  a21  J - 0,1,2»  1*^  - n))nx  . 

1 2 M j 

However,  because  of  the  substitution  (7)  and  the  subsequent  fact  that 

(12)  dg  (x)/d0  - -sin  6 dg  (x)/dx, 

N N 

as  many  as  two  additional  minimal  points  on  C may  have  been  excluded 
among  these  values.  Thus  the  values  0*0  and  r (i.e.,  r ■ 1 and  -1) 
may  give  the  additional  minima  |h(±1)|. 

3.  Example.  To  illustrate  the  foregoing,  consider  the  case  N = 2. 


(13)  |H(z)|  * |z-z1|  Iz-z^l  |z-z2|  |z-z2*| 
and  (9) , with  the  help  of  (10)  becomes 

(14)  g2(x)  = a1Q  a2Q  + (a1Q  a21  + an  a20>*  + <a10  a22  + a2i  * ai2a20)x 

+ (all  a22  + ai2  a21)  x3  + ai2  a22  ^ 

= [4x22  + (rj2  -l)2]  [ 4x22  + (r22  -l)2] 

-4[  (4X;i2  + (r12-l)2)x2(r22+l)  + x^r^+n  (4x22+  (r22-l)2)]x 
+4[(4xx2  + (r^-l)2)^2  + 4x1.(r12+l)x2(r22+l)  + r^  (4x22+(r  2-l)  : 

-16[xi(r12  + l)r22  + r^Xj  ( r 22  + l)]x3 

224 
+16  r2  x 


5 l b x . 

^ n 
ii=0 


/ 


Differentiating , we  obtain 
4 

(15)  dg  /dx  <=  I nb  x 
2 , n 

n = 1 

where  the  b 's  are  defined  in  (14). 
n 

The  case  N = 2 now  culminates  in  thp  following  result. 

All  of  the  relative  minimum  values  of  g2  (x)  m |h(z)|^  must  occur  at 
some  of  the  (at  most)  three  zeros  of  dg^/dx  in  (15) , except  possibly  for 
g2(±l)  which  may  also  be  minima. 

Note  that  because  of  the  linear  factors  x^  and  x2  in  the  coefficients 
b^  and  b^,  if  < 0 and  x^  < 0 it  is  clear  that  the  nonreal  extreme 
points  are  all  in  the  left  half  z-plane;  by  symmetry,  if  x > 0 and 
x2  > 0 then  the  nonreal  extreme  points  are  all  in  the  right  half  z-plane. 
4.  Summary.  We  now  summarize  the  technique  of  obtaining  minima 

of  the  ?N  th-deg roc  real  polynomial  H(z)  on  the  unit  circle  in  the  complex 

• • 

z-plane,  given  its  2N  zeros  z , z^  , ...,  z.^,  z^  witliin  the  unit  cir- 
cle. He  proceed  as  follows: 

a.  Using  (9),  find  the  real  polynomial  g^fx)  = |H(z)|  in  the  real 
variable  x.  The  coefficients  of  g^  (x)  are  given  in  (9)-(10)  in  terms  of 
the  zeros  z^,  ...»  z^. 

b.  Now  find  the  zeros  of  g * = dg  (x)/dx,  where  this  function  is 

N N 

given  in  (11).  Among  these  zeros  will  beall  those  wnich  yield  the  rela- 
tive minima  of  g^fx)  in  -1  < x < 1,  and  hence  of  H(z>  other  than  z = ± 1. 

This  can  be  done  by  means  of  elementary  calculus,  e.g.,  by  determining 

the  sign  of  g " at  each  zero  of  g ’,  etc.  There  arc  standard  programs 
N N 

for  doing  all  this  on  the  computer . 


c.  Check  the  endpoints  of  the  interval  for  minima.  E.g.,  if 

9„'  (D  or  yn'*~1}  > °»  then  the  value»  or  9N(-1)  will  give  relative 

minimum  values  of  [h(z)|  at  +1  or  -1,  respectively. 
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TIME-OPTIMAL  REJECTION  SEQUENCING 


Paul  T.  Boggs  and  Robert  L.  Launer 
U.  S.  Army  Research  Office 
Mathematics  Division 
Research  Triangle  Park,  N.  C.  27709 

The  U.  S.  Army  selects  soldiers  for  certain  jobs  by  means  of 
a computer  program  which  matches  an  individual's  characteristics 
and  qualifications  against  a job  "template".  The  program  in 
question  checks  18  qualification  categories.  The  time  for  an 
individual  to  be  checked  within  a single  category  Is  not  fixed, 
but  the  average  time  for  the  population  in  each  category  is  known. 

When  an  individual  fails  to  qualify  within  a category,  he  is  not 
checked  In  any  other  category.  The  frequency  of  failing  to  qualify 
(rejection  rate)  for  each  category  is  also  known.  The  problem  is 
to  determine  how  to  sequence  the  categories  within  the  computer 
program  to  minimize  the  expected  time  to  complete  the  qualification 
check.  It  is  assumed  that  at  least  one  of  the  rejection  rates  is 
positive. 

Since  the  number  of  individuals  to  be  screened  is  very  large, 
a substantial  amount  of  computer  time  can  be  saved  by  using  the  optimal 
ordering  of  the  categories.  An  example  is  given  at  the  end  of  this 
paper  in  which  the  running  time  is  reduced  by  a factor  of  22.  Finally, 
it  is  noted  that  for  18  categories,  there  are  18!  = 6.4  x lO1^  different 
orderings  making  enumeration  totally  impractical:  At  10^  comparisons 
per  second,  it  would  take  over  200  years  to  determine  the  optimal  ordering. 
In  order  to  solve  the  problem,  an  expression  is  developed  for  the 
expected  time  to  process  an  individual  given  an  arbitrary  arrangement 
of  the  categories.  The  optimal  solution  is  then  analytically  derived. 

Our  result  is  an  extension  of  work  described  in  [1]  for  slightly 
different  systems. 
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PRECEDING  FiOE  HI.AW 


Suppose  that  the  screening  device  (program)  consists  of  n >_  2 

screening  categories.  Let  T^(1=l ,2 n)  represent  the  average 

time  to  screen  an  Individual  In  category  1,  given  that  the  Individual 
is  not  rejected  prematurely  from  that  category,  and  T]  the  average 
time  given  that  the  Individual  is  rejected  prematurely.  Finally,  let 
Rj  be  the  rejection  rate  In  category  i,  that  is,  the  proportion  of 
the  (finite)  population  rejected  in  category  i.  It  is  desired  to 
compute  the  expected  time  to  screen  an  individual  for  an  arbitrary 
arrangement  of  the  categories. 

Consider  a simple  system  with  two  screening  categories.  An 
individual  may  be  rejected  in  category  1 or  category  2 or  may  successfully 
pass  through  the  system  without  being  rejected.  The  total  average  times 
are  T^,  T-j  + T£  and  + T 2 respectively.  Then  the  average  time  to 
complete  screening  is  the  weighted  sum  of  these  average  times;  the 
weights  corresponding  to  the  probabilities  of  the  three  mutually 
exclusive  events  described  above.  That  is: 

E = T'  R]  + (T]  + T'Ml-RjHRg)  + (T,  + T^O-R^O-R,,)  . 


This  easily  extends  to  a system  of  n categories  [2]  which  yields  the 
expected  time. 


k-1 

E = T^  R1  + (^  + T^)(1-R1)R2  + ....  + (^  + ...  + T£)  n (l-R1)Rk  + ... 

♦ <T!  * - * "-V'n  *[s  ('-«,)]  . 


Let  E‘  represent  the  same  quantity  as  E except  that  the  kth  and  (k+l)th 
categories  are  permuted.  The  kth  and  (k+l)th  terms  are  given,  respectively, 
by  the  following: 

k-1 

(1)  (Tj  + T2  + ...  + Tk_j  + T£+1)  n ( 1 -R,-  )Rjc+]  » and 

i=l 
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rvi  -Tk 
lA+T  Rk 


<Vi  - W + (Tk  - Tk> 


) . 


k-l 

(2)  (T,  ♦ T2  + ...  ♦ Tk-1  + Tk+1  ♦ T^)  £ ( 1 ~Ri )Rk  0-Rk+1)  • 

The  change  In  the  expected  time,  E,  caused  by  this  permutation  of  terms 
is  E'-E;  positive  or  negative  values  correspond,  respectively,  to  an 
increase  or  decrease  in  E.  It  is  easily  seen  that  only  the  kth  and 
(k+1 )th  terms  of  E and  E’  differ.  The  difference  is,  (from  (1)  and 
(2)). 

(3)  E'-E  . Rk  Rkt,  V (l-R,) 

k-l 

The  coefficient  RkRk+1  n (l-R.)  does  not  depend  on  the  order  of  the 
kth  and  (k+l)th  terms  oKe  and  E'.  Thus,  the  expected  time  E is  decreased 
by  permuting  the  terms  if  the  bracket  is  negative.  That  is, 

(4)  !k±l  - <v,  - TJ,,)  < Is.  - (Tk  - TJ)  . 

Rk+1  k 

Note  that  if  the  first  2 terms  are  permuted,  then  (3)  becomes, 

R,  R.  l'2  - ’1  - (T„  - TAJ  + (l,  - 'ill  • and  (4) 


becomes , 


T2  - (T  - Ti)  < ]±  - (T,  - Tj). 


Thus  the  optimal  ordering  of  the  categories  (to  minimize  E)  is  to 
compute  the  quantities 

(5)  Gk  - !k  - (Tk  - ip 
Rk 

and  order  these  beginning  with  the  smallest  and  ending  with  the  largest. 
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Ties  in  Gk  are  irrelevant  or  may  be  broken  by  considering  other  factors. 

If  - T£  = 0,  then  the  Gk  have  an  easily  recognizable  physical 

meaning.  In  that  case,  the  optimality  criterion  is  to  order  Gk"^  = Rk/Tk 
beginning  with  the  largest.  The  physical  units  (dimensions)  associated 
with  Gk_1  are  rejection  rates  per  time,  and  the  criterion  says  to  use 
the  highest  rejection  rates  per  time  in  the  ordering  to  minimize  E. 

As  an  example,  a test  problem  was  generated  for  the  case  when 
Tk  = ^k  C0nsist1n9  Ti»  R-j>  i=l  »•  - - .18  where  the  T.  are  uniformly 

distributed  on  (0,10)  and  R.  are  uniformly  distributed  on  (0,1). 

These  are  listed  in  Table  1.  The  optimal  and  least  efficient 
expected  times  are  1.37  and  29.88  respectively  which  have  a ratio 
of  approximately  22.  This  example,  although  obviously  not  definitive, 

does  indicate  that  a significant  savings  is  possible.  j 

•I 
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JL cfk 


preceding  fade  blank 
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BAND  MATRICES  WITH  TOEPLITZ  INVERSES 
N.  E.  Greville  and  W.  F.  Trench^ 


1.  Introduct ion.  A Toeplitz  matrix  is  a square  matrix  in  which  all  the 
elements  on  any  stripe  are  equal,  where  we  follow  Thrall  and  Tomheim  [4]  in 
defining  a stripe  as  either  the  main  diagonal  or  any  diagonal  line  of  elements 
parallel  to  it.  More  precisely,  T = (t^ is  Toeplitz  if  there  is  a 


sequence  { $ }m 

v v»-m 


such  that  t_.  ^ for  0 i,  j <_ 


We  shall  call 


.ro 


a square  matrix  H = (h. , ) . . . 

ij  1,3=0 


ij  Tj- 

a band  matrix  if  there  are  nonnegative  inte- 


gers r and  s less  than  the  order  of  the  matrix  such  that  h. . = 0 for 
j - i > r and  for  i - j > s.  we  shall  call  such  a matrix  strictly  banded 
if  r + s <_  m.  In  this  paper  we  show  that  a strictly  banded  matrix  has  a 
Toeplitz  inverse  if  and  only  if  it  has  a special  structure  characterized  by 
two  polynomials  of  degrees  r and  s , respectively. 

Strictly  banded  matrices  with  Toeplitz  inverses  have  been  encountered  by 
Trench  [6]  in  the  study  of  stationary  time  series  and  by  Greville  [2]  in  ex- 
tending moving-weighted-average  smoothing  to  the  extremities  of  the  data. 


2.  The  main  theorem.  We  shall  prove  the  following: 
Theorem  1 . Let 


be  a matrix  of  order 
(2.1)  h„  = 0 


H - (h 
m + 1 

if  j 


m 

ij  j“0 
over  a field 

- i > r or 


F , and  suppose 
i - j > s , 


where 


(2.2)  r > 0 , s>0,  and  r + s < m . 


^Department  of  Mathematics,  Drexel  University,  Philadelphia,  Pennsylvania 
19104. 

Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-75-C-0024. 
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Then  H is  the  inverse  of  a Toeplitz  matrix  if  and  only  if 

. i 

x A (x)  l b x“p  , 0 < i < s - 1 , 


(2.3)  l hijx:l 


j-0 


P"  0 

X*  A (x)  B (1/x)  , 
m-i 


s < i < m - r , 


i.  v 

x B (1/x)  £ ax,  m-r  + l^i^m, 


\i"0 


where  aQbQ  ^ 0 • 


(2.4) 


A(x)  - l a xV  , B(x)  - l b xy. 


v-0 


u=0 


and  A (x)  and  x B(l/x)  are  relatively  prime. 


3.  Preliminary  Observations  and  Results.  A Toeplitz  matrix  is  clearly 
persymmetric^-  (i.e. , symmetric  about  its  secondary  diagonal),  and  it  is  well 
known  that  the  inverse  of  a persymmetric  matrix  is  persymmetric.  Careful  ex- 
amination of  H as  defined  by  (2.3)  reveals  that  it  is  also  persymmetric;  in 
fact,  it  is  quasi -Toeplitz , in  that  h_  is  a function  of  j-i  alone  ex- 
cept for  those  elements  in  the  s * r sutmatrix  in  the  upper  left  comer 
of  H and  the  r x s sutmatrix  in  the  lower  right  corner.  That  is,  if  we 
define  0_g,  0_g+^,  • • • » ®r  try 

a (x)  b(ia)  - l evxv  , 

\*=  -s 

then  h^  » 0j  . except  in  these  two  comer  submatrices. 

The  proof  of  the  necessity  part  of  Theorem  1 rests  on  the  following  lemma, 

which  follows  trivially  from  the  last  four  equations  of  [5). 

Lenina  1 (Trench).  If  H ■ (hJU)”  is  the  inverse  of  a Toeplitz 

—————  l]  i,3“U 

matrix  and  hQ0  / 0 , then  the  elements  h^  (1  < i,  j m)  are  determined  in 


The  term  "persymmetric"  is  used  in  this  sense  by  Wise  (7),  Trench  [5],  Huang 
and  Cline  (3),  and  others.  Aitken  [1]  uses  it  to  mean  a Hankel  matrix 
(i.a.,  t^  - 
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terms  of  hiQ  (0  <_  i <_  m)  and  (0  <_  j <_  m)  by  the  recursion  formula'' 


0j 


(3.1) 


hij  = hi-l,j-l  + h0Q  (hi0h0j~hm-j+l,0  h0,m-i+l )f  1 1 i,  j £ m. 


It  is  also  useful  for  the  necessity  proof  to  note  that  if  H satisfies 

L. 

(2.3)  and  H.(x)  = £ h.  ,x3  , then,  by  inspection, 

1 j=0  13 


HJx) 

= bQ  A (x)  , 

H.(x) 

= xH.  ,(x)  + b.  A(x)  , 

1 

<_  i 

< 

s , 

X 

l-l  1 

H.(x) 

= xH.  _(x)  , 

s 

+ 1 

< 

i < m 

l 

i-l 

— 

H.(x) 

l 

= xHi-l(x)  - am_.+1xm+1B(l/x), 

m 

- r 

1 1 1 

This  means  that 


(3.2) 


h.  . 
13 


h.  , . , + a.b.  , 

i-l, 3-1  j i 

hi-l» j-1  * 

h.  , . , - a . , , b , . _ 

^ i-l, j-1  m-i+1  m-3+1  , 


1 <_  i <_  s , 

s + l^ij^m-r  , 

m-r+l<i<m. 


where  1 <_  j _<  m.  Conversely,  if 

(3.3)  hiQ  = aQbi  (0  <_  i £ s),  h0j  = boaj  (0  1 j £ r)  ' 

0 (j  > r). 


(3.4) 


hiQ  =0  (i  > s)  , 


h . 
03 


and  h„  (1  <_  i,j  m)  are  computed  from  (3.2),  then  H will  be  of  the  form 
(2.3). 

The  proof  of  the  sufficiency  part  of  Theorem  1 rests  on  the  following 
improved  version  of  a result  of  Huang  and  Cline  [31 . 

Lenina  2 (Huang  and  Cline).  A nonsingular  persymmetric  matrix 
H = (h^)”  j_0  w*-th  h00  ^ ° ' Partiti°ned  as 


Though  this  formula  was  known  long  before  the  publication  of  [31 , it  can  also 
be  derived  from  Lenina  2 below  by  invoking  the  persymmetry  of  both  H and  P 
as  defined  there. 
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V 


(3.5) 


H 


00 


H 


L m _ 

has  a Toeplitz  inverse -if  and  only  if  the  matrix 


(3.6)  P 

is  persymmetric. 

Proof.  Partition  H 
t 


-1  T 
H - h*  gf 
m 00  ^ 


as 


H 


00 


m 


where  t is  a scalar.  Since  HH 


-1 


= I ,,  it  is  easy  to  verify  that 
m+1 


-1 


PT  = I under  the  hypotheses  stated  here.  If  H is  Toeplitz  then  so  is 
m in 

T , and  consequently  P = T 1 is  persymmetric.  Conversely,  if  P is  per- 
m m 

symmetric,  then  T = P 1 is  also.  Since  H 1 is  persymmetric,  Lema  1 of 
in 

Huang  and  Cline  [3]  implies  that  H 1 is  Toeplitz. 

In  their  statement  of  Lemma  2,  Huang  and  Cline  assumed  that  H is  non- 

m 


singular.  This  is  unnecessary. 


4.  Proof  of  Theorem  1.  We  begin  the  proof  of  Theorem  1 with  the  following 
lenxna. 

Lenina  3.  Suppose  H = (h. _, )”  . „ is  of  the  form  (2.3),  with  a^b„  f 0 . 

■ ij  i#3=u  u o 

g 

Then  H is  nonsingular  if  and  only  if  A(x)  and  x B(l/x)  are  relatively 
prime. 

Proof.  We  assume  without  loss  of  generality  that  arbs  / 0.  For  suffi- 

g 

ciency,  we  will  show  that  if  A(x)  and  x B(l/x)  are  relatively  prime  and 


m 

(4.1) 

l C.H^x)  = 0 , 
i-0 

then 

(4.2) 

■ 0 , 0 < i < m i 
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m mm  mm  m — mmmmmm 


this  implies  that  the  rows  of  H are  linearly  independent,  and  so  H is  non- 
singular. From  (2.3)  and  elementary  manipulations,  we  can  rewrite  (4.1)  as 

(4.3)  A (x) P (x)  + A(x)xSB(l/x)Q(x)  + xm~r+1B(l/x)R(x)  = 0 , 


where 

(4.4) 

(4.5) 
and 

(4.6) 
with 

(4.7) 
and 

(4.8) 


s-1 

P(x) 

o 
^ II 
•H 

II 

c.  e.(x)  , 

i i 

Q(x) 

m-r 

= l 

i-s 

c . x # 

l 

i=s 

r-1 

R(x) 

= l 

i=0 

Ci+m-r+l  °i(x) 

i 

B.(x) 

= l 

j-o 

b.  . xj 

1-3 

r-1 

a.(x) 

1 

= I 

j*i 

a . . x?  . 

3"i 

g 

Now  suppose  A (x)  and  x B(l/x)  are  relatively  prime.  Then,  since  m - r + 1 

g 

>s  by  (2.2),  and  A(x)  and  x B(l/x)  are  not  identically  zero  because 
aQb0  ^ 0 , (4.3)  implies  that  A(x)  divides  R(x)  and  xSB(l/x)  divides 

P (x) . Therefore  R(x)  =0  and  P(x)  = 0 because  deg  P(x)  < deg  xSB(l/x) 
and  deg  R(x)  < deg  A(x)  . 

Since  bQ  ^ 0 , it  follows  from  (4.7)  that  the  polynomials  B^x)  for 
0 _<  i _<  s - 1 are  linearly  independent,  and  so  (4.4)  and  P(x)  = 0 give 
Cj,  = 0 for  0 i s - 1 . Similarly,  since  aQ  j1  0 , the  polynomials 
a^(x)  for  0 <_  i <_  r - 1 are  linearly  independent  by  (4.8),  and  (4.6)  and 
R(x)  =0  give  c^  = 0 for'  m-r  + l<^i£m. 

Finally,  replacing  P(x)  and  R(x)  by  zero  in  (4.3)  gives  Q(x)  =0  , and 
so,  by  (4.5),  c^  = 0 for  s <_  i <_  m - r,  and  (4.2)  is  established. 

The  converse  is  equivalent  to  the  assertion  that  H is  singular  if  A(x) 

S 8 

and  x B (1/x ) are  not  relatively  prime.  If  A(x)  and  x B(l/x)  have  a 
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nonconstant  common  factor,  then  they  have  a common  zero  £ in  some  extension 
field  F of  F . From  (2.3), 

1 h e3  = o,  o < i <*  , 
j-°  15 

which  implies  that  the  columns  of  H are  linearly  dependent  over  F , and 

'V. 

so  H is  singular  as  a matrix  over  F . Since  nongingularity  of  a matrix  is 
invariant  under  field  extension,  H is  singular  over  any  field  containing  its 
coefficients,  and  so  over  F . 


Proof 

of  Theorem  1. 

For  necessity,  we 

assume  that  (2.1)  and  (2.2)  hold 

and  that 

H = T ^ , whe  re 

. . . m 

T-  ‘♦j-i’i.j.o- 

We  first  show  that  h„„  4 0 . 

00 

Since  HT 

= TH  = I we 

m+± 

have 

r 

(4.9) 

l 

v=0 

h . ■=  6 . , 

0 v j-v  0j 

0 < j < E 

and 

s 

(4.10) 

I 

y=0 

nyo  9j+y  °0j  ' 

-m  < j < 0 , 

where  . 

03 

is  a Kronecker  symbol.  Let  p 

be  the  smallest  integer  such  that 

V ' 0 ' 

and  consider  the  quantity 
r s 

(4.11) 

A = 

) ) h „ $ . 

« 0v  « pO  p+U-'-> 
v=0  y=0  e 

Since  hQx) 

vanishes  for 

v < p and  (4.10) 

applies  for  v ^ p , (4.11)  re- 

duces  to 

A = 

h . 

Op 

Ch  the  other  hand,  reversing  the  order  of  summation  in  (4.11)  gives 

s r 

A *=  [ h . l h„  4>  , 

p0  v=o  °V  P P_V 


Vi=0 


Thus 


which  by  (4.9)  reduces  to  h„  if  p • 0 , and  vanishes  if  p > 0 

Op 

there  is  a contradiction  unless  p = 0 , and  consequently  hQ0  ^ 0 . 

Now  choose  aQ  and  bQ  so  that  aQbQ  = hQQ  • and  define  ajL'-**»ar 

and  b ,...,b  to  satisfy  (3.3).  By  substituting  (3.3)  and  (3.4)  into  (3.1), 
1 s 
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» a 

I 


it  is  easy  to  verify  that  the  latter  reduces  in  this  case  to  (3.2).  Thus, 


the  elements  of  H are  determined  by  a , a ,...,a  and  b ,b  , ...,b  in 

U X IT  OX  s 


the  same  way  as  are  the  elements  of  a matrix  of  the  form  (2.3).  Consequently, 


H is  of  the  form  (2.3),  with  A(x)  and  B(x)  as  in  (2.4).  Since  H is  non- 


singular, A (x)  and  x B(l/x)  are  relatively  prime,  by  Lemma  3.  This  proves 


necessity. 


For  sufficiency,  let  H be  defined  by  (2.3)  and  (2.4)  with  aQb0  / 0 


and  A (x)  and  x B(l/x)  relatively  prime,  and  let  (2.1)  and  (2.2)  hold.  Then 


H is  persymmetric,  and,  by  Lemma  3,  nonsingular.  Let  P = (p^  ^ K be  the 


matrix  in  (3.6),  and  note  that  the  numbering  of  the  rows  and  columns  starts 


with  one  rather  than  zero.  In  this  case  f and  g in  (3.5)  are  given  by 


T T 

f = (b.a, , . . . ,b„a  ,0,...,0)  and  g = (a-b,  , . . . ,a„b  ,0,...,0)  , 
01  Or  01  Os 


p. . = h. . - b.a.  =h.  „.,,l<i<s,  l<j<r 
13  1 3 i-l, 3-1  ~ ~ - J - 


(see  (3.2 ))  , and 


p.  . = h. . if  i > s or  j > r . 
13  13 


The  last  two  equations  imply  that  P is  the  analog  of  H with  the  same  poly- 


nomials A (x)  and  B(x),  but  with  m decreased  by  one.  Hence  P is  per- 


symmetric. Therefore  H is  Toeplitz,  by  Lemma  2. 


5.  Computation  of  H . We  close  by  showing  how  to  find  H ^ if  H 


satisfies  (2.3),  where  aQbQ  7*  0 and  A(x)  and  x B(l/x)  are  relatively 


prime,  so  that  H = T =(<)>..)  . . is  a Toeplitz  matrix.  If  r = s = 0 , 

3-1  i,3=0 


then  H is  diagonal  and  the  inversion  is  trivial.  If  s > 0 and  r = 0, 


then  H and  H are  lower  triangular,  so  <J>_.  = 0 if  j > 0 , and  by 


looking  at  the  first  column  of  TH  = I we  see  that 


*0  = (aoV 


$ m — b_  7 b ^ , , 

-j  o V -j+u 


j > 1 . 


A similar  argument  disposes  of  the  case  where  r > 0 and  s = 0 . Now 

suppose  r >_  1,  s >_  1,  and  arbs  ¥ 0.  By  looking  at  the  first  row  of  Y 

I , and  the  first  column  of  TH  *=  I ,,  , we  see  that 
m+1  m+1 

(5-i)  ! % *j_v  " ^ 6j0  ' 0 < j < m , 

v»0  J 


r -1 

) b. * . - a„  <5 , 0 < ] < m . 

J -j+V  0 jo  — — 


In  particular,  (5.1)  and  (5.2)  imply  that  the  vector 


satisfies  the  system 


(5.3) 


* ~ lV-l'*s-2"  ’"^-r1 


r -1 

/ a =*  b„  <5._,  0<j<  s — 1 , 

L v J-v  0 3°  — — 


l b <J>  - 0 , 

vto  W “j+P 


1 < j < r . 


Therefore,  if  this  system  has  only  one  solution,  we  can  obtain  ♦ by  solving 

it,  and  then  compute  the  remaining  elements  of  $ , $ $ from  (5.2) 

m m-i  -in 

and  (5.3);  thus 

-1  % 

♦j  “ “a0  i av  ♦j-v  ' 

J V«1  J 

and 

-1  ? 

♦ . * -b  ) b <<>  . . , r < j < m . 

-j  0 ^ y -j+y 

j'J.g 

If  K » (k. .),  denotes  the  matrix  of  coefficients  of  the  system 

ij 

(5.3),  and 

r+s  i-1 

K lx)  » ) k xJ 

j-1  3 

is  the  generating  function  of  the  elements  of  the  ith  row,  then 
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(5.4) 


i-1  , 

x A (x)  , 

Kifx^  = \ i-1 

x ' X B (1/x) 


1 <_  i <_  s , 
s < i < r + 


We  shall  show  that  K is  nonsingular,  which  impl.es  that  (5.3)  has  a unique 
solution.  If  K were  singular,  then  some  nontrivial  linear  combination  of 
its  rows  would  equal  the  zero  vector;  thus,  from  (5.4)  there  would  be  con- 
stants pQ,Pi » • . . »Ps_i  and  q^q^,...,^  ^ , not  all  zero,  such  that 

s-1  r-1 

(5.5)  A (x)  l p xV  + xS  B (1/x)  T q xU  = 0 . 

u Y>  ^ 1 


v=0 


p=0 


But  A (x)  and  x B(l/x)  are  relatively  prime,  so  (5.5)  implies  that  A(x) 
r-1 

divides  £ q xV  . Hence  qQ  = q^  = = ^r  1 = ° ' s^Jlce  de<3  A(x)  = r • 

p=0 

This  and  (5.5)  imply  that  p_  = p,  = ...  = p ,=0,a  contradiction.  Hence 

o l s-l 

(5.3)  has  a unique  solution. 

A similar  argument  shows  that,  alternatively, 

♦’  • Wi *-r+liT 

can  be  found  by  solving  the  system  obtained  by  replacing  the  limits  on  j in 
(5.3)  by  1 j <_  s and  0 <_  j r - 1,  respectively. 

It  is  now  clear  that  the  elements  of  H 1 do  not  depend  on  m , in  that 
with  A (x)  and  B(x)  given,  increasing  m merely  enlarges  the  sequence  {4^} 
without  changing  the  elements  already  determined.  Thus,  corresponding  to 
every  pair  of  polynomials  A (x)  and  B(x)  of  degree  r and  s , respec- 

3 

tively,  with  aQ  bQ  0 , such  that  A(x)  and  x B(l/x)  are  relatively  prime, 
there  is  an  infinite  family  of  band  matrices  of  the  form  (2.3)  of  all  orders 
greater  than  or  equal  to  r + s , all  having  Toeplitz  inverses  with  elements 

oo 

taken  from  the  sequence  that  is  the  unique  solution  of  (5.1)  and 

(5.2). 
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ABSTRACT.  Turbulence  in  the  atmosphere  gives  rise  to  stochastic  terms 
in  the  governing  equations  for  the  blade  motion.  These  terms  appear  in  the  co- 
efficients for  the  unknown  quantities,  thus  playing  the  role  of  parametric  ex- 
citations, as  well  as  in  the  inhomogeneous  parts  on  the  right  hand  sides  of  the 
equations.  The  parametric  excitations  affect  the  system  stability,  while  the 
inhomogeneous  excitations  are  important  if  the  statistical  properties  of  stable 
structural  response  are  required  in  an  analysis.  Modeling  turbulence  as  a ran- 
dom field,  statistically  stationary  in  time  with  very  broad  spectral  densities, 
the  structural  response,  treated  as  a vector,  may  be  approximated  by  a Markov 
vector  governed  by  the  I to  type  stochastic  differential  equations.  The  stoch- 
astic averaging  scheme  of  Stratonovich  is  used  to  convert  the  original  equa- 
tions to  the  equivalent  ltd  equations,  and  the  stability  conditions  are  deter- 
mined for  various  stochastic  moments  of  the  structural  response,  in  terms  of 
the  turbulence  spectral  level.  Lock  number,  and  other  structural  and  flight  re- 
gime parameters. 

I.  INTRODUCTION.  In  the  service  life  of  a helicopter,  numerous  encoun- 
ters with  clear-air  or  thunderstorm  turbulence  can  be  expected.  Furthermore, 
because  of  the  very  nature  that  lift  is  generated  by  blade  rotation,  some  level 
of  self-created  turbulence  is  also  unavoidable.  Therefore,  random  turbulence 
in  the  atmosphere  should  be  included  in  a realistic  analysis. 

Either  natural  or  self-created  turbulence  may  be  modeled  as  a random  pro- 
cess, statistically  stationary  in  time.  When  viewed  in  a frame  of  reference 
which  moves  at  the  same  velocity  as  the  turbulence  convection  velocity,  it  may 
also  be  assumed  as  locally  homogeneous.  In  this  frame  of  reference,  the  turbu- 
lence appears  to  be  a random  pattern  in  space  which  changes  very  slowly  in  time. 
The  well-known  Taylor's  hypothesis  applies  to  the  limiting  case  when  the  turbu- 
lence becomes  a frozen  pattern  being  transported  at  the  convection  velocity. 

In  normal  operations,  the  speed  of  a rotor  blade  (rotation  plus  forward 
motion)  is  much  greater  than  the  convection  speed  of  the  turbulence.  There- 
fore, the  turbulence  can  become  a rapidly  changing  random  process  with  a very 
short  correlation  time  (Ref.  1,  p.  22),  when  it  is  observed  on  the  moving 
blade  (Ref.  2).  When  this  correlation  time  is  much  shorther  than  the  relax- 
ation time  of  the  blade  system,  the  blade  response  to  the  turbulence  excita- 
tions becomes  very  close  to  a Markov  process  (Ref.  1,  p.  99),  for  which  a 
large  amount  of  information  is  available  in  the  literature. 

In  this  paper,  a brief  account  will  be  given  on  the  concept  of  Markov  pro- 
cesses and  the  mathematical  tools  required  to  treat  them.  Next,  the  condition 
under  which  physical  random  phenomena  may  be  approximated  by  Markov  processes 
will  be  discussed.  Finally,  the  method  will  be  applied  to  the  rotor  blade  prob- 
lem. For  a more  detailed  presentation,  the  reader  is  directed  to  Refs.  2 and  3. 
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II.  MARKOV  PROCESSES.  A random  process  (generally  vector  valued)  is  a 
Markov  process  if  its  future  probabilistic  structure  depends  only  on  the  pre- 
sent state  and  is  independent  of  its  past  history.  A sufficient  condition  for 
a random  process  X(t)  to  be  Markovian  is  that  the  increments  within  arbitrary 
non-overlapping  time  intervals  are  statistically  independent. 

Among  various  Markov  processes,  the  diffusive  Markov  process  is  governed 
by  an  Ito  stochastic  differential  equation  of  the  form  (See,  for  example.  Ref. 
4), 

dX.  = e m.  (X,t)  + e1/2  ajk(X,t)  dWR(t)  (1) 

where  X^  are  components  of  X(t),  wk(t)  are  independent  unit  Wiener  (Brownian 

motion)  processes,  and  the  usual  summation  convention  of  repeated  indices  in 

a product  is  implied.  The  coefficients  m.  and  (J.,  are  called  the  drift  and 

J J * 1/2 

diffusion  coefficients,  respectively.  The  positive  parameters  e and  e ' on 
the  right  hand  side  of  the  equation  are  used  to  indicate  the  orders  of  magni- 
tude for  the  two  terms  when  both  are  equally  significant.  Every  Wiener  pro- 
cess has  independent  increments,  thus  is  a Markov  process  itself. 

The  stochastic  differential  equation  (1)  is  equivalent  to  the  integral 
equation 


X.  = X.(t  ) + e 
J J o' 


f m (X, 
J t J 


u)  du  + e 


' t 

a , (X,u 

J t 


) JWk(u) 


In  the  sense  of  Ito,  the  last  integral  in  (2)  is  interpreted  as  a forward 
stochastic  integral;  i.e.. 


OjkCX.u)  dWk(u)  = i-  n>.  I a^(X,u)  [\(u£+1)  - wk(u£)] 


where  l.  i.  m.  denotes  a mean-square  limit. 

From  Eq.  (1),  we  can  obtain  another  Ito  equation  for  an  arbitrary  scalar 
function  <J>(X),  provided  that  <{>  is  twice  differentiable  with  respect  to  the  com- 
ponents of  X: 

d<p  = [ at  + mj  9$-  + 1/2  aka  9X  |x  ) ] dt  + e / °jk  dWk  (4) 

J J k j 


Equation  (4)  is,  of  course,  reducible  to  (1)  when  <J>  = X . 

The  relation  (4)  is  known  as  Ito's  differential  rule.  In  particular,  let- 
ting <p  = ^r^s>  we  obtain 

d‘W  = e(mr  xs  * »s  xr  . 1/2  otl  osl)  dt  ♦ e1/2  Xs  * 0jk  Xr)dWk  (S) 

It  is  convenient  to  use  the  Ito  stochastic  integral  and  differential 
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equation  when  dealing  with  diffusive  Markov  processes.  The  ensemble  average 
of  an  Ito  stochastic  integral  is  zero,  as  can  be  deduced  from  the  definition, 
Eq.  (3).  By  the  same  token,  the  ensemble  average  of  the  last  term  in  (1)  or 
the  last  term  in  (4)  must  also  be  zero.  This  simplifies  the  calculation  of 
the  ensemble  averages  of  and  $(X)  since  they  are  governed  by  the  conven- 
tional (and  deterministic)  differential  equations 

d E[Xj]  / dt  = e B[mj]  (6) 

d E [<t> (X) ] / dt  - E[|£  . £(m.  . 1/2  Oj(!  (7) 

In  some  cases  it  may  be  possible  to  obtain  the  transition  probability 
density  q(x,t  | XQ,tQ)  x(t),  governed  by  the  following  parabolic  differen- 
tial equation,  called  the  Fokker-Planck  (or  Kolmogorov  forward)  equation: 

It + e air  (mj  q)  - f <aj*  ak£^  = 0 

j j k j 


subject  to  the  initial  condition 


q(x,tolxo,to)  = 5(x  - XQ) 


(9) 


and  some  suitable  boundary  conditions.  Note  that  the  drift  and  diffusion  co- 
efficients in  Eq.  (1)  appear  in  Eq.  (8)  but  they  are  treated  here  as  functions 
of  the  deterministic  state  variables  and  time  t.  The  transition  probability 

is  a conditional  probability.  If  the  drift  and  diffusion  coefficients  are  in- 
dependent of  time,  then  q tends  to  the  unconditional  probability  density  p(x) 
of  a stationary  Markov  process  as  the  transition  time  t - tQ  increases.  Being 

independent  of  time  t,  the  stationary  state  probability  density  p is  governed 
by 


3 


3x. 

J 


(m.p)  - (1/2) 


(aj£  ak£P> 


0 


(10) 


III.  APPROXIMATION  OF  PHYSICAL  PROCESSES  BY  MARKOV  PROCESSES.  Markov 
processes  in  general  and  the  Wiener  process  in  particular  are  mathematical 
idealizations.  The  real  interest  of  an  engineer  lies  in  the  approximation  of 
real  random  phenomena  by  such  processes.  Obviously,  for  an  approximation  to 
be  valid  certain  conditions  must  be  satisfied.  These  will  be  discussed  below. 


Let  the  dynamical  law  of  a physical  problem  be  represented  by 

dX.Vdt  = e f j (X*,  t)  ♦ e1/2  gjk  (X*,  t)  £k(t)  (11) 

# 

where  £k  are  "physical"  random  processes.  In  the  sequel,  X will  be  referred 
to  as  the  response,  and  £k  the  excitations.  It  is  useful  to  introduce  the 
following  definition  of  the  correlation  time  of  a random  process,  as  a 
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(12) 


suitable  measure  of  memory  of  the  represented  random  phenomenon: 

I dx 


= x|R(x)|  dt/^ |R(t)|< 


where  R is  the  correlation  function  of  the  random  process,  and  x is  the  time 
difference.  It  has  been  assumed  tacitly  that  the  process  is  at  least  weakly 
stationary  and  with  a zero  mean.  If  the  relaxation  time  of  the  response  is 
much  longer  than  the  correlation  time  of  every  excitation,  then  the  response 
is  expected  to  be  close  to  a Markov  process  in  some  sense.  Equation  (11)  sug- 

* - 1 

gests  that  the  relaxation  time  of  the  response  X is  of  the  order  e ; there- 
* 

fore,  X may  be  approximated  by  a Markov  process  if  the  correlation  times 
of  are  much  shorter  than  e 

We  shall  assume  that  a comparison  between  the  relaxation  time  of  the  re- 
sponse and  the  correlation  times  of  the  excitations  justifies  the  substitu- 
★ 

tion  of  X by  a Markov  process  X.  The  question  now  remains  as  to  how  Eq.  (11) 
can  be  converted  to  an  equivalent  I to  equation  (1).  A fundamental  difference 

between  these  two  equations  lies  in  the  fact  that  dW,  (t)  are  independent  of 

★ * 

X(t)  whereas  £^(t)  are  correlated  with  X (t) . To  account  for  the  correlation 

between  the  response  and  the  excitations  of  a physical  system  at  the  same  time 
instant  t,  Stratonovich  has  proposed  a stochastic  averaging  procedure  (Ref.  5, 
pp.  104-106)  according  to  which 

r°  a 

m.  = ff.(X.t)  ♦ J ^ gjk  (X,t))  gZr  (X,  t + x) 

E[5k(t)  Sr(t  + x)]dx  (13) 


0j*  °k*  = L (X,t)  8ks  (X’  " + T) 


E[5r(t)  Ss  (t  + x)]dx  (14) 

★ 

where  distinction  between  X and  X has  been  removed.  Equation  (14)  gives  the 
elements  of  the  product  matrix  aa'  which  are  required  in  the  computation  of 
the  ensemble  average,  Eq.  ( 7),  as  well  as  the  formulation  of  the  Fokker- 
Planck  equation,  Eq.  (8).  Matrix  0 itself  is  not  needed  in  practice.  Strato- 
novich further  assumes  that  the  parameter  e in  Eq.  (11)  is  small  to  justify 
taking  time  averages  of  Eqs.  (13)  and  (14)  for  further  simplification.  The 
entire  procedure,  proposed  initially  on  pure  physical  grounds,  was  later  veri- 
fied rigorously  by  Khasminskii  in  a limit  theorem  (Ref.  6). 

In  rotor  blade  dynamics,  especially  during  high  speed  forward  flights,  an 
essential  feature  of  the  equations  of  motion  is  the  periodic  modulation  of  the 
coefficients  which  arises  from  the  blade  rotation.  This  unique  feature  would  be 
lost  if  the  coefficients  were  replaced  by  their  time  averages.  Therefore,  for 
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high  speed  forward  flights,  Eqs.  (13)  and  (14)  must  be  retained  without  time 
averaging. 

In  the  special  case  in  which  £k  are  "physical"  white  noise  processes;  i.e. 
E[£k(t)  Cr  (t  + t) ] = 2tv  *kr  6 (t) 

where  $ are  constants  Eqs.  (13)  and  (14)  reduce  to 

•j  ‘ * ™kr  ^«jk  »•«  OS) 

V °U  ‘ 2"  4rs  8jr  (X’t)  8ks  <X-tJ  M 

These  are  the  same  results  obtained  independently  by  Wong  and  Zakai  using  a 
different  approach  (Ref.  7).  The  second  term  on  the  right  hand  side  of  Eq. 

(15)  is  called,  some  times,  the  Wong  and  Zakai  correction. 

IV.  EQUATIONS  OF  MOTION.  To  illustrate  how  the  theory  of  Markov  pro- 
cess can  be  applied  to  the  rotor  blade  dynamics,  consider  a linear  model  in 
which  a blade  undergoes  the  flapping  and  torsional  motions.  The  following 
simplified  assumptions  proposed  by  Sissign  and  Kuczynski  (Ref.  8)  are  adopted: 

A.  Structural  Assumptions 

(1)  For  the  flapping  motion,  the  blade  is  rigid,  centrally  hinged, 
and  with  elastic  restraint  at  the  hinge. 

(2)  For  the  torsional  motion,  the  blade  is  elastic  and  the  torsional 
angle  varies  spanwise  linearly. 

(3)  The  mass  and  elastic  centers  coincide  along  the  1/4  chord  line. 

B.  Aerodynamic  Assumptions 

(1)  Flow  is  incompressible  and  sectional ly  two-dimensional  (i.e., 
the  spanwise  flow  is  negligible.) 

(2)  The  aerodynamic  forces  can  be  computed  from  the  steady  state 
theory,  except  for  the  aerodynamic  damping  due  to  blade  pitching 
for  which  the  more  accurate  quasi-steady  theory  should  be  used. 

(3)  The  lift  slope  is  the  same  constant  in  the  normal  and  reverse 
flows . 

(4)  Flow  separation  and  stall  do  not  occur. 

The  equations  of  motion  may  be  cast  in  a matrix  form  as  follows  (Refs.  2,  3)*: 


Only  the  homogeneous  parts  of  the  equations  are  given  in  Ref.  2 and  3.  The 
inhomogeneous  parts  are  added  here  for  completeness. 


[ 


AD-A064  433  ARMY  RESEARCH  OFFICE  RESEARCH  TRIAN6LE  PARK  N C F/6  12/1 

TRANSACTIONS  OF  THE  CONFERENCE  OF  ARMY  MATHEMATICIANS <24TH)  HEL— ETC(U) 
JAN  79 


UNCLASSIFIED ARO-79-1 

■DHi 

A 064  *33 
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mmmm m 


6Q£  • 6FC 
x r£  a 


> + 


a 

u v ; 


P2^K 


3yqi 


r3 


JiL 

z a 


a)  + 3yQK 
a ,x  a 


el 


> = 


a 


= torsion  angle  at  the  blade  tip 

= flapping  angle 
4 

= R pca/I„,  blade  Lock  number 
p 

= rotor  radius 
= air  density 
= blade  chord 
= lift  curve  slope 


= flapping  mass  moment  of  inertia  of  a blade  (kg-ni  ) 


(17) 


Q = cIB/(4RI0) 

F = (Ip/16Ia)  (c/R)2 

2 

■I  = feathering  mass  moment  of  inertia  of  a blade  (kg-m  ) 

(•)  = derivative  with  respect  to  azimuth  angle  ip;  i.e.  the 

non-dimensional  time  fit 


fi  = blade  angular  velocity  Crad/sec) 

p = blade  flapping  frequency/blade  angular  velocity 

and  the  coefficients  C,  K,  as  well  as  the  inhomogeneous  excitations  F^ 

and  F2  are  functions  of  the  azimuth  angle  ty,  the  forward  flight  velocity  v, 

the  inflow  velocity  w,  and  the  turbulence  velocity  components.  The  tradic- 
tional  procedure  in  helicopter  dynamics  is  to  non-dimensionalize  velocities  as 
fractions  of  the  rotational  speed  of  the  blade  tip  Rfi.  Thus  introducing 

V = v/fiR,  advance  ratio 

X = w/fiR,  inflow  ratio 

q = horizontal  turbulence  velocity  component  along  the  flight 
path/fiR 

£ = horizontal  turbulence  velocity  component  perpendicular  to 

the  flight  path/fiR 
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V *>  vertical  turbulence  component/ftK 

the  parameteric  and  non-parametric  excitation  terms  in  Eq.  (17)  are  found  to 
be 


The  terms  associated  with  the  collective,  linear,  and  cyclic  pitch  controls  are  not 

included  in  Eq.  (19).  The  elements  in  the  7x3  matrix  in  (1»)  and  those  in 

the  2x4  matrix  in  (19)  are  functions  of  the  azimuth  angle  \Ji,  the  advance 

ratio  y,  and  the  tip  loss  factor  B.  Tho  dependence  of  these  functions  on 

ip,  although  periodic  as  a whole,  is  different  for  different  flow  regions.  The 

ones  associated  with  tho  parametric  excitations  are  tabulated  in  Ref.  2. 

It  is  of  interest  to  note  that,  for  flapping  and  torsional  motions,  only 
the  two  horizontal  components  of  the  turbulence  velocity  contribute  to  the 
parametric  excitations,  whereas  all  three  components  appear  in  tho  inhomogeneous 
terms.  Henceforth,  our  discussion  will  bo  restricted  to  system  stability,  and 
the  inhomogeneous  terms  will  be  dropped.  The  mathematical  technique  to  be 
used,  however,  is  valid  even  when  the  inhomogoneous  terms  are  included. 

V.  UNCOUPLED  HUPPING  MOTION  IN  HOVERING  FLIGHT.  Letting  a -0  in  the 
first  row  of  liq.  (17),  we  obtain  tho  equation  for  uncoupled  flapping  motion: 

0 ♦ ^ C 0 ♦ (p  ♦ H;  K)0  =*  0 (20) 
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In  a hovering  flight,  y = 0,  the  mixed  and  reverse  flow  regions  no  longer 
exist.  Then  Eq.  (20)  is  simplified  to  (Ref.  2) 

M _ 

0 + [h  ♦ Z^t)]  0 ♦ [P  ♦ Z2(t)]  3=0  (21) 

where 

Zj(t)  = (B3y/6)  [ri(t)  sin  + £(t)  cos  M (22) 

Z2(t)  = (B3y/6)  [ri(t)  cos  ^ - £(t)  sin  $ (23) 

h = B4y/8 

It  is  seen  that  even  when  £(t)  and  n(t)  are  stationary*  random  processes,  Z^(t) 
and  Z2(t)  generally  are  non- stationary.  However,  if  £(t)  and  n(t)  are 

stationary,  uncorrelated,  and  identically  distributed,  then  it  can  be  shown 
that  Zj (t)  and  Z2(t)  are  also  stationary.  For  such  a case,  the  spectral  den- 
sities and  cross-spectral  densities  of  Zj(t)  and  Z2(t)  are 

*H(w)  = *22 (w)  = (B6Y2/72)[$^(fi  - u>)  ♦ *^(0  + «))  (24) 

*12(w)  = *21(-u)  = (i  B6y2/72)  - u)  - *^(«  + «)]  (25) 

These  are  expressed  in  non-dimensional  velocity  squared  per  unit  physical  fre- 

quency (rad. /sec).  If  furthermore,  £(t)  and  n(t)  are  wide-band  processes  with 
a slowly  varying  spectral  density  in  the  frequency  region  of  interest,  then, 
in  that  region, 

*1 1 (co)  = T22(»)  = (B6y2/36) 

and  Zj(t)  and  Z2(t)  also  become  nearly  uncorrelated. 

In  the  deterministic  analysis  where  the  effect  of  turbulence  is  not  con- 
sidered, the  equation  of  motion  in  a hovering  flight  reduces  to  one  with  con 
stant  coefficients.  Since  damping  exists  in  the  system,  the  uncoupled  flap- 
ping mode  is  always  stable.  Therefore,  instability  can  only  be  caused  by 
the  turbulence. 

The  second  order  linear  stochastic  differential  equation  of  the  form,  Eq. 
(21),  has  been  considered  by  Ariaratnam  and  Tam  (Ref.  9).  In  order  to  apply 
Stratonovich's  stochastic  averaging  method,  Eq.  (21)  must  be  transformed  in- 
to two  first  order  equations.  Let 


Stationarity  of  a random  process  is  interpreted  in  the  weak  sense  here. 

384 


(26) 


8 = A(ip)  cos  8,  $ * - A(ip)  p sin  6,  0 - pip  + v(ip) 

Eq.  (21)  may  be  replaced  by  two  equations  for  A(ip)  and  v(<p): 

A = P(A,  0,  ip)  sin  0 

v = A'1  P(A,  0,  <p)  cos  0 

where  P = [ - (h  ♦ Z^)  sin  0 ♦ P * Z2  cos  6]  A,  and  Z^,  Z2  are  treated  as  func- 
tions of  non-dimensional  time  ip.  If  the  correlation  times  of  Z.  and  Z_  in  the 

-1  ^ 

non-dimensional  time  scale  are  small  compared  with  h , then  (A,  v)  may  be 
approximated  by  a vector  Markov  process.  Carrying  out  both  stochastic  and  time 
averaging,  one  obtains  a pair  of  ItS  equations: 

dA  = emj  dip  + e1/2  [on  dWj  + oJ2  dW2]  (27) 

dv  = em2  dip  + e1/2  [an  dWJ[  + o22  dW2] 

where  W^  (ip)  and  W2(ip)  are  independent  Wiener  processes,  and 

emj  = - kjA  = - { (l/2)h  - (ir/8)  [2*n(0)  + 3*n(2p)  + (3/p2)*22  (2p) 

♦ (6/p)¥21  (2p) 3 ) A 

em2  = - k2  = - (ir/4)((2/p)*21  (2p)  - *u(2p)  - (l/p2)*22  (2p)) 
e(oo')n  = k3  A2  = (tt/4)  (2*n(0)  + *n(2p)  ♦ (l/p2)$22  (2p) 

♦ (2/p)  *21(2p)]  A2 

e(aa')22  = k4  = (ir/4)[*n  (2p)  + (2/p2)  *22(0)  ♦ (1/p2)  *22(2p)) 


e(oo') i2  = e(oo')n  = - (7f/2p)  *12(0)  A 


(28) 


The  ^ T-k  are  cosine  and  sine  spectral  densities  and  cross -spectral 
densities  of  Z.  (ip)  referred  to  the  non-dimensional  frequency  w/ft,  defined  as 


(1/7T) 


foElZ> 


(*)  Zk  (ip  ♦ x)]e'1UXdX,  if  j * k 


V0  + i *jk(u)  - 


(1/277)  pElZjW)  Zk  (ip  + x)]e'iuXdx.  if  j / k 


(29) 
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The  conversion  from  Eqs.  (24)  and  (25),  to  4>^  is  given  by 


*jk(w)  » (1/n)  <^k  (w/fl) 


(30) 


For  the  special  case  where  £(t)  and  n(t)  are  stationary,  uncorrelated,  and 
identically  distributed  wide-band  random  processes,  the  transformation  into  2 (t) 
and  Z2(t)  through  Eqs.  (22)  and  (23)  preserves  these  properties.  Then  1 

all  the  cross-spectral  densities  (either  cosine  or  sine)  are  zero,  and  all  the 
sine  spectral  densities  are  nearly  zero.  For  such  a case, 

C°a')  12  = = 0,  m2  « 0 

and  the  two  components,  A and  v,  of  the  vector  Markov  process  become  de-coupled. 
Furthermore,  each  component  is  itself  a scalar  Markov  process.  Of  particular 
interest  is  the  A-process  since 

A = (82  + p"2  62)1/2 

therefore,  boundedness  in  A implies  boundedness  in  both  0 and  0. 

The  transition  probability  density  q (a,  ipja  , ip  ) satisfies  the  Fokker- 
Planck  euqtion  (Appendix  A):  u 


3T  ■ kl  I?  (a"A>  * <V2>  72  <*\> 

da 


(31) 


where  k^  and  k^  are  now 


-2 


k2  = (l/2)h  - (m/8)  [2*n(0)  ♦ 3*n(2p)  + 3p“"  <J>22(2p)] 


kj  = (ir/4)  [2*11(0)  + *n(2p)  ♦ p_/  $22  (2p)  ] 

The  solution  of  Eq.  (31)  satisfying  also  the  initial  condition 

qA(a-  *0lao’  V = 6(3  ' ao)  is 

qA  = a_1  (27Tk3x)"1/2  exp{-[£n(a/a0)  + k^x] 2/ (2k3x)  ) 


(32) 


where  X = V - >Pq»  = (k^/k^)  + 1/2.  From  Eq.  (32)  the  moments  of  the  response 
amplitude  A are  evaluated  to  be 

Mn(x)  = E[An«0]  = Mn(^0)  exp  {-n[kj  - (n-1)  (kj/2))  (*  - <J>0)}, 

n = 1,  2,  — (33) 

from  which  the  condition  for  stability  in  the  nth  moment  is 
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w 


m 


■ 


1 


2kx  - (n-l)k3  > 0 (34) 

4 

Letting  h = B y/8  and 

*11 = *22 = (r6  y2/36)  *a 

the  stability  condition  (34)  becomes 

< 18  {n  B2  y[2(l  ♦ p"2)  + n(3  + p"2)J}_1  (35) 


The  transition  probability  density,  Eq.  (32),  represents  the  most  complete 
solution  attainable  within  the  present  framework  of  analysis.  The  stability 
condition,  (34),  for  moments  of  arbitrary  orders  is  also  the  most  complete. 

VI.  HIGH  FORWARD  SPEED  FLIGHTS.  The  results  obtained  for  hovering 
flights  are  expected  to  hold  also  /or  small  advance  ratio  p.  When  p is  not 

small,  the  periodic  variation  in  the  coefficients  C,  K,. can  no  longer  be 

ignored.  This  suggests  that,  although  the  concept  of  stochastic  average  of 
Stratonovich  is  still  sound  for  high  forward  speed  flights,  the  time  average 
portion  of  the  whole  procedure  requires  further  consideration.  One  guideline 
for  any  stochastic  analysis  is  that  the  results  should  be  reducible  to  those  of 
the  corresponding  deterministic  analysis  when  the  random  terms  are  set  to  zero. 
The  deterministic  results  available  in  the  literature  are  those  due  to  Sissingh 
(Ref.  10),  and  Peters  and  Hohenemser  (Ref.  11)  for  the  uncoupled  flapping  mo- 
tion, and  those  due  to  SissLigh  and  Kuczynski  (Ref,  8)  for  coupled 
flapping-torsional  motion,  all  of  which  are  based  on  un-averaged  equations. 

In  order  to  compare  with  these  results  the  time  average  portion  of  the 
Stratonovich  method  cannot  be  used.  Instead,  use  will  be  made  of  the  Wong 
and  Zakai  corrections  to  obtain  the  drift  and  diffusion  coefficients  for 
the  equivalent  I to  equation  (Ref.  7).  Physically,  this  means  that  the 
random  excitations  £(t)  and  n(t)  are  replaced  by  "physical"  white  noise 
processes,  and  time  averaging  becomes  unnecessary, 

(1)  Uncoupled  Flapping  Motion 

Letting  X1  = f5,  and  = B,  Eq.  (20)  may  be  replaced  by  two  equations  of 
the  standard  form  (Eq.  11): 

dx./dip  = ef.(X,  i|0  ♦ e1/2  gjk(X,  40  £k0C) 
where  it  can  be  identified  that 


efl  = X, 

ef2  = - (P2  + \ « Xx  - \ C X2 


e 1/2gn  = e1/2g12  = 0 


e I/*..,  = -X 


g21  = ‘ 2 X1  + C£  X2^ 


hCn  V 


By  an  application  of  Wong  and  Zakai  corrections: 
Em  = B X 

where 


V - ! * * c2i 


1 c + r 

2 L L22 


C21  =.  w($2  [C5KC«K  . (W?n  * Wn5)  * cnVnn] 


c22  = ir(l)2  [C52»k  . cnc5C«tn  • V * cn\n> 


The  elements  of  the  product  diffusion  matrix  Efaa^)  are  all  zero,  except 


e(oo  )22  = (2n)e[g21  Qg  + g21  g22^£.r]  * * g22  *nn^ 


- S31  X1  * S32  X1  X2  * S33  X2 


where 

S31 

4 . ' 

II 

IX5  V* 

Vs  ‘*Cn  * 

S32 

= 7r  2 

[2K?  Cj  * 

(XE  cn  * Kn 

S33 

" 2 C22 

1/2 

It  follows  that  the  elements  of  the  diffusion  matrix  e a also  are  all 


except 


E‘/2  °22  - lS31  X1  * S32  X1  X2  * S33  ^ 


Thus  the  Ito  equation  for  X is  completely  determined: 


dK  = B X,  d*  . [S31  xj  . S32  Xj  X,  • S33  X2]1'2  6 dW 


(37) 


(38) 


(40) 


(41) 


zero 


(42) 


where  6^^  is  a Kronecker  delta,  and  W^  is  a Wiener  process. 

The  equations  for  the  first  moments  of  Xj  are  obtained  by  taking 
ensemble  average  of  (42),  resulting  in 


dE  [X.J  /d*  ■=  B.kE(Xkl  (43) 

Since  the  elements  of  matrix  B are  complicated  periodic  functions 
of  ip , a closed  form  solution  is  not  obtainable.  However,  Eq.  (43)  is 
now  deterministic,  and  it  has  the  same  form  as  the  one  solved  by  Peters 
and  Hohenemser  (Ref.  11)  using  a numerical  procedure.  Briefly,  this 
technique  involves  numerical  integration  of  Eq.  (43)  to  obtain  a transfer 
relationship  between  E[X(0)]  and  E[X(2tt)]  as  follows: 


E [X(2tt) ] = QE  [X(0)J 


(44) 


where  Q is  the  so-called  Floquet  transition  matrix,  The  eigenvalue  of 
Q having  the  largest  absolute  value  determines  the  system  stability,  and 
the  stability  boundary  is  reached  when  this  absolute  value  is  qqual  to 
unity. 


To  determine  the  stability  boundary  for  the  second  moments,  we  apply 
Ito's  differential  rule  to  obtain  three  stochastic  equations  for 
Y^  = X Y = XjX_  and  Y_  = X^,  and  then  takes  the  ensemble  averages. 

Tne  results  can  be  cast  in  a matrix  form: 


d E[Yl/dt|/  » B E[Y1 


where 


[B] 


2 


0 


1 


(45) 


31 


2B21+S32 


2B„-S__ 

22 


and  Bjk  are  the  0*  k)  element  of  matrix  B. 

Stability  condition  of  Eq.  (^5)  can  again  be  investigated  using  the 
numerical  method  of  the  Floquet  transition  matrix. 

2 

Figure  1 shows  the  stability  boundaries  plotted  on  the  y vs  p plane 
for  the  first  and  second  stochastic  moments  of  the  uncoupled  flapping 
response,  at  an  advance  ratio  p = 2.4  and  corresponding  to  different 
turbulence  levels.  The  two  turbulence  velocity  components , parallel  and 
perpendicular  to  the  flight  path,  respectively,  are  assumed  to  be  uncorrelated, 
but  having  the  same  spectra.  The  stability  region  is  seen  to  be  reduced 
by  turbulence,  the  higher  the  turbulence  level,  the  smaller  the  stable 
region.  As  expected,  the  2nd  moment  stability  region  is  always  included 
in  the  1st  moment  stability  region.  The  same  conclusion  can  be  reached 


using  the  Schwarz  inequality.  Also  included  in  the  figure  is  the  non-turbulence 
case  as  a baseline  for  comparison.  This  baseline  agrees  with  the  one 
previously  obtained  by  Sisargh  (Ref.  10)  using  an  analog  computer,  and 
verified  later  by  Peters  and  Hohenemser  (Ref.  11)  using  the  numerical 
Floquet  matrix  method.  Since  vector,  (X  , X,,}  * (6,  §}  is  treated  as  the 
response,  the  asymptotic  stability  for  tne  first  moment  only  assures  that  Eroi 
E [0]  approach  to  zero.  This  condition  is  not  as  useful  as  the  one  obtained 
previously  for  the  amplitude  A = (02  + p-26 j in  the  case  of  hovering 
flights.  Under  normal  conditions,  the  first  moment  stability  boundaries 
for  the  uncoupled  flapping  motion  do  not  deviate  much  from  the  baseline. 

The  one  that  is  shown  in  Fig.  1 corresponds  to  an  unusually  high  turbulence 
level  of  0.00636  in  order  to  demonstrate  the  general  nature  of  such  curves. 

The  more  useful  stability  boundaries  are  the  ones  for  the  second  stochastic 
moments  shown  here  for  three  spectral  levels  0.00159,  0.00318,  and  0.00636. 


(2)  Coupled  Flapping-Torsional  Motion 

Mathematically,  the  additional  degree  of  freedom  does  not  change  the 
basic  nature  of  the  problem,  but  algebraically,  it  is  much  more  tedious. 
Therefore,  only  the  final  results  will  be  illustrated  herein. 


Figure  2 shows  the  second  moment  stability  boundaries  for  the  coupled 
flapping-torsional  motion,  again  assuming  that  the  longitudinal  and 
lateral  turbulence  velocities  have  the  same  spectral  level  but  are  un- 
correlated. The  response  vector  is  now  {X  , X„,  X , X.}  = {0,  0,  a,  a) 

2 t *-  3 4 ^ 

combining  into  ten  second  moments  E[Xj  ],  E[X  X0],  EfXjX,],  E^X^), 

E [ X^X^ ] , E[X2X4],  E[X32],  EfX^X^]  and  E[X4~].  The  stability  boundaries  for 
the'first  moments  are  not  shown  in  the  figure  for  lack  of  practical  importance. 

It  is  seen  that  the  stability  boundary  of  the  coupled  motion  deviates 
substantially  from  the  baseline  of  the  non-turbulence  case  due  to  a rather 
low  turbulence  spectral  level  of  = 0.000318  which  can  even  occur  from  a 
natural  geothermal  source.  All  the  stability  boundaries  shown  in  Fig.  2, 

. — 1 nna  i « the 

range.  It 

is  well  known  from  the  deterministic  theory  of  parametric  excitation 

involving  the  Mathieu-Hill  type  equations  that  a primary  instability 

occurs  at  p“  = 0.25^  This  accounts  for  the  departure  of  stability  boundaries 

in  the  region  0 < p“  < 1 from  the  general  trend  appearing  in  the  region 

p-  > 1 . In  helicopter  dynamics,  the  flapping  sliffness  parameter  p-  of  the  blade 

is  always  greater  than  one.  Therefore,  results  for  0 < p^  < 1 have  no 

practical  significance,  but  they  are  included  here  for  completeness. 


• **  ' ' o 

including  ^he  baseline,  are  nearly  straight  on  the  y - p plane  in 
range  of  p“  > 1,  while  rapid  change  takes  place  in  the  lower  p1-  rar 


VII.  CONCLUSIONS . The  main  conclusions  reached  in  this  exploratory  study 
arc  summarized  as  follows: 


(1)  The  flapping  and  torsional  motions  of  a ’rotor  blade  operating 

in  a three-dimensional  turbulence  field  are  governed  by  differential 
equeations  with  periodic  and  random  coefficients. 

(2)  For  the  uncoupled  flapping  motion  or  the  coupled  flapping  torsional 
motion,  the  two  horizontal  turbulence  components  affect  the 
system  stability,  but  the  vertical  turbulence  component  contri- 
butes only  to  the  non-parametric  external  force. 
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(3)  The  present  analysis  is  valid  for  an  arbitrary  advance  ratio, 
although  a simplified  assumption  has  been  made  that  the  random 
parametric  excitations  can  be  replaced  by  suitable  white  noise 
processes. 

(4)  Numerical  calculations  have  confirmed  the  fact  that  the  second 
moment  stability  guarantees  the  1st  moment  stability. 

(5)  The  2nd  moment  stability  boundaries  of  the  uncoupled  flapping 
motion  deviate  only  slightly  from  the  non-turbulence  baseline, 
even  under  high  level  turbulence  excitations.  Thus,  it  remains 
very  stable  under  normal  circumstances. 

(6)  Contrary  to  the  case  of  uncoupled  flapping,  the  2nd  moment 
stability  boundaries  of  the  coupled  flapping-torsional  motion 
under  realistic  turbulence  levels,  differ  significantly  from 
the  non-turbulence  baseline. 

ACKNOWLEDGEMENT.  This  paper  is  based  on  work  supported  by  the  U.  S. 

Army  Research  Office  under  grant  DAAG29-78-G-0039.  Findings  in  the  paper  are 
not  to  be  construed  as  an  official  Department  of  the  Army  position,  unless 
so  designated  by  other  authorized  documents. 


391 


I *11*1111  ijiubpwpwwpww* I | - 


REFERENCES 


1.  Stratonovich,  R.  L.,  Topics  in  the  Theory  of  Random  Noise,  Vol.  I, 

Translated  by  R.  A.  Silverman,  Gordon  and  Breach,  New  York,  N.Y., 

1963. 

2.  Lin,  Y.K.,  Fujimori,  Y.,  ' 'd  Ariaratnam,  S.T. , "Rotor  Blade  Stability  in 
Turbulent  Flows,  Part  I,"  to  appear. 

3.  Fujimori,  Y.,  Lin,  Y.K.,  and  Ariaratnam,  S.T.,  "Rotor  Blade  Stability  in 
Turbulent  Flows,  Part  II,"  to  appear. 

4.  Arnold,  L. , Stochastic  Differential  Equations:  Theory  and  Applications, 
John  Wiley  and  sons,  Inc.,  New  York,  NY,  1974. 

5.  Stratonovich,  R.  L. , Topics  in  the  Theory  of  Random  Noise,  Vol,  II, 

Translated  by  R.  A.  Silverman,  Gordon  and  Breach,  New  York,  NY,  1967. 

6.  Khasminskii,  R.  Z.,  "A  Limit  Theorem  for  the  solution  of  Differential 
Equations  with  Random  Right  Hand  Sides",  Theory  of  Probability  and 
Applications,  Vol,  11,  1966,  pp.  390-405. 

7.  Wong,  E.  and  Zakai,  M. , "On  the  Relation  Between  Ordinary  and  Stochastic 
Equations",  International  Journal  of  Engineering  Science,  Vol.  3,  No.  2, 
July,  1965,  pp.  213-229. 

8.  Sissingh,  G.J.,  and  Kuczynski,  W.A. , "Investigations  on  the  Effect  of 
Blade  Torsion  of  the  Dynamics  of  the  Flapping  Motion",  Journal  of  the 
American  Helicopter  Society,  Vol.  15,  No.  2,  April,  1972,  pp.  2-9. 

9.  Ariaratnam,  S.T.,  and  Tam,  D.  S.  F.,  "Random  Vibration  and  Stability 
of  a Linear  Parametrically  Excited  Oscillator",  Zeitschrift  fuer 
Angewandte  Mathematik  und  Mechanik,  (to  appear) 

10.  Sissingh,  G.  J. , "Dynamics  of  Rotors  Operating  at  High  Advance  Ratios", 
Journal  of  the  American  Helicopter  Society,  Vol.  13,  No.  3,  July,  1968, 
pp.  56-63. 

11.  Peters,  D.A.,  and  Hohenemser,  K.H. , "Application  of  the  Floquet 
Transition  Matrix  to  the  Problems  of  Lifting  Rotor  Stability", 

Journal  of  the  American  Helicopter  Society,  Vol.  16,  No.  2,  May, 

1971,  pp.  25-33. 


392 


Second  Moment  Stability  Boundaries  for  Coupled  Flapping-Torsional  Motion, 


1 


MODELING  AND  ESTIMATION  WITH  BILINEAR  STOCHASTIC  SYSTEMS* 

R.W.  Brockett 

Division  of  Applied  Sciences 
Harvard  University 
Cambridge,  Massachusetts  02138 

ABSTRACT.  Over  the  past  10  to  15  years  we  have  learned  a great  deal  about 
the  use  of  linear  stochastic  models  in  which  the  noise  terms  multiply  the  state 
variables.  In  this  paper  we  survey  some  of  this  work.  The  discussion  here  is 
based  on  illustrative  examples  rather  than  theorems  and  proofs;  for  these  the 
reader  is  given  appropriate  references. 

I.  INTRODUCTION.  In  practical  engineering  work  the  traditional  Gauss-Markov 
process  is  certainly  the  workhorse.  Occasional  reference  is  made  to  ether  pro- 
cesses such  as  random  telegraph  waves,  Poisson  counters,  etc.  but  even  for  such 
processes,  it  is  very  often  second  order  statistics  which  are  used.  The  relative 
tractability  of  the  Gauss-Markov  process  is  certainly  an  attractive  feature, 
especially  in  a context  where  signal  processing  by  linear  systems  is  being 
contemplated,  however  it  seems  that  these  processes  are  relied  on  too  much  even 
if  we  take  into  account  ones  natural  desire  to  get  an  answer  in  a finite  amount 
of  time. 

The  main  point  of  this  paper  is  that  there  is  a more  general  class  of  pro- 
cesses which  are,  for  some  purposes,  as  easy  or  easier  to  deal  with  and  which 
model  some  phenomena  with  more  accuracy.  The  processes  we  will  be  concerned 
with  are  generated  from  two  types  of  standard  processes 

(a)  W - Wiener  process  of  variance  1 

(b)  N - Poisson  counter  of  rate  A 

The  properties  of  the  Wiener  process  (the  integral  of  white  noise)  are  well  known 
and  explained  very  well  in  books  such  as  Wong  l 9 ] . The  Poisson  counter  of 
rate  X is  an  integer  valued  process  which  has  the  property  that  the  expected 
value  of  N(t)-At  is  zero  and  the  probability  that  N(t)  is  r+k  given  that 
N(s)  - r is 

p[N(t)  - r+k  | N ( s ) ” r)  ” Xk(t-s)ke 

These  building  blocks  in  conjunct  ton  with  differential  equations  give  rise  to 
a rich  and  varied  class  of  stochastic  processes.  In  addition  to  the  Gauss-Markov 
models  given  by  the  lt6  equation 

r 

dx  - Axdt  + £ b dw  ; y - cx 

1-1  1 

and  the  general  finite-state,  continuous-time  jump  process  which  we  can  model  as 

r 

dx  - \ A xdN 

l-l 
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There  is  a large  class  of  processes  whose  statistical  properties  are  easy  to  study 
and  which  are  governed  by  linear  stochastic  differential  equations  of  the  form 

r s r s 

dx  = Axdt  + £ B xdw  + £ C.xdN  + £ d dw  + I 

i=l  1 i-1  1 i=l  1 i-1 

This  is  the  class  of  models  we  will  be  concerned  with  here. 

The  remainder  of  the  paper  is  organized  as  follows.  The  next  two  sections 
are  devoted  to  a discussion  of  examples  of  processes  which  are  solutions  of 
stochastic  equations  involving  dw's  and  dN's,  respectively.  The  fourth  section 
discusses  some  combined  effects.  Estimation  and  the  concepts  of  observability 
appropriate  in  this  context  are  then  discussed  and  finally  we  give  a number  of 
references  to  the  literature. 

II.  BILINEAR  EQUATIONS  WITH  WIENER  PROCESSES.  The  first  feature  of  a model 
of  the  form 

dx  = -axdt  + $xdw  + ydw 

is  that  all  moments  which  exist  at  t = 0 exist  for  0 £ t < 00  and  can  be  solved 
for  by  solving  a finite  set  of  linear  equations.  The  Ito  dif ferentianon  rule  is 
the  key.  If  x satisfies  a scalar  equation  of  the  above  form  then  its  pth  power 
satisfies 

dxP  = -apxPdt  + 6pxPdw  + YP*P  ^dv  + ^ p(p-l)xP  2 ($2x2+y2)dt 
In  view  of  the  way  the  Ito  integral  is  defined  we  obtain,  on  taking  expectations, 

= (-ap+  -|p(p-l)P2)  <?xP+  |p(p-l)  <?x^p  2\2 

These  linear  equations  give  the  pth  moment  in  terms  of  the  (p-2)th  moment,  etc. 
These  calculations  make  it  clear  that  for  scalar  systems  sufficiently  high  order 
moments  will  be  growing  with  time  regardless  of  how  stable  the  deterministic  part 
of  the  equation  is.  Incidentally,  models  of  the  form 

r r 

dx  = Axdt  + £ B xdw  + ) g dw 

i-1  1 1 i-1 

are  only  superficially  more  general  than  those  with  no  additive  noise  term, 

r 

dx  = Axdt  + £ B xdw 

i-1  1 1 

because  by  introducing  in  place  of  x 


we  can  write 


[o 


and  in  this  way  remove  the  need  for  additive  terms. 
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This  is  the  class  of  models  we  will  be  concerned  with  here. 

The  remainder  of  the  paper  is  organized  as  follows.  The  next  two  sections 
are  devoted  to  a discussion  of  examples  of  processes  which  are  solutions  of 
stochastic  equations  involving  dw's  and  dN’s,  respectively.  The  fourth  section 
discusses  some  combined  effects.  Estimation  and  the  concepts  of  observability 
appropriate  in  this  context  are  then  discussed  and  finally  we  give  a number  of 
references  to  the  literature. 


II.  BILINEAR  EQUATIONS  WITH  WIENER  PROCESSES.  The  first  feature  of  a model 
of  the  form 


dx  = -axdt  + £xdw  + ydw 


is  that  all  moments  which  exist  at  t = 0 exist  for  0 ^ t < 00  and  can  be  solved 
for  by  solving  a finite  set  of  linear  equations.  The  Ito  differentiation  rule  is 
the  key.  If  x satisfies  a scalar  equation  of  the  above  form  then  its  pth  power 
satisfies 

dx*5  = -apxPdt  + $pxPdw  + ypxP  "'"dw  + ^ p(p-l)xP  2(fS2x2-Hy2)dt 
In  view  of  the  way  the  Ito  integral  is  defined  we  obtain,  on  taking  expectations, 


— = (-ap+  ~p(p-l)B2)  <?xP+  |p(p-l)  d?x(p  2\2 

These  linear  equations  give  the  pth  moment  in  terms  of  the  (p-2)th  moment,  etc. 
These  calculations  make  it  clear  that  for  scalar  systems  sufficiently  high  order 
moments  will  be  growing  with  time  regardless  of  how  stable  the  deterministic  part 
of  the  equation  is.  Incidentally,  models  of  the  form 

r r 

dx  = Axdt  + £ B xdw  + ) g dw 

i=l  i=l  1 

are  only  superficially  more  general  than  those  with  no  additive  noise  term, 

r 

dx  = Axdt  + £ B xdw 

i=l  1 1 

because  by  introducing  in  place  of  x 

*-[i] 


we  can  write 


dx 


-[o  jjgj  bJ5'*”! 


and  in  this  way  remove  the  need  for  additive  terms. 
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Higher  dimensional  bilinear  models  need  not  have  higher  order  moments  which 
are  unstable.  Consider  a two  dimensional  model 


n/2  i ■ 

r*ii 

■o  r 

r xii 

■ 0 ■ 

d 

X 

= ■ 

dt  + 

dw.  + 

-X2- 

-1  -l/2_ 

-x2  - 

-!  0 

. X2- 

1 

A. 

In  this  case  a complete  analysis  of  the  moments  involves  the  study  of  equations 
for  x^  which  is  defined  by 


x^  = 


with  the  chosen  to  be  positive  and  such  that 

9 9 n 2 'y  _ -I  2 rs  a 9 2 2 

(x^+x2)  = (xP)  + ^(x^  x:2)  + a2(xP  x2)  + ...  + (xP) 

Using  the  Ito  rule  again  we  get  a linear  stochastic  differential  equation  for 
x[p]  of  the  form 

dxtp^  = Ax[p^dt  + Bx^P^dw1  + gxtp-21dw2  + fdt 


p-1 

a^x^  x2 

p-2  2 

a2xl  x2 


It  turns  out  that  because  of  the  skew  symmetry  of  the  matrix  multiplying  xdw 
the  multiplicative  noise  term  acts  to  decrease  the  higher  order  moments  see  ( 2 ) • 
For  this  example  it  turns  out  that  in  steady  state  x has  a Gaussian  distribution 
with  variance  I and  mean  zero.  This  can  be  seen,  by  looking  at  the  moments  of 
all  order  or  by  looking  at  the  Fokker-Plank  equation.  However  the  process  x 
is  not  Gauss-Markov. 


One  of  the  properties  of  the  higher  order  correlations  of  stationary  Gauss- 
Markov  processes  is  the  simple  relationship  between  the  rates  of  decay  of  the 
various  correlations.  For  example,  if  x is  Gauss-Markov  and 

<?x(t)x(t+T)  = e 1 ; T > 0 

then 

<?x(t)x(t+l)x(t+T+0)x(t+T+O+p)  ■=  e (T+a+P).  T ,0 , p > 0 

For  the  above  process  the  fourth  order  correlations  follow  a different,  but 
still  easily  calculated,  pattern. 

The  key  to  calculation  of  these  correlations  is  to  note  that  for 

n r 

dx  - Axdt  + \ B xdw  + \ g dw 

i-1  1 i-1  1 1 


We  can  take  expectations  and  get 

^ # x(t)  = A <?x(t) 

This  means  that 


/rx(t)x'(t+T)  = E(t)eAT  ; T > 0 


where 


E(t)  = <Px(t)x'(t) 

Since  x^  satisfies  a bilinear  stochastic  equation  we  can  use  similar  ideas  to 
calculate  its  correlations. 

III.  BILINEAR  SYSTEMS  WITH  POISSON  COUNTERS.  Let  N be  a standard  Poisson 
counter  of  rate  X.  The  process  x generated  by 

dx  = -2xdN 

evolves  as  follows.  It  is  constant  until  N jumps.  Because  our  stochastic 
integrals  are  Ito  integrals,  at  a jump  x changes  from  its  present  value 

x to  x - 2 x = -x  . Thus  x flips  back  and  forth  from  x(0)  to  -x(0)  to  x(0) , 
etc.  If  x(0)  * 1 it  is  a random  telegraph  wave  with  amplitudes  ±1  and  rate  X. 
We  can  use  this  representation  of  the  random  telegraph  wave  together  with  the 
Ito  rule  to  compute  various  statistical  properties  in  a totally  straightforward 
way.  Because  <^(dN-Xdt)<}>(x)  = 0 for  reasonable  functions  <)>  we  have 

~ (?x  = -2<*x(dN-Xdt)-2Xd?x 
dt 

= -2X«*?x 

In  using  the  Ito  calculus  with  Poisson  processes  it  is  most  convenient  to 
calculate  the  effect  on  <|>(x)  of  a jump  in  x and  then  write  down  the  appropriate 
differential  equation.  For  example,  if  x satisfies  the  above  equation  then 

2 

dx  = 0 

2 

because  a Jump  in  x of  the  type  x i — * -x  does  not  change  x . Thus  we  see,  for 
example,  that  in  steady  state 

<*x(t)x(t+T)  = e"2XT 


A finite-state  continuous  time  jump  process  is  one  which  takes  on  a finite 
set  of  values,  say  x1>x^,...xr  and  Jumps  between  these  values  according  to  a 
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These  models  are  very  useful  In  queuing  theory  etc.  We  can  associate  a numerically 
valued  stochastic  process  with  a finite  state  continuous  time  Jump  process  in  much 
the  same  way  as  we  did  with  the  random  telegraph  wave  above.  We  just  assign  a 
numerical  value  to  each  state.  The  processes  one  can  get  in  this  way  are  in  some 
senses  quite  general.  In  [ 3 1 we  showed  that  any  stationary  process  can  be 
matched,  with  arbitrary  precision,  by  such  a process  insofar  as  the  mean  and 
covariance  are  concerned.  We  also  know  [l  ] that  finite  state  continuous  time 
jump  processes  can  be  modeled  by  bilinear  stochastic  differential  equations  of  the 
form 

dx  - A^xdN^ 

The  idea  here  is  as  follows.  Let  x take  on  only  the  values  (e^ ^ , . • . ,er>  where 

ei  - (0. . .0,1,0, ...0)’ 

ith  position 

That  is  we  code  the  states  as  unit  vectors  in  an  r-dimensional  space.  If  each  of 
the  are  matrices  of  the  form 

rith  column 


-jth  row 


Then  x will  jump  from  jiie  unit  vector  to  another  with  a probability  law  which  is 
determined  by  the  rates  of  the  counters  N^.  This  representation  of  a finite  state 
process  is  perfectly  general  although  it  will  typically  require  r(r-l)  independent 
counting  processes. 

IV.  COMBINED  MODELS.  One  extremely  unpleasant  feature  of  Gauss-Markov  models 
is  that  bilinear  models  of  the  form 

dx  = Ax+nBx+gy 

with  n Gauss-Markov  but  not  white  are  virtually  intractable.  The  variance  of  x 
cannot  be  calculated,  etc.  Gauss-Markov  multiplicative  noise  processes  which  are 
not  white  lead  to  trouble!  The  situation  for  finite  state  processes  is  very  much 
nicer.  This  fact,  coupled  with  the  natural  suitability  of  finite  state  models  in 
reliability  modeling  make  it  worthwhile  to  consider  this  in  some  detail. 

We  examine  the  scalar  equation 

dx  - -3xdt  + mxdt  + dw 

where  m(t)  is  w random  telegraph  wave  of  rate  X.  For  example,  m(t)  - 1 might 
correspond  to  a failed  state  and  m *■  -1  a working  state.  If  we  wish  to  determine 
the  state  of  m from  observations  on  x we  need  to  know  the  statistical  properties 
of  x.  All  such  calculations  are  made  routine  by  writing 


dm  ” -2mdN 


and  considering  the  triple  (m,x,mx) . 


We  get  (remember  m = 1) 
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■ 0 

0 

0 ' 
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X 

= 

0 

3dt 

dt 
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We  have 


* x ~ 

- -3  1 ' 

X “ 

_ mx  _ 

= 

L 1 -2X-3 

- mx  - 

and  we  can  compute  the  variance  of  x together  with  that  of  mx  by  examining  the 
differential  equation  for 


“ x ' 

[ x , mx ] 
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V.  ESTIMATION  PROBLEM  . There  are  several  features  of  bilinear  equations 
which  make  them  interesting  examples  on  which  to  attempt  nonlinear  estimation. 

In  the  first  place  the  optimal  linear  filter  Is  easily  constructed.  Secondly  one 
can  show  rather  easily  in  most  cases  that  the  best  linear  estimate  is  not  the  best 
estimate.  Finally,  we  will  show  how  to  use  tensor  methods  to  construct  nonlinear 
state  estimators  whose  performance  improves  along  with  the  degree  of  nonlinearity. 

To  start  with  consider  the  process  and  observation 

1 2 

dx  = -(1+  ^ a ) xdt+axdw^+dw2 
dv  = xdt+dw^ 

The  steady  state  variance  and  the  covariance  of  the  x process  is  given  by 

<S,x(t)x(t+x)  = 6 ^ 

The  best  steady  state  linear  filter  is  the  same  as  that  associated  with  the 
C.auss-Markov  model 


dx  = -xdt+dw0; 


dy  = xdt+dw. 


and  has  mean  square  error  k = /2  -1 . The  best  linear  estimate  is  generated  by 

dz  = -zdt  + (/ 2 -1) (xdt+dw^-zdt) 


* 

Some  interesting  work  on  the  bilinear  estimation  problem  has  been  done  recently 
at  MTT  by  S.K.  Mitter  and  D.  Ocone.  However  this  is  as  yet  unpublished  and  we 
will  not  go  into  it  here. 


The  optimal  linear  estimator  is  independent  of  a and,  of  course,  for  a - 0 
it  generates  the  optimal  estimate.  For  a j4  0 this  filter  is  not  optimal  because 
the  error  (x-z)  is  correlated  with  zp  for  p odd.  That  means,  of  course  that  we 
can  reduce  the  mean  square  error  by  replacing  the  estimate  z by  f(z)  for  a 
suitable  function  f.  Calculations  of  this  type  are  not  too  difficult  to  make; 
the  following  is  illustrative.  The  differential  equation  for  x and  z are 


’ X ’ 

■-(1+  a2)dt+adw1  O' 

V 

+ 

NJ 

z 

(/2-l)dt  ~/2  _ 

z 

(/2-l)dw3  J 

By  using  Ito’s  rule  we  can  get  a linear  equation  for 


x'3>  ‘ 

/3  x[31z 

/3  xz2 

3 

z 


which,  in  turn,  contains  all  the  data  needed  to  find  the  values  of  a and  g such 
that 

n =*  S (x-az-gz3) 2 


is  minimized. 


It  should  be  noted  that  since 

dxP  » -p(l+  \ ot2)xP+paxPdw+xP  ^dwf  p(p-l) (a2xP+x^p  2^)dt 

12  1 2 

the  pth  moment  of  x exists  only  if  (1+  — a ) > (p-l)a  . That  is,  as  a gets 

larger  fewer  moments  of  x (and  hence  z)  exist.  Apparently  moment  techniques  are 
not  the  appropriate  way  to  treat  this  problem  for  a large.  On  the  other  hand, 
it  is  exactly  when  a is  large  that  we  expect  to  gain  the  most  improvement  over 
the  performance  of  the  linear  filter. 

To  begin  a general  discussion  we  recall  a few  facts  about  the  standard 
linear  state  estimation  problem.  Consider 

dx  m Axdt  + Bdw;  dy  " Cxdt  + Ddv 

where  (w,v)  is  a vector  of  independent  standard  Wiener  processes.  If  we  wish  to 
estimate  x by  z we  set 

dz  - Azdt  + L(Cxdt+DdV-Cz) 

This  gives  an  error  e « (x-z)  which  satisfies 

de  =*  (A+LC)edt  + Bdw  + LDdw 
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and  the  variance  for  the  error  of  P(t,t)  = «?e(t)e’(t)  which  satisfies 

-^•P(t,t)  » (A+LC)P( t , t)+P( t , t) (A+LC) '+BB '+LDD'L ' 
at 

setting  L = KC'  we  note  an  analogy  with  the  linear  quadratic  optimal  control 
problem  and  observe  that  if 


K = AK+KA ' +KC ( DD ' ) C ' K ' +BB ' 

1/2 

Then  we  minimize  P(t,t).  The  condition  of  observability  of  the  pair  (A,(DD')  C') 

insures  finite  error  variance  even  if  the  state  equation  is  unstable. 


Now  consider  the  stochastic  process  generated  by 

m 

dx  = Axdt  + £ B xdw 

i = l 1 


with  the  observation  dy  = Cxdt  + f D xdv  . The  minimum  variance  linear  filter 
is  defined  by 


i-1 


dz  = Azdt  + L(Cx-Cz  + f LD  xdv  ) 

i=l 


then  the  error  x-z  satisfies 


m p 

de  = (A+LC) edt  + [ B xdw.  + £ LD  xdv. ; L = E C 

i=l  1 1 i=l  1 1 ee 


and  the  variance  E satisfies 
ee 


m p 

E = (A+LC) Z +E  (A+LC)'  + 7 B,E  B!  + 7 LD  E D!L 

ee  ee  ee  i xx  i i xx  i 

i=l  i=l 


where  E^  is  the  a priori  expected  value  of  x(t)x'(t).  That  is  to  say,  the 
minimum  variance  linear  filter  is  the  same  as  that  of  the  linear  system 

1/2 

dn  = Andt  + Gdw;  dy  = (E  ) ' D'dp  + Cpdt 


where  GG' 


m 

I 

i=l 


B . E B.. 
i xx  i 


One  aspect  of  the  bilinear  estimation  problem  which  sets  it  apart  from 
others  is  the  fact  that  one  may  use  a simple  algebraic  trick  to  improve  the 
accuracy  of  the  best  linear  filter.  The  idea  is  that  if  the  original  model  is 

r 

dx  = Axdt  + £ B xdw  ; dy  = Cxdt  + dw 

i=i  , , 

then  there  Is,  for  each  p,  a related  system  in  x P 

dxtpl  * ^c[pl  + l B xlp,dw 
1-1  1 1 

and,  of  course,  if  we  observe  dy  we  can  regard  dyP  as  being  observed  as  well. 
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The  main  point  is  that  the  best  linear  estimate  for  the  system  satisfied  by 


l[p] 


.12] 


>] 


2 P 

with  observation  dy,  dy  ,...dyp  generally  provides  a better  estimate  for  x than 

does  the  best  linear  estimate  based  on  x,  ...  Of  course  we  must  make  sure  that 

lp-1  J 

the  moments  introduced  in  this  way  actually  exist. 


A second  interesting  aspect  of  the  estimation  problem  is  that  it  may  happen 
that  states  are  "unobservable"  in  the  original  system  and  only  become  "observable" 
in  the  Xj  j setup.  We  illustrate  this  somewhat  vague  remark  as  follows.  Consider 


dr 

dx 


-rdt  + dw. 


-xdt  + rdw2? 


dy 


xdt  + dw. 


In  steady  state  the  best  linear  estimator  will  estimate  r as  a constant,  in  fact 
zero.  However  we  can  get  an  estimate  for  r2  which  is  better  than  the  a priori 
value  of  1/2  by  considering  the  system 

dr^  * -2dr^dt+2pdw^+dt 

dx^  = -2x^dt+2rxdw2+r^dt;  dy^=(x+w^) (xdt+dw)+dt 


dxr 


-2xrdt+xdWj+r  dw2 


At  this  level  the  interaction  between  x and  r is  such  that  a linearization 
results  in  a system  in  which  r2  is  observable. 


As  a final  example  consider  the  stochastic  differential  equation 


L x2 


-dt 

-dw. 


dw^ 


Lx2  J 


dw 


2 

C J 


1, 


dy 


x^dt+dw^ 


(*) 


where  w^,  W2»  and  w^  are  all  standard  Wiener  proc  . fn.-’.  The  steady  state  density 
for  x is  Gaussian  in  this  case  with  variance  I.  One  sees  without  too  much 
trouble  that  in  steady  state 


iS’xCtJxft+T)1 
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as  it  would  be  for  a Gauss-Markov  process. 


This  system  is  "second  order  unobservable"  in  the  sense  that  the  covariance 
for  x^  is  that  of  a first  order  system.  We  see  rather  easily  that  the  best  steady 
state  linear  filter  for  x^  is  given  by 

dx  * -xdt  + (/3  -1)  (x^dt+dw^-xdD 

where  the  coefficient  (/!  -1)  comes  from  solving  the  error  variance  equation 

6 = -2a  + 2 - a2 


for  its  steady  state  value.  Note  the  steady  state  error  has  a variance  of 
/J  -1  * .73  ...  and  x has  a steady  state  variance  of  2-/3  = .27... 

Putting  together  equation  (*)  and  the  best  linear  filter  we  have 
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and  thus 
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From  this  we  deduce  that  in  steady  state 
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x^Ct) 

x2(t) 

x(t) 


(x1(t+T)  X2(t+T)  X^Ct+T)] 


1 
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2-/3  e 
0 0 
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2-/3  0 (2-/3)  0 


-1/2t 


1 . -t  -/3t. 

(e  -e  ) 
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0 

-/3T 


By  passing  to  an  x,  , version  of  these  equations  we  get  still  different  kinds 
of  nonlinear  filters  whosi  performance  will  improve  on  the  linear  filter.  Obviously 
a large  number  of  variations  on  this  theme  are  possible. 
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HYPERBOLIC  CONSERVATION  LAWS 


Ronald  J.  DiPerna 
Mathematics  Research  Center 
Madison,  Wisconsin  53706 


ABSTRACT . We  shall  discuss  some  basic  results  in  the  theory 
of  conservation  laws  and  comment  on  their  connection  with  the 
numerical  computation  of  the  solution. 

I.  INTRODUCTION.  In  this  lecture  we  shall  be  concerned 
with  the  initial-value  problem  for  systems  of  conservation  laws, 

♦ .fj  stf3(u>  - 

Here  the  solution  U = U (x^,x2 , . . .xm, t)  takes  on  values  in  Rn 

and  F-1  is  a smooth  nonlinear  mapping  from  Rn  to  Rn  . Equa- 
tions of  this  form  arise  in  continuum  mechanics.  The  equations 
of  gas  dynamics  and  thermoelasticity  form  systems  of  five  equa- 
tions; the  components  of  U represent  the  densities  of  mass, 
linear  momentum  (3) , and  total  energy  while  the  equations  express 
the  physical  laws  for  the  conservation  of  the  corresponding  five 
quantities,  cf.  [3,9].  Other  examples  are  provided  by  magneto- 
fluid dynamics,  elasticity  and  the  theory  of  shallow  water  waves. 
Equations  of  this  type  present  a variety  of  problems  of  mathemati- 
cal and  engineering  interest.  Unfortunately,  a rigorous  mathe- 
matical theory  is  yet  to  be  developed  for  systems  in  several  space 
dimensions.  However,  there  has  been  a great  deal  of  progress  on 
systems  in  one  space  dimension  and  we  shall  discuss  a couple  of 
basic  results  in  this  direction. 

II.  SYSTEMS  IN  ONE  SPACE  DIMENSION.  It  is  natural  to  ask: 
what  type  of  solutions  will  a system  of  conservation  laws  generate? 
A preview  can  be  obtained  by  considering  a scalar  equation  in  one 
space  dimension, 

2^-u  + 7^f(u)  = 0 , -°°<x<°°.  (1) 

Here  f is  a smooth  nonlinear  mapping  from  R to  R.  The 
classical  theory  of  conservation  laws  guarantees  that  if  the 
initial  data  are  smooth  then  there  exists  a smooth  solution  de- 
fined for  a small  interval  of  time.  More  precisely,  if  un(x)  e C"*" 

1 0 
then  there  exists  a C solution  u(x,t)  which  is  defined  in  some 

strip  0 <_  t < T and  which  takes  on  the  initial  data  Uq(x)  at 
t = 0;  the  length  of  existence  T depends  only  on  the  C^-norm  of 
the  data.  Presently,  we  shall  see  how  to  construct  C^  solutions. 


But  first  let  us  assume  that  we  are  given  a C"*-  solution  defined 
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on  some  strip  0 _<  t < T and  examine  how  the  values  of  u prop- 
agate . 


If  u is  a C solution,  we  may  carry  out  the  differentia- 
tion in  equation  (1)  with  respect  to  x, 


Jtu  + f'  (u)  = 0 ' 


and  introduce  characteristic  curves  (x(t),t)  which  are  defined  by 


4x(t)  = f ' {u(x(t)  ,t)  } , x ( 0 ) = xn  . 


Here  x(t)  denotes  the  position  of  the  characteristic  as  a func- 

i J d / . \ ' j a . r i _■ n j 


tion  of  time  and  ^x(t)  its  speed  of  propagation.  Since  we  are 
assuming  that  the  solution  u = u(x,t)  is  known,  the  right  hand 


side  of  (3),  i.e.  f composed  with  u,  is  a known  function  of  x 
and  t and  the  standard  theory  for  ordinary  differential  equations 
guarantees  the  existence  of  a characteristic  curve  through  each 


point  Xq  on  the  initial  line  t = 0. 


We  first  observe  that  the  solution  u is  constant  along 
characteristic  curves.  Indeed,  the  restriction  of  u to  a char- 
acteristic curve  (x(t),t),  i.e. 


u(x(t) ,t)  , 


satisfies 


g^-u(x(t),t)  = u(x(t)  ,t)  g^-x(t)  + g^-u(x(t),t)  . (4) 


Using  the  definition  (3)  of  characteristic  curves  and  the  equation 
(2)  we  obtain 


g^-u(x(t),t)  = g^u(x(t),t)f'{u(x(t),t)}+y£u(x(t),t)=0. 


Thus,  if  u is  a C solution  we  may  interpret  the  equation  (2) 
as  the  statement  that  the  directional  derivative  of  u in  the 
direction  prescribed  by  the  characteristic  field  vanishes. 


Since  u is  constant  along  characteristic  curves,  so  is  the 
speed  of  propagation  f (u)  : characteristic  curves  are  simply 
straight  lines.  We  may  now  use  these  two  facts  to  establish  local 


existence  of  C"*"  solutions.  Suppose  now  that  we  are  given  C^ 


initial  data  u_(x).  Let  us  define  a function  u = u(x,t)  by  the 


requirement  that  u equal  the  value  Uq(x^)  along  the  line 


x = xQ  + f (uQ  (xQ)  ) t , 


i.e.  along  the  characteristic  through  (Xg,0).  It  is  not  difficult 
to  show  using  the  implicit  function  theorem  that  there  exists  a 


Ik 


J 


mmmm 


time  T such  that  the  above  function  u is  a solution  for 

0 £ t < T and  that  T depends  only  on  the  C1  norm  of  the 
initial  data  uQ(x). 

The  method  of  characteristics  answers  the  question  of  local 
existence  and  points  to  the  main  source  of  mathematical  difficulty 
associated  with  the  equation,  the  focusing  of  waves.  In  general, 
different  characteristic  curves  carrying  different  values  of  the 
solution  intersect.  In  the  neighborhood  of  such  a point  there  can 

not  exist  a classical  C1  solution.  On  the  other  hand,  for 
problems  of  physical  origin  one  certainly  expects  to  have  a 'glob- 
ally defined  solution.  In  the  flow  of  gas,  for  example,  one  sees 
experimentally  that  the  focusing  of  sound  waves  leads  to  the  devel- 
opment of  shock  waves,  i.e.  abrupt  changes  in  the  physical  vari- 
ables which  occur  over  a distance  of  a few  mean  free  paths  of  the 
molecules.  In  the  hyperbolic  (or  inviscid)  theory  of  gas  dynamics, 
such  flows  are  modeled  by  discontinuous  functions  and  the  mathe- 
matical theory  of  conservation  laws  is  developed  in  the  framework 
of  weak  solutions,  i.e.  solutions  which  satisfy  the  equations  in 
the  sense  of  distributions. 

Global  existence  of  weak  solutions  for  systems  of  conservation 
laws  in  one  space  dimension  was  established  by  Glimm  [7] . Glimm 
considered  strictly  hyperbolic  systems  of  the  form 

■^•U  + F (U)  = 0,-°°<x<c°.  (5) 

Here  U = U(x,t)  e Rn  and  F is  a smooth  nonlinear  mapping  from 

Rn  to  Rn  whose  Jacobian  matrix  has  n real  and  distinct  eigen- 
values. We  note  that  the  hypothesis  of  strict  hyperbolicity  is 
satisfied  by  many  of  the  conservative  systems  of  physical  interest 
in  one  space  dimension:  gas  dynamics,  magneto-fluid  dynamics, 
shallow  water  waves  and  in  certain  cases  elasticity.  The  theorem 
of  Glimm  may  be  stated  as  follows:  if  TVUq  is  sufficiently 

small  then  there  exists  a globally  defined  weak  solution  of  (5) 
which  assumes  the  initial  data  Uq(x)  at  t = 0 and  which  satis- 
fies , 

TVU ( • , t ) < const.  TVUq  (6) 

where  the  constant  depends  only  on  the  nonlinear  term  F. 

Glimm 's  result  contains  a method  for  the  construction  of  the 
solution  which  has  recently  been  implemented  for  the  purposes  of 
numerical  calculation,  cf.  [2].  The  method  has  also  been  extended 
to  the  construction  of  solutions  with  initial  data  having  large 
total  variation,  [1,4,5,8,10,12,13]. 

Before  commenting  on  estimate  (6)  in  connection  with  the 
numerical  computation  of  the  solution  we  shall  briefly  discuss 
functions  of  bounded  variation  in  one  variable  and  the  physical 


409 


interpretation  of  (6) . Suppose  that  g is  an  arbitrary  function 
mapping  R to  R.  Consider  any  finite  set  of  pts  {x.  : j=l,2...n) 
satisfying  3 

x,  < x.  < ...  < x , 

12  n ' 

together  with  the  sum  of  all  the  associated  increments, 
n-1 

l |g<*k+1>  - s<xk>l  * 

k=l 

The  total  variation  of  g is  defined  as  the  supremum  of  the  sum 
of  all  increments  associated  with  all  possible  finite  ordered 
partitions  of  R: 

fn-l  1 

TVg  = sup  l | g (x,  , ) - g(x.  ) | : all  {x.  : y=l,2,...n}  . 


If  TVg  is  finite  the  function  g is  said  to  have  finite  total 
variation.  A vector-valued  function  is  said  to  have  finite  total 
variable  if  all  of  its  components  do.  As  a simple  example  we 
mention  the  class  of  piecewise  constant  functions  with  a finite 
number  of  jumps.  For  such  functions  the  total  variation  equals 
the  sum  of  all  the  jumps.  Secondly,  we  mention  the  class  of 
smooth  functions  whose  first  derivative  is  integrable.  For  such 
functions  g wc  have 

OO 

TVg  = / | g ' (x) | dx  . 

— 00 

We  refer  the  reader  to  [11]  for  the  theory  of  functions  of  bounded 
variation  of  one  variable  and  to  [6,  15]  for  the  theory  functions 
of  bounded  variation  of  several  variables. 

In  the  context  of  conservation  laws  the  total  variation  of 
the  solution  U(x,t)  with  respect  to  the  space  variable  x at  a 
fixed  time  t represents  the  total  magnitude  of  all  waves  in  the 
solution  at  time  t,  all  shock  waves,  rarefaction  waves,  compres- 
sion waves,  etc.  The  estimate  (6)  may  be  interpreted  as  stating 
that  the  total  magnitude  of  a waves  in  the  solution  at  time  is 
bounded  (uniformly  in  t ) by  some  multiple  of  the  total  magnitude 
of  all  waves  in  the  initial  data. 

From  the  point  of  view  of  numerical  analysis  it  would  be  of 
interest  to  determine  whether  or  not  the  difference  schemes  in 
current  usage  are  stable  in  the  total  variation  norm  [14].  A 
difference  scheme  is  said  to  be  stable  in  the  total  variation 
norm  if 

TVUh ( • , t ) £ const., 

where  U^(x,t)  denotes  the  piecewise  constant  approximate  solutions 
generated  by  the  scheme  using  mesh  length  h and  where  the 
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constant  is  independent  of  h and  t.  The  constant  would  of 
course  depend  upon  F and  total  variation  of  the  initial  data 
Uq (x) . It  would  be  of  interest,  in  particular,  to  test  various 

difference  schemes  for  stability  in  the  total  variation  norm  in 
the  case  of  Riemann  initial  data,  i.e. 


U (x, 0) 


if  x > 0 

if  x < 0 


where 


U 


and  U 


are  constant  states. 


Lastly,  we  note  that  the  total  variation  norm  is  one  of  the 
most  simple  and  natural  norms  for  systems  of  conservation  laws 
which  is  sufficiently  strong  to  guarantee  that  stability  in  the 
norm  implies  convergence  of  the  scheme.  It  is  presently  an  open 
problem  to  prove  the  convergence  of  difference  schemes  for  (5) . 
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ABSTRACT . Thla  work  la  mainly  concerned  with  the  analysis  of  a 
stockastlc  Reynolds  equation  In  the  hydrodynamic  theory  of  lubrica- 
tion. A differential  equation  for  the  mean  pressure  distribution 
Is  derived  rlgorlously  in  the  asymptotic  limit  by  invoking  an 
ergodic  theorem.  Also  two  upper  bounds  to  the  absolute  mean  and 
the  root-mean-square  deviations  of  a normalised  load  carrying 
capacity  from  the  smooth  case  Is  obtained  for  a general  one- 
dlmensional  problem.  Finally  some  related  problems  are  discussed 
briefly. 

I.  INTRODUCTION.  In  the  present  psper,  we  shall  first  summarise  two 
main  results  contained  in  our  recent  paper  [ ll , to  which  the  reader  Is  re- 
ferred for  a detailed  presentation.  The  first  result  Is  concerned  with  the 
derivation  of  an  valid,  averaged  Reynolds  equation  under  appropriate  conditions. 
Broadly  stated,  the  sufficient  conditions  require  that  the  roughness  parameters 
for  the  two  surfaces  be  characterised  by  weakly  dependent  random  functions  of 
the  longitudinal  variable,  and  that  the  length  of  the  bearing  be  large  relative 
to  the  correlation  length  of  the  roughness  parameters.  As  our  second  result, 
two  upper  bounds  for  the  absolute  mean  and  the  root -mean-square  deviations  of 
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a normalized  load  carrying  capacity  from  a smooth  case  are  obtained  for  a 
general  one-dimenslonal  problem,  valid  for  an  arbitrary  probability  distribution. 
The  result  shows  a critical  dependence  of  the  upper  bounds  on  the  correlation 
of  the  roughness.  These  results  are  presented  In  section  II. 

In  the  last  section,  we  shall  give  a general  discussion  of  some  related 
questions,  the  two  dimensional  problem  and  Its  connection  with  other  random 
boundary  problems  in  a different  physical  context. 

II.  ANALYSIS  OF  A STOCHASTIC  REYNOLDS  EQUATION.  For  a wide  slider 
bearing  of  length  L,  the  Reynolds  equation  In  one  dimension  reads 


P (o ) - p(L)  - o . (2) 


where  p ■ p(x)  Is  the  pressure, 

H ■ H(x)  ■ h(x)  + *^(x)  + is  thickness, 

h(x)  ■ <H(x)^  is  the  average  (or  mean)  film  thickness, 

A^(x),  are  t*le  rou8^ness  profiles  of  the  lower  and  upper  surfaces, 

respectively, 

A ■ 6u(u^  + u^)  and  u is  the  viscosity  of  the  lubricant, 

v ■ (u2  - Uj)/^  + u2>» 

u^  and  u^  are  the  rolling  or  sliding  speeds  of  the  lower  and  upper 
surfaces. 

In  the  stochastic  model,  the  roughness  parameters  6^  ■ ^ (*.'•’)»  and 
are  ran<^om  functions  (or  processes)  of  x for  which  the 
probability  distributions  are  given.  The  goal  is  to  compute  the  mean  pressure 
(pi  from  (1)  subject  to  the  boundary  conditions  (2).  It  is  a 
common  practice  to  derive  an  equation  for  the  mean  pressure  (pi  . 
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Consider  the  boundary -value  problem  (1)  and  (2).  For  each  realization  of 
A^  and  Ag  » an  integration  of  (1)  yields 


“MI 


x rx  h(y)  + v[  6 (y)  - My)1 

+ A i ~ dy 

0 H (y)  J0  HJ(y) 


where  by  applying  the  boundary -condition  (2)  at  x ■ L , 


M ■ -A 


pi*  h(y)  +v[A1(y)  - »2(y)] 


H3(y) 


0 H (y) 


For  convenience,  let 


« - *1  + *2 


” • - *2 


Then  (4)  becomes 


M - -A  ; 11 

o n(y) 


dy  / 


0 lT(y) 


Suppose  that  the  roughness  profiles  A^(x,io),  x 2 o,  are  random 

processes  satisfying 

(a)  6 i , &2  are  continuous  stochastic  processes,  defined  for  x * 0, 

(b)  the  maximum  max  t | A (x) | + | A (x) | } is  less  than  the  minimum 

oSxSL  1 1 

h of  the  smooth  film  thickness,  h ■ min  h(x),  for  almost  every 
m m o<xSL 

realization, 

a a 

(c)  the  deviation  D(x)  ■ |h  J(x)  - <H  (x)>|  satisfies  the  following 
condition  of  asymptotic  weak  dependence: 


ltn»  7 j <Da)D(x)>dx  - 0 . 


Since  the  random  functions  Involved  are  bounded  and  positive.  The  Ergodlc 


Theorem  seated  on  (p.177  Cl])  becomes  applicable  to  (6)  under  the  above  conditions 
(a)  - (c).  By  rewriting  the  expression  (6)  and  invoking  the  stated  theorem,  we 
have,  with  almost  certainty 


Noting  (7)  and  averaging  the  equation  (3),  we  differentiate  the  resulting 
equation  twice  to  get 


(8) 


which  is  our  first  announced  result. 


For  a smooth  bearing,  the  pressure  p^  satisfies  the  equation 


d 

dx 


( 1,3  %)  ' A E - ».<°>  ' VL>  ' 0 


(9) 


Subtracting  (9)  from  (1),  one  obtains,  noting  (5) 


jl  ( H3  sr  . h3  Av 

dx  \ H dx  B dx  / AV  dx  * 


(10) 


After  adding  and  subtracting  the  term 
the  equation  (10)  can  be  written  as 


in  the  above  parenthesis. 


sir  ( h3  a?) " S • *p(0)  • 6p(L) " 0 

where  Ap  ■ p - . is  the  deviation  of  p from  the  smooth  case,  end 

Q - AvT)  - (h3  - h3)  ^ . 


(ID 


(12) 


416 


A simple  Integration  of  (11)  yields 

rL  -3 

rx  x r Q<y)H  <y)dy 

6p(x)  - J Q(y)H'3(y)dy  - r H'3(y)dy  ^ . (] 

0 **  0 -3 

T H J(y)dy 
0 

Splitting  each  of  the  integrals  from  0 to  L into  two  parts,  from  0 to  x 
and  x to  L,  the  equation  (13)  is  reduced  to 


6p(x)  - 


x L x 

-f  H_3dy  f QH°dy  + T QH'3dy  T H'3dy 

0 x _0 ' x 

L i 
f H'3dy 
0 


It  follows  that 


|«p(x)|  < 


J H'3dy  f |Q|H'3dy  + JL  H'3dy  f |Q|H*3dy 
0 x x 0 

L 1 
r H 3dy 


s j |Q|H"3dy 


By  applying  Schwarz's  inequality,  one  gets  the  mean  (absolute)  deviation 


max  <|*p(x)|> 
OSxsL 


re**  •)  p“  « 'i  ^ 

{j  «T(x))dx  j <H  <>(x)>dx} 


Similarly,  squaring  the  expression  (15),  a bound  for  the  mean-square  deviation 


o2  is  obtained 


a92  ■ max  <| Apl2) 
OtxSL 


{J  JL  <Q2(x)Q2(y))dxdy  JL  [L  (H'3(x)H'3(y))dxdy}1/2 
U0J0  J 0 “ 0 J 


417 


The  above  bound*  can  be  made  axpliclt  by  estimating  the  correlation  function 
2 2 2 

(Q  ) and  (Q  (x)Q  (y)>  In  terma  of  the  roughness  correlations  of  ?;  and  n. 

2 

For  brevity,  only  the  mean  deviation  will  be  treated.  Let  ■ (F  ) 

2 

and  > (11  ) . Then,  after  a sequence  of  algebraic  Inequalities,  it  can  be 
shown  that 

f r *|,/  \ -]2  ^ 1/2 

*1  * /2AlIII. * V  J0  V*>d*  + **  Jo  IV  (X)  ' dx| 

(is: 

r ('L  ^ 1/2 

with  A ■ A|  j (h  (x)>dxf 


Let  I AW  I denote  the  mean  deviation  of  the  load-carrying  capacity  defined  as 


M - (|*p(x)|>dx 


Then,  noting  (l6),  the  unit  mean  deviation  p is  given  by 


p dx 
o 


A similar  bound  for  the  unit  mean-square  deviation  can  be  derived  in  terms  of 
the  fourth  order  correlations.  For  details  and  a concrete  example,  one  is 
referred  to  Cl]. 


III.  RELATED  PROBLEMS.  The  problem  of  a slider  bearing  of  finite  width 

is  governed  by  the  Reynolds  equation  in  two  dimensions.  This  partial  differen- 
tial equation  waa  derived  from  the  Stokes  equations  in  hydrodynamics  in  three 
dimensions,  based  on  the  main  assumption  that  the  film  thickness  is  small 
[2].  This  is  an  example  of  many  random  boundary  problems  of  "thin  domain", 

that  is,  one  component  of  the  domain  is  small  compared  with  others.  In 
general,  the  boundary  valued  problem  with  an  Irregular  domain  is  difficult 


T~‘ 


r 


■■MBH _ 1 


to  deal  with.  However,  for  a thin  domain,  the  problem  can  often  be  reduced  to 
one  of  regular  domain,  aa  exemplified  by  the  Reynolds  theory  of  hydrodynamic 
lubrication.  To  llluatrate  this  principle,  we  consider,  symbolically,  tha 
boundary -value  problem 

Lu  ■ f In  D , (21) 

u|*D  - g , (22) 

where  L Is  an  elliptic  operator,  such  as  a Laplacian,  D Is  a random  domain 
of  two  or  higher  dimensions  with  dD  as  Its  boundary,  and  f,  g are  given 
functions.  Suppose  that  D Is  decomposlble  as  0 " X , such  that  the 
diameter  d(D^)  of  the  random  set  Is  much  smaller  than  a characteristic 

length  of  the  problem,  but  the  component  D2  is  regular.  Then,  for  each 
realization,  one  can  take  a spatial  average  of  (21)  over  the  set  and  make 

use  of  the  divergence,  mean-value  theorems  or  others  in  the  integral  calculus 
to  incorporate  the  boundary  condition  on  . This  procedure  often  yields 

an  approximate  boundary -value  problem  in  a reduced,  regular  domain  D^: 

L (AD1)u  - T in  D2  , (23) 

u|*D2  - g . (24) 

Here  L(?ND2)  Is  an  elliptic  or  ordinary  differential  operator  with  random 
coefficients  resulting  from  the  random  part  of  the  boundary  . 

For  example,  in  the  problem  of  the  optical  fiber  as  a wave  guide,  is 

the  thin  crosa  section  of  the  fiber  with  random  imperfections,  and  L desig- 
nates the  reduced  wave  operator.  In  this  caae,  the  system  (23)  and  (24) 
constitutes  two-point  boundary -value  problem  for  a random  ordinary  differential 
equation.  As  another  example,  the  system  (21)  and  (22)  may  describe  the  motion 
of  long  water  waves  over  the  ocean  bed  of  a random  topography.  Since  the  wave 
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length  Is  much  greater  than  the  water  depth,  a reduced  equation  (23)  similar  to 
the  Reynolds  equation  la  two  dimensions  can  be  derived. 

The  reduced  problem  (23)  - (24)  is  simpler  than  the  original  problem 
(21)  - (22)  In  the  sense  that  differential  equations  with  random  coefficients 
are  better  understood,  in  contrast  with  a random  boundary  problem.  For 
instance  there  are  more  reliable  methods  of  approximation  in  solving  the  random 

[3] 

system  (23)  - (24)  . However,  applications  of  such  methods  to  specific 

problems  will  not  be  discussed  here. 
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ABSTRACT . In  this  paper,  we  present  a general  methodology  for  assessing  the 
probability  of  damage  to  a moving  or  stationary  target  due  to  a fragmenting 
warhead.  The  statistical  theory  developed  is  generally  based  on  a "Poisson- 
Markov"  model,  with  a Poisson  process  to  describe  warhead  breakup  and  a Markov 
process  to  describe  the  effect  of  cumulative  damage  to  the  target.  Our  model 
relies  on  transformation  of  data  procured  through  static  testing  into  dynamic 
coordinates  for  a full  three-dimensional  encounter  geometry.  Shortcomings  of 
this  superposition  procedure  are  also  discussed. 

I.  INTRODUCTION.  The  purpose  of  this  paper  is  to  present  a fundamental 
statistical  methodology  for  assessing  the  damage  to  both  moving  and  stationary 
targets  due  to  a fragmenting  warhead.  At  the  time  of  burst  of  this  warhead,  it 
will  generally  be  moving  at  some  velocity  with  respect  to  an  inertial  frame.  At 
issue  is  whether  or  not,  in  the  situation  wherein  both  the  warhead  and  the 
target  are  moving,  results  from  static  testing  can  be  used  to  predict,  with 
reasonable  accuracy,  the  effects  in  the  dynamic  engagement.  We  will  be  able  to 
answer  this  question  affirmatively  provided  that  certain  conditions  are 
satisfied,  to  be  spelled  out  clearly  in  the  following  paragraphs.  The  dynamic 
engagement  differs  from  a static  encounter  in  one  essential  detail,  namely,  the 
fact  that  the  fragment  and  the  target  must  obviously  arrive  at  the  same  point  at 
the  same  time.  If  the  target  remains  stationary  with  respect  to  our  inertial 
reference  frame,  we  call  such  an  encounter  pseudodynamic.  The  target  can  then 
"wait  for  the  fragment  to  arrive,"  so  that  the  fragment  need  only  travel  in  the 
proper  direction  to  intercept  its  object.  We  will  treat  the  process  as  a 
Poisson-Markov  process,  with  a Poisson  description  for  the  target  damage.  The 
only  philosophical  objection  would  be  to  the  assumption  that  the  breakup  is 
Poisson,  which  can  only  be  strictly  true  under  the  supposition  of  independent 
increments  [3,  pg.  277].  Physically  this  means  that  fracturing  occurs  almost 
instantaneously,  so  that  any  relief  waves  set  up  in  the  material  do  not 
appreciably  alter  the  fracture  process.  In  any  event,  we  shall  assume  an  under- 
lying Poisson  process  in  our  formulation  of  breakup. 

i 

r 

II.  USE  OF  STATIC  ARENA  RESULTS  IN  DYNAMIC  PREDICTION.  We  proceed  to 
build  a dynamic  engagement  model  based  on  information  collected  in  static  arena 
testing.  As  shown  in  Fig.  1 below,  fragments  are  initiated  by  detonation  of  a 
warhead  at  the  center  of  the  arena,  and  they  are  typically  collected  in  five 
degree  polar  zones.  Various  techniques  are  available  for  measuring  velocities  of 


*This  work  was  supported  partly  by  the  Systems  Analysis  Croup,  DG-10,  NSWC 
and  partly  by  the  Independent  Research  Fund  at  NSWC. 
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the  fragments  [5,  pp.  204-2311,  some  of  which  may  be  more  satisfactory  than 
others.  As  far  as  their  weight  is  concerned,  the  fragments  are  collected  from 
bins,  after  which  their  masses  may  be  measured  directly. 


6 0 S lb  jr 


WITNESS 
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% ^fi,riif|  - 


It  is  generally  convenient  to  consider  the  warhead  to  be  a distributed 
source  of  fragments,  certainly  for  close  encounters.  For  reasonably  large 
distances  with  respect  to  the  length  of  the  bomb,  one  may  want  to  consider  it  to 
be  a point  source.  Of  course,  the  model  based  on  a distributed  source  is,  of 
necessity,  a bit  more  complicated,  since  one  must  be  able  to  identify  the  initial 
location  and  flight  direction  of  the  fragment  as  it  Issues  from  the  warhead 
surface. 

In  Fig.  2 we  illustrate  the  general  encounter  geometry  for  the  distributed 
source  model.  In  this  model,  primed  quantities  represent  dynamic  warhead 
coordinates  and  unprimed  quantities  the  static  and  target  coordinates.  For 
simplicity,  we  assume  that  the  target  point  starts  from  a designated  initial 
position  and  travels  with  a known  constant  velocity.  The  coordinates  shown  in 
Fig.  2 are 


Fig.  2.  Dynamic  Encounter  of  Warhead  and  Target 
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••  dynamic  polar  angle  and  azimuthal  angle  of  fragment  look  line  to 
target  Intercept  point 

y “ (possible)  position  of  fragment  relative  to  warhead  origin 

0'  “ dynamic  polar  angle  of  target  intercept  point  measured  from 
warhead  origin 

r **  distance  at  moment  of  burst  from  center  of  warhead  to  intercept 
point 

v “ static  velocity  vector 

(♦,«)  = static  polar  angle  and  azimuthal  angle  of  fragment  look  line 
Vy  = warhead  velocity  vector 

(cty.ojy)  = polar  angle  and  azimuthal  angle  for  warhead  velocity  vector 
vT  = target  velocity  vector 

(yt>ut)  = polar  angle  and  azimuth  for  target  velocity  vector 

(O'  ,u>'  ) = polar  angle  and  azimuth  of  line  from  origin  to  initial  target 
point  position 

s = distance  of  initial  target  point  from  origin  of  warhead 

The  first  task  is  to  establish  the  geometrical  connections  between  the 
static  and  dynamic  quantities.  The  idea  is  to  superimpose  the  static  results 
and  the  dynamics  of  warhead  and  target  motion  in  order  ultimately  to  predict 
probability  of  damage  in  the  dynamic  setup.  First  of  all,  we  can  easily  relate 
the  dynamic  polar  angles  O'  and  <{>'  to  each  other.  In  fact,  from  Fig.  3,  using 
the  law  of  sines  from  plane  trigonometry  [2,  pg.  88],  one  has 

sin  <J>'  *=  r sin  e'/(r2  + y2  - 2ry  cos  0')^2  , (1) 

from  which  one  easily  deduces  that 

tan  ♦'  = r sin  e'/(r  cos  0'  - y)  . (2) 

Note  that  the  lines  in  this  figure  all  lie  in  the  azimuthal  plane  w * wi. 
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Fig.  3.  Fragment  Dynamic  Polar  Angle  vs.  Fiducial  Dynamic  Polar  Angle 

Now,  to  relate  the  static  and  dynamic  quantities,  let  us  appeal  to  Fig.  4,  which 
shows  a breakdown  of  static  and  dynamic  warhead  velocity-angular  relationships. 


Fig.  4.  Connection  between  Static  and  Dynamic  Warhead  Fragment  Vectors 
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From  this  figure,  one  sees  that 
*► 

v ■ v(sin  p cos  wi  + sin  <J>  sin  uj  + cos  p k) 

•>  . 

VW  “ v^fsin  “w  cos  ^ f + sin  aw  sin  a^j  + cos  o k) , 


so  that 


j,  » v + vw  = (v  sin  <{>  cos  u + vw  sin  cos  a^)! 

+ (v  sin  p sin  id  + sin  sin  uw)j 

+ (v  cos  <f>  + vw  cos  Oy)k  • 


(3) 


To  obtain  cos  <t>',  one  divides  the  k component  of  (3)  by  the  magnitude  of  v’  to 
obtain 


cos  <J>' 


v cos  <J>  + vw  cos  aw 


{v  + 2ww[sin  p sin  ay  cos(w  - u>y)  + cos  $ cos  aw] 


(A) 


or 


tan  <t>' 


+ ^ 


2 2 2 ? 

[v  sin  (j)  + 2wy  sin  4>  sin  <*w  cos  (m-uly)  + v*  sin  c^] 


1/2 


V COS  <f>  + COS  Cly 

r sin  9*  _ , 

r cos  0 * - y 

by  (2).  In  particular,  when  id  “ we  have 

v sin  ^ + vw  sin  ^ ^ 


(5) 


tan  p ’ 


v cos  p + vw  cos  ct^  r cos  6'  - y ’ 


(6) 


and,  when  ciy  *=  0, 


tan  <p  * * 


v sin  (J> 


r sin  0 ' 


v cos  p + vw  r cos  0 ’ - y 


(7) 


Let  us  suppose  now  that  the  radius  of  the  static  arena  is  R,  and  let  0 be  the 
static  polar  angle  measured  from  the  warhead  center,  as  illustrated  in  Fig.  5. 
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Fig.  5.  Relationship  between  Fragment  Static  Polar  Angle  and 
Static  Arena  Polar  Angle 

Then,  by  the  law  of  sines  and  the  law  of  cosines  for  plane  triangles 
[2,  pp.  88-90],  it  follows  that 


where 


sin  4>  _ sin  0 
R D ’ 


(8) 


+ R^  - 2yR  cos  0 . 

Equations  (4)  and  (5),  together  with  (8),  give  an  important  connection  between 
results  in  the  dynamic  arena  and  the  static  arena  in  order  that  a given  target 
point  be  intercepted.  From  Fig.  6,  one  can  also  obtain  an  expression  for  r, 
the  distance  between  the  center  of  the  warhead  and  the  target  intercept  point. 
First  of  all,  by  faking  the  dot  product  of  the  unit  vector  in  the  r direction 
with  that  in  the  v direction,  one  obtains  cos  a.  Likewise,  if  a unit  vector  in 
the  s direction  (tne  direction  from  the  origin  to  the  target  point  position  at 
burst)  is  dotted  with  that  in  the  ^ direction,  - cos  8 is  obtained.  Therefore, 
by  the  law  of  sines. 


r = s sin  0/sin  a. 


(9) 


where 

cos  a = sin  0*  cos  Wp  sin  yt  cos  wT  + sin  0l  sin  u>p  sin  y-j.  sin  + cos  0*  cos  yt 
and 

- cos  0 = sin  yT  cos  u>t  sin  0^  cos  + sin  yt  sin  wT  sin  0^  sin 
+ cos  yt  cos  0^  . 
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Fig.  6.  Fragment  and  Target  Encounter  Geometry 

III.  USE  OF  DRAG  EQUATION  TO  PREDICT  TERMINAL  VELOCITY.  In  section  II,  we 
derived  geometrical  relations  which  must  be  satisfied  in  order  that  target 
interception  occur  in  the  dynamic  case.  We  mentioned  in  section  I that,  in  the 
dynamic  mode,  one  must  also  be  certain  that  a fragment  starting  from  a given 
position  y and  traveling  in  a proper  direction  will  actually  intercept  the 
target  point.  In  other  words,  there  is  a certain  time  requirement  present  in  a 
dynamical  situation  which  is  not  present  in  either  a static  or  a pseudodynamic 
encounter.  It  is  necessary  now  to  study  in  some  detail  the  dynamics  of  the 
motion  of  both  the  fragment  and  its  intended  target.  First  of  all,  let  us 
consider  the  classical  drag  equation,  namely  [5,  pg.  210], 

D - \ CDpApv2  = - MQdv/dt,  (10) 

where 


D = drag  force 
CQ  = drag  coefficient 
p = air  density 

= area  presented  to  the  flow 


v « speed  at  time  t. 
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In  using  (10),  -we  neglect  the  force  of  gravity,  which  we  consider  to  be  a 
second  order  effect  compared  with  aerodynamic  forces.  (10)  can  then  be  used  to 
predict  the  speed,  since  any  forces  orthogonal  to  the  direction  of  motion  do  not 
affect  the  magnitude  of  the  velocity  vector.  In  the  simplest  case,  one  may 
assume,  for  short  distances,  straight  line  motion.  Also,  generally  speaking, 
the  drag  coefficient  Cp  depends  on  presented  area,  Mach  number,  and  Reynolds 
number  [1,  pp.  243-244],  but,  if  the  fragment  flies  supersonically  (e.g.,  in  the 
range  of  Mach  3 to  Mach  6),  \*e  may  assume,  for  simplicity,  that  Cp  depends  only 
on  presented  area  Ap.  In  other  words,  the  fragment  is  in  an  unguided  flight 
regime,  where  change  in  drag  coefficient  occurs  because  of  the  tumbling  motion. 
Now,  instead  of  time,  if  we  consider  distance  along  the  path,  (10)  can  be  replaced 
by  an  equivalent  linear  differential  equation,  namely, 

dv/dr^  =*  ^ CDpApv/M0  . (11) 


Equation  (11)  can  be  explicitly  solved  for  remaining  speed  v to  give 
vr  *=  Vp  exp  [-  p J Cp(A  (s))A  (s)ds/2MQ]  , 


where 


(12) 


r^  = distance  traveled  by  fragment 
v’  = initial  dynamic  speed  of  fragment. 

r 

Therefore,  since  dt/dr.  = 1/v  , the  time  of  flight  of  the  fragment  is  given  by 

1 rl 


1 / r 1 

TF  = J exp[p  J Cd(A  (s))A  (s)ds/2M0]dr1  , 


(13) 


F 0 


where  d is  the  distance  the  fragment  must  travel,  as  indicated  in  Fig.  6.  For 
target  interception  to  occur,  Tp  must  be  equated  to  the  time  of  flight  of  the 
target,  namely,  d'/v-p.  The  quantities  d and  d'  can  be  readily  obtained  via  the 
target  geometry.  One  sees  from  Fig.  6,  in  fact,  that 


d 


, 2 . 2 
(y  + r 


- 2ry  cos 


and  that 


d'  = (r2  + s2  - 

The  quantity  cos  6 is  obtainable  as  the 
direction  with  that  in  the  s direction, 

cos  6 = sin  0'  cos  u>p  sin  0,|y  cos  + 

+ cos  0'  cos  0'  . . 


2rs  cos  6)*^ 2 . 

dot  product  of  a unit  vector  in  the  r 
namely, 

sin  0'  sin  Wp  sin  0^  sin 

(14) 
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It  follows  that  Tp  is  well-defined  by  the  target  geometry  alone,  and  it  remains 
to  be  seen  how  (13)  can  be  satisfied.  To  see  this,  we  must  first  assume  a form 
for  the  drag  coefficient  as  a function  of  the  presented  area.  The  simplest  form 
is  a linear  function  of  the  area,  i.e.,  a first  order  Taylor  series  expansion. 

We  must  also  assume  a known  rate  of  change  of  presented  area  with  distance  s and 
a known  initial  presented  area  Ap(0).  In  other  words,  we  assume  that 


dAp(s)/ds  - g(s), 
Ap(0)  given. 


(15) 


The  function  g(s)  is  some  known  function  of  8.  The  question  naturally  arises  as 
to  how  g(s)  is  to  be  determined.  If  we  can  suppose  that  g(s)  = g(0),  i.e.,  that 
the  initial  tumbling  rate  is,  for  all  practical  purposes,  preserved,  then  we  are 
saying,  in  effect,  that  the  translational  rate  and  the  tumbling  rate  can  be 
decoupled,  with  one  having  little  or  no  effect  on  the  other.  The  extent  to 
which  this  is  or  is  not  true  affects  whether  or  not  we  can  get  by  with  static 
testing  alone.  In  other  words,  are  the  initial  conditions  of  the  problem 
adequate  to  determine  the  behavior,  or  is  there  a complex  interrelationship 
between  fragment  velocity  and  fragment  angular  momentum  to  be  taken  into 
account? 


Going  back  to  Equation  (13)  and  supposing  that 

W®))  = a1  + a2  Ap(s),  (16) 

where  a^  and  a2  are  empirically  determined  quantities  depending  on  the  shape  of 
the  fragment,  we  find  that 

1 / f1 

Tv  = -T  / exp[p  J [a  + a A (s)]A  (s)ds/2M_]dr- , (17) 

F VF  0 0 1 2 p p 0 1 

where,  from  (15), 

s 

A (s)  = f g(x)dx  + A (0).  (18) 

P 0 P 

Generally  speaking,  (17)  becomes  a functional  of  g(x)  and  the  initial  fragment 
attitude  Ap(0),  i.e.,  a quantity  of  the  form 

Tp  - G[g(x),  Ap(0)).  (19) 

In  case  g(x)  = g(0),  (19)  reduces  to  a two-parameter  family  of  initial  angular 
rates  and  angular  orientations.  Once  such  a family  of  pairs  is  obtained,  we 
can  determine  the  residual  speed  corresponding  to  any  such  couple  by  using  (12) , 
with  r replaced  by  d. 

To  summarize  up  to  this  point,  in  a general  dynamic  encounter,  certain 
static-dynamic  vector  relationships  exist.  The  density  function  for  a hit  at 
some  dynamic  polar  angle  0’  on  a given  target  point  P is  obtainable,  at  least 
in  theory,  as  a multidimensional  integral  of  the  density  over  the  appropriate 
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set.  We  denote  this  density  by  fgt.  (5)  shows,  for  example,  that,  in  general, 
azimuth  w is  involved  in  determining  the  relation  between  <J>’  and  the  variables  in 
the  static  arena.  However,  in  static  testing,  one  does  not  normally 
distinguish  among  fragments  with  different  azimuths.  Fragments  are  grouped  only 
according  to  polar  zones.  The  general  case  can  only  be  handled  if  one  broadens 
the  concept  of  a static  test  to  include  azimuthal  as  well  as  polar  zones. 

However,  in  the  case  where  Vy  aligns  with  the  warhead  axis  (which  may  very  well 
be  the  usual  situation  in  practice),  this  is  not  necessary,  and  we  can  also 
assert,  from  considerations  of  symmetry,  that,  for  a given  polar  angle  O'  and 
azimuth  angle  10,  the  probability  density  for  a hit  is  just  £q  » /2tt  . In  other 
words,  we  need  not  distinguish  among  fragments  which  follow  different  azimuths 
for  the  same  polar  angle. 


IV.  THE  POINT  SOURCE  MODEL  OF  A DYNAMIC  ENCOUNTER.  In  our  static  tests,  it 
may  be  inconvenient  to  assume  that  the  warhead  is  a distributed  source  of  frag- 
ments, since  this  means  that  testing  must  also  include  initial  location  identifi- 
cation of  fragments  with  respect  to  the  chosen  warhead  origin  as  well  as 
velocity-polar  angle  relationships.  If  conditions  are  such  that  we  can  treat  the 
warhead  as  a point  source  (e.g.,  if  the  distances  Involved  are  great  enough 
relative  to  the  size  of  the  warhead),  then  we  obviate  the  necessity  of  locating 
the  initial  positions  of  the  fragments,  and,  at  the  same  time,  we  no  longer  need 
worry  about  the  angular  relationship  between  the  warhead  velocity  vector  and  the 
warhead  axis.  From  a practical  point  of  view,  one  can  see  the  advantages  of 
treating  the  missile  as  a point  source  when  one  can. 

For  this  simpler  model,  let  us  refer  to  Fig^  7.  In  the  context  of  the 
point  source,  one  may  align  the  Z-axis  with  the  vy  velocity  vector.  Either  by 
reference  to  Fig.  7 or  by  substitution  of  y = 0 into  (7),  we  find  that 


tan  0'  = v sin  <}>/ (v  cos  $ + vw) . (20) 

Again  we  must  obtain  the  condition  that  the  fragment  intercept  the  target.  As 
one  sees  from  Fig.  8,  the  time  required  for  the  target  to  traverse  distance  d'  is 
just  d’/v^,,  where 

d'  = s sin  B/sin  A 


and 

cos  A = sin  0' 

+ cos  0' 

cos  B = sin  0' 

+ cos  0' 

Equations  (21) 
vectors . 


cos 

cos 

cos 

cos 

are 


w sin  yt  cos  to  + sin  O'  sin  w sin  yt  sin 

yt 

Hi  sin  0^  cos  + sin  0'  sin  w sin  0^  sin 
0TW  * 

obtained  by  considering  dot  products  of  appropriate  unit 


(21) 
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Relation  0-3)  again  gives  the  time  required  for  the  fragment  to  traverse  d 
where,  referring  to  Fig.  8, 

d-d'  sin  C/sin  B 

and 

- cos  C - sin  0,^  cos  sin  yt  cos  u>t  + sin  0^  sin  sin  yt  sin  wT 

+ cos  0,^  cos  yT.  (22 


Fig.  7.  Point  Source  Model  of  Dynamic  Encounter  of  Warhead  and  Target 


X 


Fig.  8.  Fragment  and  Target  Encounter  Geometry  for  Point  Source 
In  addition,  from  Fig.  7,  one  sees  that 

^ = VF2  + VW  " 2VF  VW  COS  0'  <23> 

and  that 

sin(0  - 0')  = vw  sin  6'/v.  (24) 

Of  course,  the  azimuth  of  v is  the  same  as  that  for  Vp  in  the  point  source 
model.  Another  point  can  be  made  here  and  that  is  the  following:  If  the 
dynamic  polar  angle  0'  is  specified,  together  with  the  initial  target  location 
and  target  velocity  vector,  one  can  generally  expect  a dependence  of  the 
azimuth  u'  on  the  other  parameters  in  order  that  target  interception  occur. 

First  of  all,  consider  the  cross  product  of  a unit  vector  in  the  initial  target 
direction  and  a unit  vector  in  the  vT  direction.  This  gives 

W = (sin  0^  sin  cos  yt  - sin  YT  sin  wT  cos  0^)1 

+ (sin  yt  cos  wt  cos  0^y  - sin  0 ^ cos  cos  yt)  j (25) 

+ sin  0^  sin  yt  sin  (toT  - 
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• , 


-r.  ;■ 


a vector  normal  to  the  plane  of  s and  vT.  Such  a vector  must  he  orthogonal  to 
the  vector,  since  Vp  lies  In  the  plane  of  s and  v . This  leads  to  the 
condition  for  io'  given  by 

sin  0 ' [sin  yt  cos  0^  sin(o)'  - u)T)  - sin  0^  cos  yt  sin(w’  - w^)] 

: 

° sin  0to  sln  yT  sin^“TW  " uT^COS  9'*  (26) 

Relation  (26)  will  yield  a quadratic  equation  in  cos  m',  from  which  w'  can  be 
obtained.  Clearly,  one  can  perform  a similar  analysis  in  the  distributed 

source  case,  although  the  reasoning  would  be  a bit  more  complicated.  ] 

V_. PREDICTION  OF  KILL  PROBABILITY  IN  DYNAMIC  ENCOUNTERS.  In  this  section 

we  will  set  up  a scenario  for  systematically  predicting  kill  probabilities  in 
dynamic  encounters.  An  obvious  subset  is  obtained  by  restricting  oneself,  of 
course,  to  a static  or  pseudodynamic  case.  In  the  previous  section,  we  have 
presented  the  target  geometry  for  a dynamic  encounter.  Such  geometry  has 
obvious  application  to  the  problem  of  determining  the  probability  of  hitting  the 
target.  The  other  essential  ingredient  that  is  needed  is  the  probability  of 
damaging  the  target  once  it  has  been  hit.  The  analysis  of  the  latter  problem 
can  be  conducted  and  has  been  conducted  by  using  a so-called  stress-strength 
model  of  target  degradation.  The  idea  in  stress-strength  modeling  is  that  the 
strength  of  a target  type  is  a random  variable.  Therefore,  by  stressing  the 
target  at  various  levels,  it  should  be  possible  to  determine  the  distribution  of 
strengths.  It  is  necessary  then  to  construct  either  an  empirical  relationship 
or  possibly  an  analytic  relationship  which  adequately  reflects  this  stress  as  a 
function  of  the  inputs.  Various  formulas  have  been  proposed,  one  of  which  is 
based  on  the  ratio  of  impact  speed  to  a quantity  called  "critical  velocity." 

The  term  critical  velocity  is  interpreted  by  vulnerability  analysts  in  several 
ways,  some  calling  it  that  velocity  above  which  half  of  the  time  the  target  is 
defeated.  Others  choose  to  define  it  as  that  velocity  above  which,  in  a small 
sample  of  tests,  all  targets  are  destroyed.  One  such  empirical  formula  for 
critical  velocity  is  given  by 


v 

c 


k2°  + k3^t/k4 
e 


1/3. 
w ) 


/V 1/2  v1/6 
4 


(27) 


where  k^,  k2»  k^,  and  k^  are  shape-dependent  parameters  to  be  determined  and 


t = target  shield  thickness 


w = fragment  weight 

a = obliquity  angle  (the  angle  between  the  impact  velocity  vector  and  the 
normal  to  the  target  at  the  impact  point) . 

The  stress  0 is  then  just  the  ratio 


0 = v_/v  . 
I c 


(28) 
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One  then  associates  with  ft  another  quantity  F,  the  cumulative  probability 
function  for  damage,  so  that  F = g(ft).  If  one  is  able  to  build  a good 
functional  correspondence  between  damage  level  and  probability  of  damage,  then 
this  should  be  reflected  in  the  fact  that  there  will  be  a 1-1  correspondence 
between  level  surfaces  of  ft  and  probability  of  damage  F.  In  this  analysis,  one 
may  employ,  for  example,  the  Weibull  distribution  [4,  pp.  184-258],  together 
with  the  maximum  likelihood  method  [4,  pg.  81]. 

Now  the  time  of  flight  tF  of  a fragment  which  impinges  on  a dynamic  target 


fact  in  mind,  we  propose  the  following  scenario  for  kill  probability  prediction: 


1.  Let  f .(tF(up  y))  represent  the  probability  density  of  target  interception  on 
dynamic  point  P ior  the  given  state  up>y. 

2.  Using  results  of  Section  III,  £he  dynamic  impact  velocity  vj.  of  the  fragment 
can  be  determined.  Let  Vg  = Vj  - v-j  represent  the  residual  velocity  between  the 
velocity  of  impact  and  the  target  velocity.  The  obliquity  angle  a alluded  to 
previously  in  this  section  is  then  the  angle  between  Vg  and  the  target  normal 

at  P. 


3.  Use  an  appropriate  damage  criterion  to  obtain  the  cumulative  damage^ 
probability,  given  a hit  on  the  assigned  target  point  P while  in  state  up>y 
We  shall  denote  this  probability  by  F(D|up>y). 


4.  The  probability  density  f2(y,P)  for  damage  from  y on  target  point  P can  be 
compactly  written  as 


f2(y,P)  = T/F(Dl^p>y)f1(tF(up>y))d^p>y  , 


u 

where  U is  the  set  of  possible  states  u 


p.y' 


5.  Integrate  f2(y»P)  over  the  warhead  and  target  to  obtain  the  probability 
P (N)  of  target  damage  for  a given  number  N of  fragments: 

P(N)  =/ff2(y,P)dydP  . 

6.  Letting  Q(N)  = probability  of  getting  N fragments,  compute  the  unconditional 
kill  probability: 


£ Q(N)PV(N)  . 
N=1 


(29) 
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If  the  quantity  Q(N)  is  to  he  computed  on  the  busls  of  a Poisson  breakup 
process,  we  would  suppose  that  ]3,  pg.  140] 


Q(N)  - e 


-kAs  (kAs)" 
(N-l) ! 


where  AH  is  the  surface,  areu  of  the  warhead,  so  that  k As+1  is  the  expected 
number  of  fragments.  The  problem  arises  as  to  how  to  compute  Pk(N),  the  kill 
probability  based  on  N fragments.  If  the  target  could  be  Instantaneously 
repaired,  this  probability  can  be  thought  of  as  the  probability  of  at  least  one 
lethal  hit,  based  on  an  independence  of  effects  model.  We  then  have 

Pr(N)  - 1-(1-P(N))N  . (31) 


Surely  Equation  (31)  gives  a conservative  estimate  of  target  kilt,  since,  for  a 
model  based  on  cumulative  damage,  the  kill  probability  could  only  be  enhanced. 

In  other  words,  (29),  together  with  (31),  gives  a conservative  predictor  for 
Pg.  In  the  next  section,  we  take  into  account  more  carefully  the  effect  of 
cumulative  damage.  It  is  to  be  noted  that  (29)  is  not,  generally  speaking,  a 
closed-form  expression. 

VI.  THE  MARKOV  PROCESS  FOR  TARGET  PAhAGF, . A more  sophisticated  assessment 
of  target  damage  can  be  obtained  by  assuming  a Markov  process  for  degradation. 
For  this  purpose,  assume  that  the  target  is  made  up  of  r components,  correspond- 
ing to  2r  possible  damage  states  (Including  the  undamaged  state,  of  course). 
Damage  states  correspond  to  incapacitation  of  any  number  of  the  r components. 
Certainly  there  exists  a subset  C of  these  damage  states  which  is  critical, 
i.o.,  if  the  system  is  In  any  of  the  critical  damage  states,  it  is  considered  to 
be  killed.  Also,  in  a dynamic  engagement,  a Markov  process  should  be  inhomo- 
geneous [3,  pg.  251],  since  the  distance  to  the  target  impact  point  changes  with 
time,  and  this  influences  the  velocity  of  impact  relative  to  the  target. 

Let  us  order  the  possible  arrival  times  of  the  N fragments,  namely, 
l(0  ~ ( 2 ) - c (3)  -•**-  t(N).  Now  a fragment  initially  in  state  up  y hits  the 


t(j)  _ t(2)  - t(3)  C(N)*  NOW  n fragment  initially  in  scare  up  y hits  tne 

target  point  p with  probability  density  fj(tp(up  y)),  as  we  have  previously 
noted.  For  an^  other  point  z on  the  warhead,  oni  can  likewise  determine  the 
density  fj(tj(up  z)),  corresponding  to  another  state  Up  z.  By  integration  of  fj 
over  such  states)  where  tj  f tp,  we  obtain  the  cumulative  probability  F(tp). 

Then  the  probability  density  for  the  t^^  order  statistic  is  just  [3,  pg.  37b] 


^F^P,y» 


O^fiTN-k)!  lF<‘)ik-V-F(t)iN-k. 


fl(lF(lV,y)) 


One  proceeds  again  through  steps  l to  f>,  after  which  the  Markov  matrices 
13,  pg.  252],  for  1 1 k 5 N, 


(33) 


”k  " ^lj  *1  < i 5 2r,  1 < j < 21 


,(k) 

ij 


0,  i > J 


N 

are  formed.  The  product  II  M.  gives  the  transition  matrix  for  N fragments, 

k=l  K 

which  we  denote  by 


T - (PA j (N) ) , P (N)  - 0,  i > j . 


(34) 


Since  C represents  the  set  of  critical  damage  states,  one  has  finally 


rk(N)  - £ Pi-00,  (35) 

JcC 2  3 

where  it  is  assumed  that  state  1 represents  the  undamaged  state.  Pk(N),  as 
given  by  (35),  is  then  inserted  into  (29)  in  place  of  relation  (31).  We  have 
therefore  determined  the  unconditional  kill  probability. 

SUMMARY . In  this  paper,  we  have  presented  a systematic  theory  for  pre- 
dicting kill  probabilities  in  dynamic  encounters  of  warheads  with  their  targets. 
Although  it  is  clear  that  the  emphasis  was  on  this  dynamic  interaction, 
obviously  the  theory  is  valid  a fortiori  for  static  or  pseudodynamic  engage- 
ments, in  which  either  the  warhead  or  the  target  or  both  are  stationary.  We 
have  presented  a model  which  could  be  construed  as  that  of  compounding  a 
Markov  process  for  predicting  damage  with  that  of  a Poisson  process  for  predict- 
ing fragment  formation.  Also,  we  have  given  a first  order  model,  based  on  the 
notion  of  independence  of  effects,  which  should  afford  a lower  bound  for  the 
actual  kill  probability,  since  association  of  effects  is  then  ignored.  We  have 
not  yet  included  in  this  model  so-called  synergistic  effects,  wherein  there  is 
constructive  reinforcement  of  two  or  more  fragments  impinging  on  a target  at 
almost  the  same  time.  This  is  a topic  for  further  research.  It  is  hoped  that 
the  model  can  serve  as  a useful  guide  for  improvement  of  the  prediction  of  kill 
probabilities  even  though  it  may  not  be  numerically  implementable  to  the  last 
detail . 
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ABSTRACT.  A method  for  generating  all  efficient  points  for 
linear  multiple  objective  programs  is  presented.  In  the  method 
we  first  provide  a systematic  procedure  for  determining  whether 
or  not  any  efficient  points  exist.  If  the  set  of  efficient  points 
is  not  empty  then  an  initial  efficient  extreme  point  is  determined. 
Given  an  efficient  vertex,  the  method  then  generates  all  efficient 
vertices  as  well  as  all  maximal  efficient  faces.  The  efficient 
set  is  then  described  as  the  union  of  faces, 

1.  INTRODUCTION.  In  a multiple  objective  linear  program 

a convex  polyhedron  X is  given  over  which  several  linear  objectives 
are  to  be  maximized.  These  objectives  can  be  given  as  the  components 
of  a column  Cx  where  C is  a k x n matrix  with  k denoting  the  number 

of  objectives.  A point  x°  e X is  called  efficient  if  there  is  no 

x e X with  Cx  > Cx°  and  Cx  j1  Cx°.  Efficient  points  are  often  called 
Pareto  optimal  points  or  nondominated  points. 

In  this  paper,  we  summarize  a systematic  procedure  for 
generating  the  entire  set  that  has  been  developed  in  references  [2] , 
(3),  [4],  and  [5].  For  other  approaches  to  this  problem  see  the 
selected  references  (11] , [6] , [13] , [7] , and  [10] . References 
[1],  [12],  and  [14]  are  good  sources  for  a rather  broad  range  of 
applications. 

Throughout  this  paper  we  will  consider  a multiple  objective 
problem  of  the  form 

p:  max  Cx  subject  to  x e X 

and  we  will  let  E denote  the  set  of  efficient  points. 

2.  FINDING  AN  INITIAL  EFFICIENT  EXTREME  POINT  Given  a 
feasible  point  x°  e X,  to  determine  whether  or  not  x°  is  efficient 

* complete  details  of  this  presentation  can  be  found  in  references 
[2],  [3],  [4],  and  [5]. 
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it  is  natural  to  consider  the  linear  program 

o T 

Px  : max  e s 

o 

subject  to  Cx  = Is  + Cx 
xeX,  s > 0 
T 

where  e = (1, 1, . . . , 1)  . The  following  lemma  is  well  known,  see 
[6]  for  example. 

Lemma  1.  If  x°  c X then  x°  e E if  and  only  if  Px°  has  a maximum 
value  of  zero. 

Another  characterization  of  efficiency  is  given  by  considering 
the  so  called  weighted  linear  program, 

T 

PX  : max  X Cx  subject  to  x e X. 

Lemma  2.  If  x°  e X then  x°  e E if  and  only  if  there  is  a X > 0 

such  that  x°  is  optimal  for  PX. 

Proof . For  a nice  proof  of  this  result,  see  [9]. 

Actually  solving  program  Px°  gives  much  more  information 
about  E than  originally  suspected.  The  following  two  theorems 

due  to  Ecker  and  Kouada,  [2]  , show  that  if  E ^ J0  then  by  solving 

Px°  an  efficient  point  can  always  be  found. 

Theorem  1.  Given  x°  c X,  if  (x,s)  is  optimal  for  Px° 
then  x e E. 


Proof . see  [2]  . 

We  should  remark  that  if  (x,s)  solves  Px°  then  x need  not  be 

an  extreme  point  of  X.  However,  if  x is  interior  to  a face  of  X 
then  that  entire  face  is  efficient  and  in  [4],  Ecker  and  Hegner 

show  how  to  pivot  on  the  optimal  tableau  for  Px°  to  obtain  an 
efficient  extreme  point. 

Theorem  2.  Given  x°  e X,  if  Px°  has  no  finite  maximum  then  E = 0 . 


Proof.  Suppose  x c E.  By  Lemma  2,  there  is  a vector  X > e such 
T - T 

that  X Cx  > X Cx  for  each  x c X.  If  (x,s)  is  any  feasible  point 
for  Px°,  we  then  have 


T 

e s 


< 


,T 
X s 


. T o 

X (Cx-Cx  ) 


T TO 
X Cx-X  Cx  < 


T - 
X Cx-X 


Cx 


o 


T T — T o o 

But  if  e s is  bounded  above  by  X Cx  - X Cx  then  Px  must  have  a 

finite  maximum.  This  contradiction  implies  that  E = 0 . (For  an 

alternate  proof,  see  [2]). 
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The  above  results  show  that  simply  by  solving  Px°  we  can 
either  obtain  an  efficient  point  or  show  that  there  are  none. 


3.  GENERATING  EFFICIENT  FACES.  Suppose  we  solve  Px 
and  obtain  an  initial  efficient  extreme  point.  Let  the  tableau  T 
below  represent  the  efficient  extreme  point  x , 


T 


Here 


B 


x 


d -C  0 

b a r'- 


denotes  the  variables 


that  are  basic  at  the 


initial  vertex 


N 

and  x denotes  the  nonbasic  variables.  Notice  that  we  have 
eliminated  the  nonbasic  variables  from  the  objectives  and  that  we 
have  recorded  the  negative  of  the  objectives.  (Technically  we 
should  distinguish  the  C in  Tableau  T from  the  initial  matrix  C 
defining  the  objectives.  The  initial  matrix  C has  been  transformed 
by  new  operations  so  that  only  coefficients  of  basic  variables 
appear.  Henceforth,  C will  refer  to  the  matrix  C in  T.)  From 
tableau  T,  the  initial  efficient  extreme  point  xT  is  given  by 

B N 

xT  = (xB,xN)  = (b,0)  . 


The  efficient  set  is  connected  (see  [13])  and,  in  fact, 
given  any  two  efficient  vertices  there  is  a path  of  efficient 
edges  of  X that  connect  the  two  vertices.  In  this  section,  we 
give  an  important  characterization  for  an  edge  incident  to  xT 

to  be  efficient.  At  the  same  time  (and  more  generally) , we  give 

a characterization  for  faces  incident  to  x„  to  be  efficient. 

T 


We  will  assume  throughout  the  remainder  of  this  presentation 
that  X is  bounded  and  nondegenerate.  See  [8] , for  a discussion 
of  how  these  assumptions  can  be  relaxed. 


Given  T representing  the  initial  extreme  point  xT  e E,  let 

Nt  denote  the  set  of  nonbasic  indices.  Each  subset  F c N^ 

determines  a face  of  X incident  to  x • Let 

T 

f (T,F)  = (x  e X | x j = 0 for  j e Nt-F} 

be  the  face  incident  to  x obtained  by  letting  all  nonbasic 

variables  be  zero  excepting  those  in  F.  For  example,  f(T,{j}) 
for  j e nt  denotes  the  edge  incident  to  xT  obtained  by  increasing 

the  nonbasic  variable  x-  from  zero  and  adjusting  the  basic 

J * 

variables  in  T to  maintain  feasibility.  Note  that  if  F c F 

then  f (T, F)  C f (T , F* ) . For  F c NT , let 

G(F)  = { (v, w) >0 | CTv+w  = -CTe,  w^  = 0 for  j e F}  , 


1 
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where  the  components  of  w are  indexed  by  the  elements  of  NT- 

Notice  that  G (F)  depends  only  on  the  matrix  C in  T.  The 
following  is  a major  result  in  our  method  for  generating  E. 

Theorem  3.  The  face  f(T,F)  is  efficient  if  and  only  if 
G(F)  yi  0. 

Proof . see  [5J.  (The  proof  hinges  on  the  fact  that  if  (v,w)eG(F) 

then  f(T,F)  is  the  optimal  set  for  PX  where  X = v + e.  See 
theorem  4 below.) 

As  a corollary  to  this  theorem,  we  note  that  the  edge 
incident  to  xT  obtained  by  increasing  the  nonbasic  variable  x^ 

is  efficient  if  and  only  if  there  is  a nonnegative  solution  (v,w) 
to 

T T 

S„  : C v + w = -C  e 


with  Wj  = 0. 

In  view  of  theorem  3,  we  wish  to  find  subsets  F c N with 

G (F)  / 0 and  such  that  no  F c N exists  with  G(F  ) / 0 and 
* * 

F c F properly.  The  variable  w^  is  called  nonredundant  in  G (F) 
if  G (F  U { j } ) yt  0. 

It  is  important  to  note  that  we  need  only  consider  faces 
incident  to  xT  having  edges  incident  to  xT  that  are  efficient 

since  an  efficient  face  must  have  all  of  its  edges  efficient. 

Thus  we  let 

JT  ' {j  C ntIg({3>)  0 M 

and  so  JT  denotes  the  indices  in  Nt  corresponding  to  efficient 

edqes  incident  to  x . 

T 

Subroutine  FACE  as  described  precisely  in  [5],  uses  the  set 
jt  to  systematically  construct  maximal  subsets  F C J with 

G (F)  ? 0 and  thus  by  Theorem  3 we  know  that  f (T , F ) C E.  Subroutine 
EDGE  as  described  precisely  in  [3]  starts  by  computing  JT  and 

then  systematically  generates  all  efficient  vertices  by  exploiting 
the  fact  that  any  two  efficient  vertices  are  connected  by  a path 
of  efficient  edges.  In  (5],  subroutine  EDGE  and  FACE  are 
combined  to  form  an  algorithm  for  generating  all  efficient  vertices 
and  all  maximal  efficient  faces.  A crucial  key  in  the  algorithm 
is  the  ability  to  recognize  previously  generated  maximal  efficient 
faces.  In  the  algorithm  each  maximal  efficient  face  has  a double 
describtion;  it  is  described  as  a face  f (T , F)  incident  to  some 
efficient  vertex  xT  and  it  is  also  described  by  identifying  a 


JMr*  . „ 

, 


.. — i««pp 

» 


vector  X so  that  f (T,F)  is  the  optimal  set  for  the  weighted 
linear  program 

T 

PA  : max  X Cx  subject  to  x e X. 

While  the  description  of  the  efficient  face  in  terms  of  the 
optimal  set  for  the  program  PX  enables  us  to  recognize  previously 
generated  faces,  it  is  important  to  note  that  this  description 
is  not  gained  at  the  cost  of  extra  computational  effort:  the 
algorithm  recognizes  f (T, F)  as  efficient  by  constructing  a 
tableau  which  immediately  gives  the  values  for  a vector 
(v,w)  e G(F).  As  before  the  corresponding  X is  simply  v + e. 

The  precise  statement  of  the  main  algorithm  as  given  in 
[5]  is  complicated  and  requires  some  additional  notation.  We 
will  try  here  to  describe  the  main  features  of  the  algorithm  by 
illustrating  its  use  on  an  example  having  three  objectives.  We 
will  not  be  able  to  illustrate  all  the  various  cases  and  features 
of  the  algorithm  but  this  example  will  provide  the  reader  with  a 
basic  understanding  of  how  the  algorithm  works.  More  details  can 
be  found  in  [5]  and  [8] . 

4.  AN  ILLUSTRATIVE  EXAMPLE.  Consider  the  multiple  objective 
problem 


max  | 

/ * 1 2) 
13-1 

|, 

/Xl\ 

x2 

V -1  1 4/ 

\ 

subject  to 


The  feasible  region  X for  this  problem  is  given  in  Figure  1. 


vertex  x°  are  x,  , x,  and  x,.  Thus,  two  pivots  on  the  above 
14  6 

tableau  yields  the  following  tableau  Tq. 


Nt  = {1,4,6}. 


To  determine  which  of  the  nonbasic  indices  N correspond  to 

To 

efficient  edges  incident  to  x we  form  the  tableau  for  the 

o 

linear  system  ST  as  indicated  by  the  corollary  to  Theorem  3, 


Notice  that  this  tableau  also  represents  the  set  G(0). 

By  inspection,  we  see  that  the  basic  feasible  solution  associated 

with  S„  has  w.  = 0 and  also  that  w,  can  be  made  nonbasic  in  a 
Tq  6 1 

single  pivot.  Thus,w^  and  wfe  are  clearly  nonredundant  in  G(J0). 

Attempting  to  minimize  w4  over  ST  gives  w4  > 5.  Therefore, 

o 

increasing  the  nonbasic  variable  x4  in  Tq  does  not  lead  along  an 

efficient  edge  while  increasing  x^  or  xg  does  yield  an  efficient 

edge.  Notice  the  arrows  in  Figure  1 indicate  the  respective  edges 
for  increasing  the  nonbasic  variables. 

Thus,  here  we  have  JT  = {1,6}.  We  will  now  show  how  subroutine 

FACE  uses  this  set  to  construct  maximal  efficient  faces  incident 

x° . First,  we  pick  an  index  in  J , say  j = 6.  Then  we  find  a 

To 

tableau  for  G(0)  with  w,  nonbasic  at  level  zero. 

D 


*1  x2  X3  X4  X5  X 


7 

-1 

0 

0 

2 

0 

1 

0 

-6 

0 

0 

-1 

0 

-4 

13 

8 

0 

0 

4 

0 

3 

3 

2 

0 

1 

1 

0 

1 

1 

2 

0 

0 

-1 

1 

1 

1 

-1 

1 

0 

0 

0 

-1 

V 


W1  w4  w 


1 

5/2 

0 

-7/2 

1 

0 

-3/2 

5 

-7/4 

0 

-13/4 

0 

1 

-1/4 

0 

-1/4 

1 

-3/4 

0 

0 

1/4 

This  tableau  shows  that  G({6})  / 0.  With  blocked  at  zero 

(kept  nonbasic)  we  now  proceed  to  check  if  we  can  find  a solution 
with  w^  = 0 as  well.  In  one  pivot  we  obtain 


v 


W, 


w„ 


W, 


-1.4  .4 
-5.7  .7 
-1.1  .1 


0 -.6 

1 -1.3 

0 .1 


F = {1,6},  G(F)  / 0. 


Thus  in  Figure  1,  the  face  defined  by  increasing  both  x^  and  xfi 

must  be  efficient  according  to  Theorem  3 and  in  fact  must  be  a 
maximal  efficient  face.  Notice  that  with  w and  w both  blocked 

1 D 

at  zero,  we  cannot  decrease  w4  below  5.7.  Thus,  the  first  maximal 
efficient  face  is  defined  by 

f (T  , F)  where  F = {1,6}. 

So  far  the  variables  v have  not  played  much  of  a role.  In  the 
final  tableau  above  the  values  of  the  components  of  v are  crucial 
as  shown  by  the  following  theorem. 

Theorem  4.  If  (v,w)  is  the  basic  feasible  solution  for  the 

tableau  for  G(J0)  that  identifies  a maximal  efficient 
face  f (T , F ) , then  f (T, F)  is  identical  to  the  set  of 
optimal  solutions  to  the  linear  program 

-T 

PX  : max  X Cx  subject  to  x e X 


where  X = v + e. 

Proof  . see  [5] . 

In  our  example,  the  face  f (T  , {1,6})  is  associated  with  the 

0 ° T o T 

weighting  vector  X = (1.4,  1.1,  1)  . Notice  that  (X  ) c is 

normal  to  the  face  f(TQ,  {1,6})  of  Figure  1.  Having  found  all 

maximal  efficient  faces  incident  to  x°  we  then  pivot  on  tableau 

1 T 

Tq  to  an  adjacent  efficient  vertex,  say  x = (0,2,2)  , see 

Figure  1.  This  yields  the  tableau 
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X1 

X2 

X3 

X4 

X5 

X6 

5 

-3 

0 

0 

3 

-1 

0 

1 

2 

0 

0 

-5 

4 

0 

9 

2 

0 

0 

7 

-3 

0 

2 

0 

0 

1 

2 

-1 

0 

1 

2 

0 

0 

-1 

1 

1 

2 

1 

1 

0 

-1 

1 

0 

N = {1,4,5}  . 
T1 


We  now  proceed  to  find  those  faces  incident  to  x that  are 
maximal  efficient.  Notice  that  because  of  the  pivot,  we  know 
that  f(TQ,  {1,6})  = f (T^ , {1,5})  since  indices  6 and  5 were 

exchanged  as  nonbasic  indices  in  the  pivot,  see  the  arrows  in 
Figure  1.  in  particular,  this  allows  us  to  conclude  that  J 

T1 

contains  {1,5}.  That  is,  pivoting  in  the  x^  or  x^  column  of 

corresponds  to  going  along  an  efficient  edge.  We  need  only 
check  to  see  if  4 e J and  we  find  by  examining  S that 
J_  = {1,4,5}.  T1  T1 

X1 


By  careful  bookkeeping  procedures  we  can  make  good  use  of 
previous  work.  For  example,  notice  that  it  is  not  possible  for 
F = {5,4}  to  identify  an  efficient  face  since  at  the  previous 
tableau  TQ  the  set  {6,4}  did  not  define  an  efficient  face  (and 

6 replaced  5 on  the  pivot) . The  only  subset  of  J we  need  to 

T1 

check  is  {1,4},  and  after  obtaining  S two  pivots  yield 

T1 


W1 

W4 

W5 

5/3 

1 

0 

-8/3 

5/9 

'2/9 

0 

2 

0 

1 

-3 

1/3 

1/3 

0 

19/3 

0 

0 

-19/3 

7/9 

10/9 

1 

Thus,  f(T^,  {1,4})  is  a maximal  efficient  face  as  well  as 
f(T^,  {1,5}).  Using  Theorem  4,  we  see  that  f(T^,  {1,4})  is 
identical  to  the  set  of  optimal  solutions  to  PX'  where 
X'  = (8/3,  3,  1)T. 

In  this  example  it  turns  out  that  there  are  only  two  maximal 

efficient  faces;  namely  the  ones  associated  with  X°  and  X^.  Of 
course,  the  algorithm  continues  to  pivot  to  unvisited  efficient 
vertices  and  continues  to  examine  incident  faces.  If  a new 
vertex  visited  is  not  adjacent  to  the  previous  vertex,  it  is 
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crucial  to  know  whether  or  not  that  vertex  is  on  a previously 
generated  maximal  efficient  face.  Given  a tableau  T,  let 

At  = { (F,£) | (-X£)TC>0  and  F={j|(A*)TCj  = 0}}  . 

j. 

Having  identified  the  weighting  vectors  A for  previous  faces, 

At  simply  shows  how  to  describe  (relative  to  T)  those  previously 

generated  maximal  efficient  faces  containing  xT»  Similarly,  the 

new  vertex  may  be  adjacent  to  the  previous  vertex  but  may  be  in 
a previously  generated  maximal  face  not  containing  the  previous 
vertex.  Using  a set  similar  to  A » these  faces  can  also  be 

recognized  by  using  the  weighting  vectors  A . 

Upon  completion,  the  algorithm  provides  a list  of  all 
efficient  extreme  points,  a list  of  all  maximal  efficient  faces 
of  X given  as  the  convex  hulls  of  sets  of  efficient  vertices, 
and  finally  an  implicit  description  of  E as  the  union  of  optimal 

£, 

sets  for  the  linear  programs  PA  , 1 - 1,2,...,L  where  L is  the 
number  of  maximal  efficient  faces. 
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SUMMARY 

In  this  paper  it  is  shown  that  if  the  expected  cost-to-go 
functions  generated  by  a suboptimal  design  for  a partially  observed 
(discrete  time)  Markov  decision  problem  with  a specific  state  measure- 
ment quality  are  concave,  then  the  suboptimal  design  has  a desirable 
adaptivity  characteristic  relative  to  that  state  measurement  quality. 
Optimal  strategies  are  shown  to  possess  this  adaptivity  characteristic, 
as  does  a suboptimal  design  presented  in  an  example. 


* The  research  of  the  first  author  has  been  supported  by 
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1.  INTRODUCTION  AND  NOTATION 


A desirable  feature  for  a suboptimal  design  to  possess  is  that 
if  state  observation  quality  improves,  then  so  does  the  performance 

I 

of  the  suboptimal  design.  (The  reason  for  seeking  ways  to  improve  the 
quality  of  state  measurements  is  precisely  to  improve  system  performance.) 

This  paper  presents  sufficient  conditions  for  a control  law,  or  strategy, 
to  have  such  an  adaptivity  characteristic  relative  to  a given  observation 
quality.  These  conditions  are  the  concavity  of  the  expected  cost-to-go 
functions  generated  by  the  strategy  and  the  given  observation  quality. 

It  is  shown  that  under  quite  general  conditions,  optimal  strategies  possess 
this  adaptivity  feature,  providing  an  alternate  proof  to  the  fact  that 
the  open-loop  feedback  controller  is  superior  to  the  open-loop  controller. 

An  example  illustrates  a strictly  suboptimal  design  having  such  a 
characteristic. 

In  this  section  we  define  the  problem  to  be  examined.  Preliminary 
results  are  then  presented  in  Section  2.  An  important  lemma  is  stated 
whose  proof  is  based  on  Jensen's  inequality.  A precise  definition  of 
adaptivity  relative  to  a specific  observation  quality  is  given  prior 
to  the  presentation  of  the  main  result  in  Section  3.  This  definition 
captures  much  of  the  intent  of  the  definition  found  in  Bertsekas  (1976). 

(In-depth  discussions  of  the  myriad  definitions  of  adaptivity  can  be 
found  in  Asher,  Andrisani,  and  Dorato  (1976)  and  Saridis  (1977).)  A 
suboptimal  design  having  the  adaptivity  characteristic  is  presented  in 
an  example. 

A partially  observed  Markov  decision  problem  (POMDP)  is  defined 
in  terms  of  the  set  (S,A,Z,0,r,ro,p,qo,q,N) . S,  A,  and  Z are  the 
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respective  state  spaces  for  the  state  process  { sfc : t=0 , 1 . . ,N),  the 

action  process  {at:t=0,l N-l},  and  the  observation  process  {zt,  t=o, 

S,  A and  Z will  always  be  taken  to  be  complete  separable 
metric  spaces,  and  B^,  8^,  and  8^  will  be  used  to  denote  the  collection 
of  Borel  sets  of  these  spaces,  e is  a discount  factor,  and  we  will 
always  take  Be(0,l].  The  one-stage  cost  function  r and  the  terminal 
cost  function  rQ  will  be  taken  to  be  lower  semi  analytic  functions  on 
S x A and  S,  respectively.  The  definition  of  a semianalytic  set  may 
be  found,  for  example,  in  Shreve  (1977).  The  state  process  s^  makes 
transitions  according  to  the  state  transition  kernel  p=p(*|s,a),  which 
is  taken  to  be  a stochastic  kernel  on  8<.xSxA,  i.e.,  for  fixed  (s,a)e 
S*A,  p(*|s,a)  is  a probability  measure  on  8,-,  and  for  fixed  BeB,.,  p ( B | - ) 
is  a Borel  measurable  real  valued  function  on  S*A.  The  initial  observa- 
tion kernel  and  observation  kernel  are  denoted  by  qQ  and  q , and  will  be 
taken  to  be  stochastic  kernels  on  8^xS  and  B^xSxA,  respectively.  They 
satisfy  the  two  relationships 

p(zoeBolso)=/B  %(dz|so) 
o 

and 

P(zteB1 |st,at)=;B^q(dz|st,at) 

for  all  Bo>B^e8j.  The  integer  N,  the  length  of  the  observation  and  control 
period,  is  called  the  horizon,  and  will  always  be  such  that  1<N<°°. 

Let  Y represent  the  space  of  probability  measures  on  S.  There  exists 
a natural  topology  on  Y making  Y a separable  metric  space  (cf.  Theorem  6.1, 
Parthasarathy  (1967)).  An  admissible  strategy  for  the  POMDP  will  be  a sequence 
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ir=(u0>. . . , u^i ) such  that  for  0<t*N-l,  the  policy  ut(at|y,it)  is  a 
universally  measurable  stochastic  kernel  on  B^xYxZ^AxZ)*  . The  term 
iteZx(AxZ)t  represents  the  history  of  the  observations  and  actions 
taken  up  to  time  t-1  and  the  observation  at  time  t,  and  y is  the  initial 
distribution  on  S. 

The  object  of  the  POMDP  is  to  choose  an  admissible  strategy  so  as 
to  minimize  the  quantity 

Ey{^=06  r^st,at^+e  ro^SN^}’ 

where  E-  denotes  expectation  with  respect  to  the  initial  distribution 
ye Y on  S. 

Conditions  have  been  determined  (and  are  presented,  for  example,  in 
Shreve  (1977)  and  Striebel  (1975))  which  insure  the  existence  of  c-optimal 
and  optimal  nonrandomized  strategies  that  are  dependent  on  (yJt)  only 
through  the  measure  yteY,  where  yt(C)=P(stEC|y,it) , Ce8<..  These  conditions, 
and  the  fact  that  it  is  extremely  difficult  to  justify  the  use  of  ran- 
domized strategies  in  applications,  serve  as  justification  that  throughout 
the  remainder  of  this  paper,  consideration  will  only  be  given  to  strategies 
composed  of  nonrandom  policies  dependent  on  (y,it)  only  through  yt-  The 
set  of  all  such  strategies  will  be  denoted  by  n. 

The  intent  of  this  paper  is  to  present  sufficient  conditions  for  a 
(not  necessarily  optimal)  strategy  -ncll  to  improve  expected  performance 
given  improved  observation  quality.  These  conditions  are  presented 
following  several  results  and  definitions. 
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2.  PRELIMINARY  RESULTS 

Let  o(*|y,a)  and  x(*|z,y,a)  be  stochastic  kernels  defined  on 
B^xYxA  and  B,.xZxYxA  which  satisfy 

o(B|y,a)=P(zt+1eB|yt=y,at=a) 

-I o(dz|y,a) 

B 

and 

x(C|z,y,a)=P(st+lEC|zt+1=z,yt=y,at=a) 

=/x(ds|z,y,a). 

C 

(The  proof  that  such  kernels  exist  may  be  found  in  Shreve  (1977).) 

If  J^q(y)  is  the  expected  cost  to  be  accrued  over  horizon  N by 
strategy  ttgJI  under  initial  distribution  y and  observation  kernel  q,  then 
can  be  shown  to  satisfy  the  following  recursive  equation  (RE)  and 
boundary  condition: 

Jjq(y)=R(y,a'  )+B/zJ^1  [x(-  |z  ,y,a')]0(dz|y,a' ), 

where  a'=uN_t(y)  ,RQ(yHro(s)y(ds)  and  R(y,a)  = /r(s,a)y(ds). 

When  N=°°,  the  RE  i$  identical  to  that  above,  except  that 

and  are  replaced  by  lim  in  situations  sufficiently  regular 

to  insure  that  the  limit  exists  and  may  be  interchanged  with  the  integral. 
Such  regularity  conditions  can  be  found  in  Striebel  (1975). 

We  now  present  a definition  of  the  relative  worth  of  state  measurements 
taken  by  two  observation  kernels  and  two  important  lemmas. 
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DEFINITION  2.1.  The  observation  kernel  q is  said  to  represent  im- 
proved measurement  quality  compared  to  observation  kernel  q 1 , i.e., 
q'<q,  if  for  each  action  aeA,  there  exists  a stochastic  kernel  y on 
B^xZxA  such  that 

q' (B|s,a)=/Y(B|z,a)q(dz|s,a) 

Z 

for  all  seS,  ZeZ,  and  BeBz. 

This  definition  is  intuitively  reasonable;  the  quality  of  the  infor 
mation  received  by  the  channel  associated  with  q'  is  equivalent  to  the 
quality  of  information  received  by  the  channels  associated  with  q and  y 
placed  in  series. 

Note  that  for  the  finite  state  case,  q'  and  q are  equivalent  to 
stochastic  matrices,  and  q‘-<q  if  and  only  if  there  exists  a stochastic 
matrix  y such  that  q^q'.  The  relative  information  quality  of  linear 
systems  having  additive  Gaussian  noise  has  the  following  simple  char- 
acterization. Let  z=As+5,  z'=As+£',  where  e'vN(O.i)  ,£'^(0,2; ' ) , and 
z and  z'  are  both  covariance  matrices.  Let  z'<z  if  z'-z  is  positive 
semi-definite.  It  is  easily  shown  that  q'<q,  where  q and  q'  may  now 
be  thought  of  as  Gaussian  densities,  if  e'se  by  letting  the  density 
y(z'|z)  be  associated  with  a normally  distributed  random  variable  with 
mean  z and  covariance  E'-r  which  is  independent  of  r,. 

Let  o'  and  X1  be  defined  as  were  o and  x except  that  q is  replaced 
by  q'.  A few  technical  preliminaries  are  necessary  before  we  proceed. 
Although  we  have  indicated  that  many  of  the  stochastic  kernels  used 
below  depend  on  at>  this  dependence  will  be  suppressed  throughout  the 
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descr ibtion;  it  is  described  as  a face  f (T, F)  incident  to  some 
efficient  vertex  xT  and  it  is  also  described  by  identifying  a 
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I, ; 


remainder  of  this  section  to  simplify  some  notation. 

If  o' (B|y)=0,  for  BeB then  we  must  have  y(B|z)=0  for  a set  of 
values  z which  have  probability  one  with  respect  to  the  measure  o(-|y). 
Since  the  Borel  sets  in  z are  countably  generated,  there  exists  a set 
DyeB^  such  that  o(Dy|y)=0  and  o(B|y)=0  implies  {z:y (B | z )>0KDy . Thus, 
for  almost  all  z,  [ o( * | y ) ] , the  measure  y (•  |z)  is  absolutely  continuous 
with  respect  to  o'(*|y),  and  the  Radon-Ni kodym  derivative  ) exists 

and  is  finite  a. s.  [o(  • |y)  ]. 

Recall  that  x(C|z,y)=P(st+1cC|zt+1=z,yt=y).  Define  the  stochastic 

kernel  u(  * , - |y ) on  B^B^YxA  by^/^vi(dz,ds  |y)=P(  z t + 1e  B , s t + 1c  C | y t =y  ) . 

It  is  easy  to  show  that  for  fixed  Cc8<.,u  is  a substochastic 

kernel  on  B^xYxA  that  is  absolutely  continuous  with  respect 

to  oi'ly).  Since  f\(C  |z,y)  o(dz  |y)  = n(B xC  |y)  for  BnB  , we  must  have 
B Z 

A(ciz»y)=  dai:[y-jy)  a-s-  to(-iy)1- 

LEMMA  2.1.  Define  the  measure  a( * | z ,y ) on  B^xZxYxA  by 
A(B|^y)=a^}}o(B|y). 


Then 


A' (C | z 1 ,y)=  /A ( dz | z ' ,y)x(C|z,y). 


Proof:  Let  B'eB^,  and  let  dz‘  in  the  kernel  o'  denote  integration  over  BV 
Since 

f /A(dz  | z',y)^(C  | z ,y)o‘  (dz ' |y) 

B'Z 


id; 


/ /y(dz|z' )u(dz' ,C|y) 

B'  Z 

=p(zt+ieB' ,st+icCiyt=y)' 
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under  information  quality  q',  it  follows  that  / A(dz| z ‘ ,y)x(C |z,y)  satisfies 

Z 

the  defining  relation  for  the  Radon-Nikodym  derivative  x'.  i 

LEMMA  2.2.  Let  q ' <q . Then  for  any  concave  function  g:Y-+R, 

/gU(-  |y,z)]o(dz|y)</g[x'(-  |y,z‘)lo'  (dz ' |y) 

Z Z 

for  all  yeY. 

Proof:  From  Jensen's  inequality  (cf.  Chung  (1968),  p.  45)  and  Lemma  2.1 

g[ A ' (B|y,z‘ )]>/A(dz|z' ,y)  glx(B|y,z)] 

'Z 

for  all  yc Y,  zt-Z  and  BeB^.  Fubini's  Theorem  and  the  definition  of  A then 
imply  that 

/ g [ X ' (B |y ,z ’ ) ) o' (dz1 |y) 

Z 

> /;A(dz|z,^)g[x(B|y,z)lo'(dz'|y) 

ZxZ 

=/Y (dz ' | z)/g[ x(B|y,z) ] o(dz  |y) 

Z Z 

=/gU(y,z)]o(dz|y).  |“] 

Z 

3.  MAIN  RESULTS 

Conditions  are  now  presented  on  the  pair  (n,q)  which  imply  that  if 

q <q ' then  J^sJj^  for  N<*°  and  for  N=+«  when  lim  J^  exists  and  satisfies 

N-«» 

the  RE. 

DEFINITION  3.1.  A strategy  ucn  is  g-adapti ve  if  for  all  q1  such  that 

w. 

THEOREM  3.1.  The  strategy  tteII  is  q-adaptive  if  is  concave  on  Y for 
all  t=l , . . . ,N. 
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Proof:  Assume  q<q* . Trivially,  J£q'<J£q  on  Y for  k=0;  assume  this 
inequality  holds  for  k=t-l.Then  using  Lemma  2.2  and  letting  a=u^_^.(y), 

j£q< (y)=R(y,a)+8;J^qi[x' (• |y,z,a)lo' (dzjy.a) 

<R(y,a)+B/Jlqi[x' (• |y,2,a)]o‘ (dz|y,a) 

Z 

<R(y,a)+6/d!q1[x(- |y,z,a)]o(dz|y,a) 

Z . 

-j;q(y)- 

. ‘ I — *1 

The  result  follows  by  induction.  I.  i 

Observe  that  the  proof  of  the  Theorem  implies  also  that  if  measure- 
ment quality  degrades  for  a q-adaptive  strategy  then  so  does  the  per- 
formance of  the  strategy. 

We  assume  that  conditions  are  Satisfied  (such  as  those  presented 

in  Striebel  (1975)  and  Shreve  (1977))  which  imply  that  if  uN_t(.) 

minimizes  the  right  hand  side  of  the  RE  over  A for  all  t=l,...,N,  then 

u=(uQ, . . . «uN_i ) is  an  optimal  strategy.  The  next  result  is  required 

prior  to  proving  the  following  corollary.  The  proof  given  is  a more 

general  version  of  a proof  given  by  Astrom  (1969)  for  the  case  where 

both  the  state  and  observation  spaces  are  finite.  Dependence  on  at  will 

be  suppressed  in  the  statement  of  the  corollary  and  its  proof. 

LEMMA  3.1.  Let  g by  a real  valued  concave  function  on  Y.  Then  h(y)= 

/.g [ A ( - |y,z)]o(dz|y)  is  a concave  function  of  y. 

Z 

Proof:  Suppose  that  y=cxyi+(l-a)y2-  Since 
o(B|y)=o(B|ay1+(l-a)y2) 

= ao(B  |y  1 ) + (l-a)  o(B  ^2) , 


we  must  have  o(B|y)=0=>o(B|y1 )=o(B|y2)=0.  Thus  o(,|yi)  is  absolutely 

do( * | y - ) 

continuous  with  respect  to  o(-|y)  for  i=l,2.  Let  d.=  . , ■ I be  the 

1 d0(-|y) 

Radon-Nikodym  derivative  of  a ( - 1 y ) with  respect  to  o(-|y)  for  i=l,2. 

Using  the  defining  relationship  for  Radon-Nikodym  derivatives,  it  is 
easily  shown  that 

x(-|y,z)=6A(- |y1 ,z)+(l-6)x(- |y2,z) 

where  5=ad-j  and  l-6=(l-a)d2. 

Thus 

/g [ X ( * |y,z)]o(dz|y) 

i/{sg[x(- |y] ,z)]+(l-6)g[x(- |y2,z)]>o(dz|y) 

=a/g[x(- |y1,z)]0(dz|y1) 

+(l-a)/g[x(- |y2,z)a(dz|y2) ] | 

The  following  result  guarantees  the  existence  of  q-adaptive  controllers 
when  optimal  controllers  in  n exist. 

DEFINITION  3.2.  A strategy  Tien  is  said  to  be  q-optimal  if  it  is  such  that 
JNq-JN  Q for  a11  7r'en- 

COROLLARY  3.1.  If  u is  q-optimal,  then  n is  q-adaptive. 

Proof:  We  wish  to  show  that  0^  is  concave  for  all  t when  n is  q-optimal. 
is  concave;  assume  is  concave.  By  Lemma  3, 

(•  |y,z,a)]o  (dz|y,a) 

Z 

is  concave  on  Y for  each  acA.  The  concavity  of  Jjq  then  follows  from  the 
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T to  an  adjacent  etticienc  vertex,  =>~r  ~ 
Figure  1.  This  yields  the  tableau 
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concavity  of  R(y,a)  on  Y for  each  a,  the  fact  that  sums  of  concave 
functions  are  concave,  and  the  fact  that  the  infimum  of  concave  functions 
is  concave.  , j 

In  the  context  of  our  notation,  a prominent  definition  of  adaptivity 
is  as  follows:  n is  adaptive  if  J^qsJ^  q , where  q'-<q,  q'  is  independent 

of  the  state  (i.e.  complete  unobservability),  and  n1  is  q' -optimal,  cf. 
Bertsekas  (1976).  The  strategy  n'  is  often  referred  to  as  the  open-loop 
controller  (OLC).  A common  suboptimal  design  is  to  apply  the  OLC  with 
an  observation  kernel  q,  where  (of  course)  q'<q,  i.e.,  ir=n 1 . Such  a 
suboptimal  design  is  called  the  open-loop  feedback  controller  (OLFC).  A 
proof  that  the  OLFC  is  superior  to  the  OLC  can  be  found  in  Bertsekas  (1976); 
we  note  that  this  result  follows  directly  from  Corollary  3.1. 

The  following  corollary  generalizes  results  in  Astrom  (1965)  and 
White  (1976)  under  the  assumption  that  an  optimal  strategy  exists. 

COROLLARY  3.2.  Let  u and  it'  be  q-optimal  and  q'-optimal,  respectively, 
where  q ' <q . Then,  q for  all  t. 

Proof:  Corollary  1 and  the  Theorem  imply  that  ^ for  all  t.  The 

q-optimal ity  of  * implies  q for  all  t.  [ i 

EXAMPLE  [Sternby  (1976)]  We  now  present  a strictly  suboptimal  q-adaptive 
design  for  a finite  state  POMDP  that  is  based  on  the  solution  of  its 
associated  completely  observed  problem.  Consider  the  following  problem 
(described  more  fully  by  Sternby): 
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vertices  and  continues  to  examine  incident  faces.  If  a new 
vertex  visited  is  not  adjacent  to  the  previous  vertex,  it  is 
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r(a)  = 


Pi  + p5 
pl  + P5 

I 

p2  + p6  | 

j 

p2  + p6  j 


P(a)  = 


p2  0 p4  p6 

I 

! p2  0 p4  p6 


r 

o 


0 

0 

0 I 

J 


I o i ! 

q = \ 1 0 I 

j i o ; 


where  A={a:0<a<l),  P(a)  is  the  state  transition  matrix,  and  each  of  the 

p.=p..(a),  i=l 6,  is  defined  as  in  Sternby  (1976).  It  is  straightforward 

to  show  that  the  optimal  strategy  for  the  completely  observed  undiscounted 
N-horizon  (Ns°°)  problem  is  stationary  (hence  myopic)  and  is  composed  of 
the  policy  S*(l  )=<S*(2)=0.2  and  6*(3)=6*(4)=0.8.  Let  bt=P(ste{l  ,2}  | (y , i t ) ) , 


and  consider  the  stationary  suboptimal  strategy  n associated  with  the  policy 
6 ( b ) =0 . 8 if  bsl/2  and  6 ( b ) =0 . 2 if  b>l/2,  which  is  equivalent  to  taking  the 
most  probable  state  as  the  state  estimate  and  is  an  example  of  a certainty- 
equivalent  controller.  Assume  the  observation  quality  associated  with 
n is  q as  defined  above.  Then,  as  shown  in  Sternby  (1976),  j£q(b)  is 
concave  for  all  t and  hence  n is  q-adaptive.  From  Figure  4 in  Sternby's 
paper,  note  that  n is  superior  to  the  OLFC  for  N=°°;  hence,  a suboptimal 
design  based  on  the  easily  computable  solution  of  a completely  observed 
problem  is  both  in  some  sense  adaptive  (specifically,  q-adaptive),  superior 
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Etticient  solutions  to  a Linear  vector-maximum  Problem", 
European  Journal  of  Operations  Research  1 (1977)  307-322. 


to  the  OLFC,  and  easily  implementable.  The  suboptimal  strategy  is 
passively  adaptive  in  that  it  makes  no  effort  to  identify  the  system 
state,  as  is  also  true  of  the  OLFC  (Bar-Shalom  and  Tse  (1974)). 
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ABSTRACT.  The  development  of  computing  in  the  USSR  has  tended  to  follow 
the  Western  technical  pattern,  but  only  within  the  last  decade  have  the  Soviets 
committed  themselves  to  the  production  and  installation  of  complex  general  purpose 
computer  systems  in  large  enough  numbers  to  make  advances  in  software  essential. 
However,  there  are  few  shortcuts  to  the  attainment  of  a national  software  capacity 
on  a level  anything  like  that  which  exists  in  the  United  States,  The  USSR  does 
have  considerable  resources  for  the  pursuit  of  this  goal,  yet  the  task  is  so  large 
and  complex,  and  their  economic  system  is  so  ill  structured  to  support  many  of 
the  practices  that  have  worked  well  for  us,  that  Soviet  overall  progress  will  be 
slow,  painful  and  evolutionary. 

I am  a consultant  for  the  U.  S.  Army  Foreign  Science  and  Technology  Center 
on  the  subject  of  Soviet  computing.  This  brief  introduction  to  some  of  the  problems 
that  the  USSR  is  having  with  software  development  is  part  of  a more  comprehensive 
study  that  I am  doing  for  FSTC  [4,5] . What  I will  say  here  during  this  short  talk 
must  be  recognized  as  an  oversimplified  description  of  a complex  subject,  and  that 
the  views  expressed  here  do  not  necessarily  reflect  official  opinion  or  policy  of  the 
US  Army  or  any  other  branch  of  the  US  Government. 

I should  also  make  it  clear  that  I will  be  talking  about  the  civilian  side  of 
Soviet  software.  The  military  side  is  probably  doing  better,  although  there  are 
reasons  to  believe  that  software  development  for  the  military  suffers  to  some  degree 
from  most  or  all  of  the  difficulties  that  I will  mention. 

A few  statistics  on  the  US  software  industry  will  give  you  some  idea  of  the 
scope  of  the  technology.  There  are  over  500,000  professional  programmers  and 
systems  analysts  in  the  US  and  pemaps  twice  as  many  software-related  people  with 
lesser  skills  (e.g.  keypunch  operators,  tape  librarians).  In  terms  of  their  basic 
salaries  and  material  support  alone,  software  is  a $20-$30  billion  per  year  industry. 
It  is  much  more  difficult  to  ascertain  the  real  value  of  the  industry.  For  example, 
these  figures  do  not  count  the  millions  of  business  men,  government  bureaucrats, 
scientists  and  engineers  who  spend  some  of  their  professional  time  programming. 
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Hardware -software  cost  trends  for  the  US  are  shown  in  Figure  1 [2]  .*  As  a result 
of  30  years  of  widespread,  painful  experience,  we  have  gotten  to  the  point  where 
we  have  learned  to  produce  and  to  effectively  use  a tremendous  variety  of  software 
products,  many  of  which  contain  hundreds  of  thousands  or  millions  of  instructions. 
Clearly,  any  attempt  by  the  USSR  to  develop  a national  software  capability  com- 
parable to  that  which  exists  in  the  US  would  be  a serious  test  of  the  strength  and 
sophistication  of  the  entire  economic  system. 

It  will  be  convenient  to  divide  the  factors  that  affect  Soviet  software  devel- 
opment into  four,  somewhat  overlapping,  categories: 

(1)  Those  that  are  related  to  priorities  in  the  allocation  of  effort  and 
oti  er  resources. 

(2)  Those  that  are  dependent  on  hardware  availability. 

(3)  Those  that  are  dependent  on  the  nature  of  Soviet  institutions  and 
economic  practices. 

and  (4)  Those  that  involve  transfers  from  foreign  sources. 

In  the  time  available,  I can  only  say  a little  bit  about  each  of  the  four  categories. 

Before  the  mid-1960s  the  Soviets  made  little  effort  to  produce  large  quantities 
of  suitable  hardware  and  software  intended  for  widespread  general  purpose  use.  No 
great  need  for  this  was  perceived  anywhere  in  the  industrial  hierarchy,  and  the  cost 
would  have  been  a great  strain  on  their  limited  capabilities  that  would  have  been 
out  of  proportion  to  the  benefits.  It  is  moot  to  speculate  as  to  what  they  could  have 
done  had  they  tried  harder.  The  Soviets  have  had  a number  of  successful  high  tech- 
nology priority  projects,  and  research  and  development  for  the  early  CPU  (central 
processing  unit)  hardware  they  did  produce  was  often  of  high  quality  considering 
the  available  circuitry.  Nevertheless,  it  is  doubtful  if  they  could  have  matched 
the  IBM  S/360  system  before  the  end  of  the  60s  without  an  effort  demanding  an 
unreasonable  commitment  of  resources.  Until  the  early  60s  the  military  and  scientific/ 
engineering  communities  were  the  only  influential  customers  with  an  interest  in 
computing.  However  both  were  less  enamoured  with  computers  than  their  American 
counterparts,  and  the  Soviet  industry  developed  only  to  the  extent  where  it  could 
respond  to  this  relatively  limited  demand. 

This  rational,  but  shortsighted,  policy  crippled  the  development  of  hardware 
in  the  USSR.  Of  several  major  handicaps,  three  were  particularly  important. 

(1)  Soviet  computers  had  small  primary  memories.  Most  machines 
were  provided  with  no  more,  and  frequently  much  less,  than  32K 
words  of  poor  quality  core  memory. 

(2)  For  all  practical  purposes,  disk  storage  was  not  widely  available 
until  1973.  Secondary  storage  was  generally  on  poor  quality 
magnetic  tape  units. 

(3)  There  was  a lack  of  suitable  and  reliable  peripherals.  Card  readers 
and  alphanumeric  printers  were  not  generally  available  until  the 


^mntenance  refers  to  the  location  and  correction  of  errors,  adaptation 
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mid-1960s.  The  units  that  were  later  produced,  and  their  associated 
paper  products,  were  of  notoriously  poor  quality  and  reliability. 

This  situation  was  made  worse  by  hardware  vendor  practices.  They  delivered 
nearly  empty  machines.  Users  had  to  write  all  but  the  most  basic  utility  programs. 
Furthermore,  the  users  had  to  maintain  the  hardware  themselves.  This  eventually 
led  to  local  engineering  modifications  that  made  it  difficult  or  impossible  for  users 
with  the  same  basic  computer  model  to  share  software. 

Because  of  these  and  other  factors,  the  pre-Ryad  software  situation  could  be 
summarized  as  follows: 

(a)  Software  existed  in  the  form  of  many  isolated  pockets  of  machine 
language  programs.  There  was  very  little  portability. 

(b)  Computer  centers  were  essentially  on  their  own  once  the  hardware 
was  delivered. 

(c)  Many  applications,  especially  those  relating  to  non-numeric  com- 
puting, were  out  of  the  range  of  the  hardware. 

(d)  Little  experience  had  been  built  up  in  the  development  of  large, 
modern  software  systems. 

(e)  Computers  were  not  accessible  to  users  who  had  not  had  much 
technical  training. 

By  the  late  1960s,  internal  economic  and  external  military  pressures  had  forced 
the  Soviets  to  reevaluate  their  position  on  computing.  By  the  end  of  the  Eighth  Five- 
Year  Plan  (1966-1970),  computing  had  become  the  centerpiece  technology  of  a major 
campaign  to  modernize  the  economy  and  increase  factor  productivity.  Considerable 
resources  were  committed  to  an  effort  to  upgrade  this  technology. 

The  most  pressing  technical  need  was  for  an  upward  compatible  family  of 
general  purpose  computers.  Two  Soviet  attempts  to  produce  such  a family,  the 
Ural  -10  series  and  the  ASVT-M  models,  had  both  essentially  failed  by  1970.  A 
third  family,  the  Unified  System  (Ryad),  has  done  much  better.  A joint  CEMA 
(Council  for  Economic  Mutual  Assistance,  the  economic  counterpart  of  the  Warsaw 
Pact)  effort,  Ryad  is  effectively  a reverse  engineering*  of  the  IBM  S/360  series. 
Production  of  the  Ryad  models  began  in  1972,  and  the  Soviets  and  their  partners 
are  now  working  on  a new  group  of  machines  that  closely  resemble  the  IBM  S/370 
models  [3]  . 

The  decision  to  copy  the  S/360  architecture  was  made  during  1968-69.  The 
East  Germans  were  the  major  advocate  of  this  course  of  action.  This  decision  was 
a reflection  of  the  East -West  software  gap.  None  of  the  CEMA  countries  had  had 
much  experience  in  developing  large,  modern  software  systems  nor  had  rhey  accum- 
ulated a large,  economically  significant  collection  of  applications  software.  The 
plan  was  to  appropriate  the  IBM  S/360  operating  systems.  Then  with  this  base  of 
systems  software,  they  would  be  in  a position  to  borrow  the  huge  quantities  of  other 
systems  and  applications  software  that  had  been  developed  over  the  years  by  IBM 
and  its  customers.  This  plan  has  been  followed  with  considerable  success  and 


*That  is,  quantity  production  of  a close  functional  equivalent  has  been  achieved  at 
reasonable  cost. 
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represents  one  of  the  most  impressive  technology  transfers  in  Soviet  history. 

Although  Ryad,  and  other  Soviet  and  East  European,  computer  developments 
are  still  backward  by  current  Western  and  Japanese  standards,  they  represent  con- 
siderable progress  compared  to  what  was  previously  available.  They  do  much  to 
correct  the  hardware  deficiencies  noted  earlier,  and  they  provide  the  Soviet  Bloc 
with  a respectable  and  uniform  hardware  and  software  base. 

But  these  developments  do  not  in  themselves  solve  the  Soviets'  computer 
problems.  The  newly  available  technology  needs  to  be  effectively  integrated  into 
the  economy.  People  have  to  learn  how  to  make  computers  do  useful  things.  There 
is  only  so  much  that  the  Soviets  can  borrow  from  IBM  and  other  companies.  Ultimately, 
their  success  in  using  computing  will  depend  on  how  well  they  can  produce,  maintain, 
diffuse  and  use  their  own  software. 

On  the  surface,  it  would  appear  that  the  Soviets  should  have  an  easier  time 
with  software  technology  than  with  most  others.  They  have  a large  and  distinguished 
mathematics  and  theoretical  engineering  community.  Given  the  compatibility  between 
the  Unified  System  and  IBM  mainframes,  borrowing  should  be  particularly  easy. 
Furthermore,  software  development  avoids  two  of  the  worst  problems  that  plague 
the  entire  Soviet  economy.  Given  a half-way  decent  computer  installation,  and 
these  now  exist  in  some  quantity  in  the  USSR,  software  production  does  not  require 
a continuing  and  timely  material  supply.  And  given  a respectable  prototype,  the 
production  of  quality  copies  is  both  cheap  and  easy.  Finally,  since  the  State  virtually 
guarantees  employment  for  all  whom  it  considers  at  least  politically  docile,  one 
would  think  that  nobody  would  view  the  computer  as  a threat  to  his  job.  In  fact, 
in  theory  the  workers  should  be  falling  over  themselves  in  their  enthusiasm  to  find 
new  applications  for  computers. 

Unfortunately  for  the  Soviets,  software  also  preys  to  an  unusual  extent  on 
three  chronic  weaknesses  of  their  economy:  customer  relations,  effective  product 
diffusion  and  maintenance. 

Like  most  of  the  other  sectors  of  the  economy,  software  production  has  to 
contend  with  a major  behavioral  obstacle.  Soviet  organizations  with  similar  interests 
tend  not  to  cooperate  or  interact  with  each  other.  Tradition,  institutional  structure 
and  incentives  are  such  that  enterprises  try  to  mind  their  own  business  as  much  as 
possible.  Much  of  the  cooperation  that  does  exist  is  forced  by  Party  or  military 
demands  or  by  desperate  efforts  to  circumvent  supply  foul-ups.  Other  efforts  rarely 
come  to  much.  This  has  particularly  affected  software  diffusion.  Before  Ryad, 
hardware  manufacturers  did  little  to  produce,  upgrade  or  distribute  software.  Few 
models  existed  in  sufficient  numbers  to  moke  possible  a common  software  base  of 
real  economic  importance.  Repeated  attempts  to  form  user  groups  amounted  to 
little.  Soviet  security  constraints  restricted  who  could  participate  in  sharing  software 
for  some  models.  Enterprises  rarely  exchanged  programs.  Contracts  with  research 
institutes  to  produce  software  products  are  often  frustrating  for  the  customer.  The 
research  institute  staff  may  be  content  with  a prototype  system  that  is  not  well 
tailored  to  the  customer's  needs.  Most  users  have  little  recourse  but  to  modify 
and  maintain  the  programs  on  their  own. 

Conditions  are  gradually  improving,  but  changes  take  time  even  where  they 
are  possible.  One  promising  reform  has  been  the  establishment  of  the  corporation- 
like production  associations.  These  support  the  creation  of  relatively  large,  efficient 
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computer  centers  that  should  be  able  to  better  serve  the  needs  of  the  association 
and  its  component  enterprises.  The  association  may  contain  a research  institute 
with  its  own  software  group.  On  the  surface,  at  least,  an  association  appears  to 
be  a more  viable  unit  for  the  production  and  utilization  of  software,  and  one  that 
might  be  able  to  deal  more  effectively  with  other  firms.  However,  seemingly 
reasonable  reforms  in  the  past  have  actually  produced  results  totally  opposite  of 
those  that  were  intended,  it  is  as  yet  too  early  to  evaluate  the  impact  of  this 
reorganization,  either  in  general  or  with  respect  to  software  development. 

In  the  United  States  there  are  a large  number  of  companies  that  provide 
professional  software  services  to  customers.  They  range  in  size  from  giants  like 
IBM  to  one-man  firms.  Some  build  systems  and  then  convince  users  to  buy  them. 
Others  ascertain  customer  needs,  and  then  arrange  to  satisfy  them.  A wide  variety 
of  other  services  are  also  offered.  Basically  they  are  all  trying  to  make  a profit  by 
showing  their  customers  how  to  better  utilize  computers.  To  a considerable  extent, 
the  software  vendors  and  service  bureaus  have  created  a market  for  themselves 
through  aggressive  selling  and  the  competitive,  customer  oriented,  development 
of  general  purpose  and  tailor-made  products.  The  nature  of  software  makes  it 
relatively  easy  for  one  firm  to  make  its  product  better  than  that  of  a competitor, 
who  will  then  figure  out  a way  to  upgrade  its  system  to  gain  a market  advantage, 
etc.  There  is  probably  no  other  sector  of  the  American  economy  with  such  a rapid 
rate  of  incremental  innovation.*  The  best  firms  make  fortunes,  the  worst  go  out  of 
business.  Adam  Smith  would  have  been  overjoyed  with  this  industry. 

The  Soviets  appear  to  have  no  real  counterpart  to  these  firms  for  the  customer 
oriented  design,  development,  diffusion  and  maintenance  of  software.  One  enter- 
prise, the  Tsentroprogrammisistem  Scientific-fVoduction  Association  in  Kalinin,  has 
been  publicly  identified  as  a producer  of  Ryad  user  software  [6]  . This  organization 
is  under  the  Ministry  of  Instrument  Construction,  Means  of  Automation  and  Control 
Systems  (Minpribor).  We  assume  that  the  Ministry  of  the  Radio  Industry,  the  manu- 
facturer of  Ryad  in  the  USSR,  has  some  central  software  facilities  available  because 
of  legal  responsibilities.  Some  research  institutes,  computer  factories  and  local 
organizations  develop  and  service  software,  but  complaints  about  their  work  is 
common  and  praise  is  rare.  We  know  little  about  what  any  of  these  places  are 
doing  or  how  they  function.  The  average  Soviet  computer  user  does  not  seem  to 
have  many  places  it  can  turn  to  for  help.  This  should  be  particularly  true  of  those 
installations  that  are  not  near  a major  metropolitan  area. 

The  mere  fact  that  we  know  so  little  about  Soviet  software  firms  is  strong 
evidence  that  the  volume  and  pace  of  their  activities  must  be  much  below  that  of 
the  American  companies,  or  at  least  that  benefits  to  users  are  limited  by  a lack  of 
readily  available  information.  Most  American  computer  users  are  not  very  sophisti- 
cated and  need  to  have  their  hands  held  by  vendors  and  service  companies.  There 
is  every  reason  to  believe  that  most  Soviet  users  are  far  less  sophisticated.  It  is 
inconceivable  that  the  USSR  has  anything  comparable  to  the  American  software 


‘Unfortunately,  there  appears  to  be  no  study  of  the  US  software  industry  that  would 
enable  us  to  be  more  specific. 


470 


v ' ‘ 


companies  that  we  do  not  know  about,  because  then  there  is  no  way  for  the 
thousands  of  computer  users  in  the  Soviet  Union  to  know  about  such  services  either. 

It  is  simply  not  the  sort  of  thing  that  can  be  successfully  carried  on  in  secret.  It 
must  be  open  and  aggressive  or  it  will  not  reach  its  customers.  It  must  advertise  in 
some  way  because  most  customers  are  not  capable  of  thinking  of  useful  products  on 
their  own. 

What  is  likely  is  that  Soviet  installations  are  pretty  much  on  their  own  with 
regard  to  applications  software.  The  open  literature  seems  to  confirm  this  with  articles 
on  how  Such-and-Such  Production  Enterprise  built  an  applications  system  for  itself. 
There  are  almost  no  articles  on  how  some  research  institute  built  something  like  a 
data  base  management  system  that  is  now  being  used  at  scores  of  installations  in  a 
variety  of  ways.  Currently,  Soviet  installations  are  building  lots  of  fairly  obvious 
local  systems.  This  pace  may  actually  slow  down  once  these  are  up  and  running 
because  there  are  no  effective  mechanisms  for  showing  users  what  they  might  do  next. 

Before  Ryad  the  dissemination  of  software  products  and  services  was  accomplished 
through  hardware  vendors,  user  groups,  informal  trades,  national  and  regional  program 
libraries  and  conferences,  and  various  contractual  arrangements.  None  of  this  was 
particularly  effective  or  well  organized.  For  example,  the  libraries  were  little  more 
than  mail-in  depositories  that  were  not  properly  staffed,  indexed  or  quality  controlled. 
The  development  of  the  Unified  System  was  accompanied  by  a greater  appreciation 
of  the  limitations  of  past  practices.  Ryad  hardware  would  be  pitifully  underutilized 
if  each  user  installation  were  left  with  an  almost  empty  machine  and  expected  to  do 
all  its  own  programming.  This  would  have  defeated  the  whole  purpose  of  the  new 
system.  Improved  software  products  and  services  would  have  to  be  made  available 
to  the  general  community  of  computer  users. 

Ryad  has  brought  some  real  progress  in  all  of  these  areas,  and  overall  capabil- 
ities are  improving  steadily.  However,  progress  is  slow  and  some  important  systemic 
changes  may  be  necessary  before  it  can  be  greatly  accelerated. 

The  Soviets  claim  to  have  "socialized  knowledge"  and  it  is  thus  easier  to 
diffuse  scientific  and  technical  information  in  the  USSR  than  it  is  in  the  capitalist 
countries.  "Soviet  enterprises  are  all  public  organizations,  and  the ir  technological 
attainments  are  open  and  available  to  all  members  of  society,  with  the  exception  of 
course  of  information  classified  for  military  or  political  reasons.  The  public  nature 
of  technological  knowledge  contrasts  with  the  commercial  secrecy  that  is  part  of 
the  tradition  of  private  property  in  capitalist  countries.  Soviet  enterprises  are  ob- 
liged not  only  to  make  their  attainments  available  to  other  enterprises  that  may 
wish  to  employ  them  but  also  actively  to  disseminate  to  other  enterprises  knowledge 
gained  from  their  own  innovation  experience.  The  State  itself  subsidizes  and  pro- 
motes the  dissemination  of  technological  knowledge  through  the  massive  publication 
services  of  the  All-Union  Institute  for  Scientific  and  Technical  Information  [VNITI]" 
[1],  This  sounds  better  in  theory  than  it  works  in  practice.  While  services  like 
those  provided  by  VNITI  are  unquestionably  useful,  they  do  not  compare  to  the 
much  broader  range  of  diffusion  services  available  in  the  US.  Capitalistic  commercial 
secrecy  is  overstated;  very  little  remains  secret  for  very  long.  The  Soviets  have  no 
real  counterpart  for  the  volume  and  level  of  Western  marketing  activity.  By  com- 
parison lists  of  abstracts  of  products  that  have  not  been  properly  quality  controlled 
for  market  conditions,  that  have  no  real  guarantees  or  back-up  service,  etc.  cannot 
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be  expected  to  be  as  effective  a vehicle  for  diffusion.  The  Soviet  incentive  structure 
not  only  does  not  encourage  dissemination  of  innovation  particularly  well,  but  it  also 
often  promotes  the  concealment  of  an  enterprise's  true  capabilities  from  its  superiors. 

Few  feel  nobly  obliged  to  make  their  attainments  available  to  anyone  else. 

The  vertical  structuring  of  the  Soviet  ministerial  system  works  against  software 
development  and  diffusion.  Responsibility  is  primarily  to  one's  ministry  and  commun- 
ication is  up  and  down  ministerial  lines.  It  is  much  easier  to  draw  up  economic  plans 
for  this  kind  of  structure  than  it  is  for  those  with  uncontrolled  horizontal  communica- 
tion. Furthermore,  each  ministry  appears  determined  to  retain  full  control  of  the 
computing  facilities  used  by  its  enterprises.  In  the  West,  software  diffusion  is  a 
decidedly  horizontal  activity.  Data  processing  and  computing  personnel  and  manage- 
ment talk  to  each  other  directly  across  company  and  industry  lines.  This  communica- 
tion is  facilitated  by  very  active  professional  organizations.  Such  arrangements  do 
not  exist  to  anywhere  near  the  same  extent  in  the  USSR. 

It  is,  of  course,  not  only  the  ministerial  system  that  mitigates  against  the 
really  effective  encouragement  of  direct  producer -customer  horizontal  economic 
activity.  Often  the  various  layers  of  local  Communist  Pbrty  organizations  perform 
the  role  of  facilitating  horizontal  exchanges.  The  Party  needs  visible  activities 
that  justify  its  existence  and  authority,  and  this  is  one  of  the  most  important.  No 
serious  erosion  of  this  prerogative  is  possible.  However,  it  is  much  easier  for  a 
local  Party  secretary  to  get  a carload  of  lumber  shipped  than  it  is  for  him  to  expedite 
the  delivery  of  a special  purpose  real-time  software  system.  He  can  take  the  lumber 
away  from  a lower  priority  enterprise,  but  what  can  he  do  to  get  the  bugs  out  of  the 
software?  He  can  throw  extra  people  on  the  job,  but  that  will  probably  only  make 
matters  worse.  Software  projects  tend  to  react  badly  to  the  "Mongolian  horde" 
approach  often  favored  by  the  Soviets.  The  detailed  enterprise  level  software 
transactions  cannot  be  managed  by  politicians. 

This  problem  affects  the  diffusion  of  technical  R & D to  production  enterprises 
in  general.  Software  is  an  extreme  case  because  it  is  so  difficult  to  manage  under 
any  circumstances.  One  mechanism  that  has  evolved  to  facilitate  technical  work 
is  the  emergence  of  very  large  enterprises  and  research  institutes  that  are  capable 
of  handling  most  of  their  own  needs  in-house.  Thus  one  finds  many  enterprises  who 
own  and  operate  computing  facilities  entirely  on  their  own.  This  is  basically  a 
defensive  reaction  that  improves  local  viability  in  the  hostile  ministry/Party  environ- 
ment. Globally,  the  wide  distribution,  limited  use,  and  hoarding  of  scarce  resources, 
particularly  personnel,  in  bloated  organizations  is  counterproductive.  The  Party  and 
government  do  recognize  this  and  have  shown  themselves  prepared  to  give  up  some 
control  to  obtain  increased  efficiency  in  innovation.  Most  of  these  changes  have 
related  to  highly  technical  R & D matters  over  which  they  have  had  little  effective 
control  anyway.  Changes  include  the  already  discussed  corporal  ion -I  ike  associations 
and  R & D contract  work,  and  also  reforms  in  innovation  incentives  and  prices  for 
new  products.  This  represents  progress  and  will  help  the  development  and  diffusion 
of  software.  It  still  falls  far  short  of  the  systemic  advantages  enjoyed  by  the  US 
software  industry. 

In  summary,  the  Soviets  have  made  considerable  progress  in  removing  limita- 
tions due  to  hardware  availability,  some  progress  as  a result  of  changes  in  priorities, 
and  as  yet  relatively  little  progress  in  overcoming  an  assortment  of  complex  systemic 
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problems  that  affect  the  development  of  software.  Consequently,  the  USSR  will 
have  to  continue  to  borrow  from  foreign  software  technology,  and  it  is  now  better 
equipped  and  motivated  to  do  so. 
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A MARTINGALE  THEORY  OF  RANDOM  FIELDS 
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ABSTRACT . With  a likelihood  ratio  problem  as  a focal  point,  recent 
development  in  the  theory  of  martingales  and  stochastic  calculus  for  two 
dimensional  random  fields  is  reviewed. 

I . INTRODUCTION . By  a random  field  we  shall  mean  a stochastic  process 
{X  , t e T}  with  a multidimensional  parameter  set  T.  In  this  paper  we  shall 
outline  a theory  of  martingales  and  stochastic  integration  for  random  fields 
with  a two-dimensional  parameter,  and  in  the  process  review  the  recent  develop- 
ments in  this  area. 

For  the  one  dimensional  case,  a martingale  is  defined  as  follows:  Let 
vrf , 0 _<  t < T}  be  an  increasing  familty  of  o-fields.  A stochastic  process 
Mt  is  said  to  be  an  9^-martingale  if 

(1.1)  E(M  |QT)  = M a.s.  for  all  s > 0 
or  equivalently  Mt  is '^-measurable  for  every  t and 

(1.2)  E(M  - MjCT)  = 0 a.s.  for  all  s > 0. 

t+s  t 1 -'t  — 

Observe  that  since  Mt  = E(MT|0£),  martingale  theory  is  essentially  a theory  of 
the  dynamics  of  which  in  applications  has  the  interpretation  of  being 

the  information  dynamics.  Furthermore,  (1.2)  is  an  expression  of  a quasi- 
independence for  forward  increments,  and  this  fact  is  responsible  for  a mar- 
tingale calculus  with  both  simplicity  and  power. 


The  motivation  for  the  two  dimensional  case  is  similar,  though  not  at 
first  glance.  For  example,  since  the  parameter  is  now  no  longer  identified 
as  time,  it  is  not  clear  as  to  where  the  "dynamics"  comes  from  and  why  it  is 
important.  To  make  the  motivation  explicit,  consider  a specific  information 
processing  problem  involving  two-dimensional  data  described  as  follows: 

Suppose  that  a random  field  n is  observed  for  t = (t  ,t  ) on  a rectangle 
T = [0,T^]  x [0,T^].  We  want  to  decide  between  the  two  hypotheses: 

Hq  : r|  is  a Guassian  white  noise 

H1  : n = S + 4 where  S is  a random  signal  and  £ is  a Guassian 
1 white  noise  C 1 

From  the  Neyman-Pearson  lemma  we  know  that  the  statistic  that  we  need  to  compute 
is  the  likelihood  ratio 


(1.3)  L = Eq  (J|^  |nt,  t e T) 

where  and  are  the  probability  measures  under  H and  respectively  and 
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-p=r  is  the  Radon-Nikodym  derivative  of  ^-Pw.r.  t.  <-P).  The  problem  has  now  been 
d^Pg  v 

reduced  to  one  of  finding  an  explicit  expression  of  L as  a functional  of 
{ rit , t e T},  and  finding  an  effective  means  for  computing  it. 

If  is  a deterministic  signal  then  it  is  not  difficult  to  show  that 
L is  given  by 

L = exp  {/  st  nt  dt  - / St2  dtj 

where  the  white  noise  integral  is  easily  defined  as  a Wiener  integral.  If 
S is  a Gaussian  process,  then  an  expression  for  L can  be  derived  using  either 
tf.e  Karhuven-Loeve  expansion  or  reproducing  kernel  Hilbert  space  techniques. 
The  resulting  formula,  however,  does  not  lend  itself  to  efficient  computation. 
In  the  general  case  where  S is  random  and  non-Gaussian  no  expression  for  L 
was  known  until  one  was  derived  using  martingale  techniques.  [5] 


II.  THE  ONE-DIMENSIONAL  CASE  . To  see  why  martingale  theory  is  useful 
for  the  likelihood  ratio  problem,  consider  the  situation  in  one  dimension. 

We  can  use  the  same  problem  description  and  retain  the  same  notation.  The 
only  difference  is  that  t and  T are  now  one-dimensional.  Define 


Lt  = Eo  (^^t) 

where^^T  = o(n  » 0 _<  s _<  t}.  It  is  clear  that  the  likelihood  ratio  L is  just 
L^,  and  ihat  L Sis  a ) martingale.  Hence,  the  likelihood  ratio  has 

been  embedded  In  a martingall. 


The  results  in  the  one-dimensional  case  can  be  summarized  as  follows:  Let 
Y be  a Brownian  motion  process  defined  by  Y = /cn  dt.  Then  satisfies  the 
integral  equation.  0 

t 

(2.1)  L.  = 1 + / L S dY 

t Q T T T 

which  in  turn  can  be  solved  to  yield  the  explicit  formula 

(2.2)  Lfc  = exp  |/  §T  dYT  “ I / § \ dtj 

In  both  of  these  equations  the  integral  involving  Y is  defined  as  an  It^ 
integral,  and  S is  defined  by 

(2.3)  St  * E(St^t) 

That  is,  §t  is  just  the  causal  estimator  of  the  signal  given  the  observation. 

The  equations  (2.1)  and  (2.2)  are  interesting  from  many  points  of  view, 
some  of  which  can  be  summarized  as  follows: 


(a) 


(2.4) 


The  likelihood  ratio  L is  given  by 
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where  T appears  only  as  the  end  point  in  the  integrals. 

(b)  The  problem  of  computing  L has  been  reduced  to  the  filtering  problem 
of  computing  3^. 

(c)  Since  (2.1)  implies  that 
dLt ' Ltst  "t 

L can  be  recursively  computed  whenever  §t  can  be  so  computed. 

(d)  Even  though  L itself  involves  no  dynamics,  the  expression  (2.4)  for 

L was  obtained  only  because  the  problem  was  embedded  in  a dynamical  formu- 
lation. 

III.  TWO-PARAMETER  MARTINGALES  AND  STOCHASTIC  CALCULUS.  Our  obejctive 


is  to  obtain  likelihood  ratio  formulas  similar  to  (2.1)  and  (2.2)  for  the  two 
dimensional  case.  The  experience  in  the  one-dimensional  case  suggests  that 
what  we  need  is  a theory  of  martingales  and  stochastic  calculus  which  takes 
full  advantage  of  the  white  noise  sturcture. 

Let  C be  a white  Gaussian  noise  with  a two-dimensional  parameter,  so 


(3.1) 


EC  4 = 6 (t-s)  = 6 (t  -s  ) 5 (t_-s  ) 

t s II  l l 


Let  R+  = {t  :0  £ t,  <"  0 _<  t,  <°°}  denote  the  positive  quadrant  of  the  plane. 

For  a Borel  set  A in  R~  consider 

(3.2)  W(A)  = / C dt 

A c 

The  set-parameterized  process  W is  Gaussian  with  zero  mean  and 

(3.3)  EW(A)  W(B)  = Area  (A  fl  B) 

We  shall  call  W the  standard  Wiener  process  with  a two  dimensional  parameter. 

2 

For  a pair  of  points  t and  s in  R+  define  a partial  ordering  by 

t >•  s <=^  t^  _>  and  c2  — s2 

A family  of  0-fields  t e R^l  is  said  to  be  increasing  if 

t > s 

Given  an  increasing  family  of  o-fields  , a process  t e R^}  is  said  to 

be  an  TT-roart ingale  if 


(3.4)  t>s  E(Mtir^)  = Mg  a . s . 


This  definition  generalizes  (1.1).  M is  said  to  be  an  adapted  weak  martingale 
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if  Mt  is  ^-measurable  for  each  t and 

(3.5)  t > s -=>  E[M. 


+ " 0 


a.  s. 


where  t&s  = (t^.Sj).  This  definition  generalizes  (2.2).  A martingale  is 
always  an  adapted  weak  martingale  but  the  converse  need  not  be  true.  [1] 

Let  W be  a standard  Wiener  process  and  let  t e R^}  be  an  increasing 

family  of  o-fields.  Let  At  denote  the  rectangle  {s  : s e and  s < t},  and 
consider  the  process  = W(A  ).  Wt  is  an ’^-martingale  if  W^  is  ^^T-measurable 
for  every  t and  W(A)  is^yF  independent  whenever  AHA  = <f>.  We  shall  denote 
this  situation  by  saying  Ihat  {W^,^^,  t e is  a Wiener  process. 


In  one  dimension  the  stochastic  calculus  associated  with  a Gaussian 
white  noise  is  based  on  the  Ito  integral.  A rather  strightforward  generalization 
of  the  Ito  integral  for  the  two  dimensional  case  can  be  used  to  define  integrals 
of  the  form 


/ W(dt) 

A 

where^  is  a measurable  process  adapted  to  and  square-integrable  with  respect 

to  <rP*  dt.  Roughly  speaking,  the  integral  is  the  limit  of  "forward  difference" 
approximations  £ ijj(t  ) W(At  ) where  At  is  an  incremental  area  with  points  s '>■  t. 
v 

Analogy  with  the  one  dimensional  case  suggests  the  following  questions: 


(a)  Martingale 
If  we  defi 

(3.6)  Mt  = MQ  + / U»sW(ds) 


If  we  define  a process  M by 


then  is  M a martingale?  The  answer  is  yes. 

(b)  Completeness 

Let  be  generated  by  the  Wiener  process  W,  i.e.,  % = o(W  , s < t), 

and  let  M be  a square- integrable’^T.  martingale.  Is  M^necesslrily 
of  the  form  (3.6)?  The  answer  to  this  question  is  no.  In  general, 
we  need  stochastic  integrals  of  a second  kind 

(3.7)  / iji  , W(ds)  W(ds’) 

\ * At 

whose  definition  and  details  of  the  completeness  result  can  be  found  in  [2]. 

(c)  Closure 

Let  be  a process  of  the  form 

(3.8)  Xt  = XQ  + / 6s  ds  + / <|»s  W(ds) 

At  At 

+ { ip  t W(ds)  W(ds’) 

At*\  8,3 


4/tt 


: 


and  let  f be  a smooth  function,  is  f(Xt)  again  of  the  form  (3.8)? 
Once  more,  the  answer  is  no.  To  achieve  closure,  we  need  mixed 
integrals 


\ x At 


s,s 


W(ds)  ds'  and  / 6 


At  ^ At 


s,s 


ds  W(ds') 


which  are  defined  in  [4].  The  closure  result  is  in  the  form  of  a 
differentiation  formula  and  is  given  in  [6], 

IV.  LIKELIHOOD  RATIO  FORMULAS.  Let  us  return  to  the  problem  of  deter- 
mining the  likelihood  ratio  L as  defined  by  (1.3).  Let 

(4.1)  Y = / n ds 

* \ 8 


Then  under  ^ is  a Wiener  process.  Let  = o(Yg,  s < t)  and  define 

(4-2>  lt  - Eo{fp  Wyt} 

0 


The,  L 
[3] 

(4.3) 


where  S, 


is  a martingale  and  the  completeness  result  yields  the  formula. 


L = 1 + / S(t I x)  L Y(dr) 
t ; t 

At 

+ / R(t , t ' | tvt ' ) L Y (dr ) Y(dt') 

At  X At 

R and  tvt'  are  defined  as  follows: 


(4.4)  S(r|t)  - E(ST|^ryt) 

(4.5)  R(T.T'lt)  - E[STST,|C£e] 

- p(t,t' |t)  + S (x  1 1)  S(t' |t) 

(4.6)  tvt'  = (max(T1  t^),  max(T2  t^)) 

Equation  (4.3)  is  an  integral  equation  for  Lfc  which  generalizes  (2.1). 

In  [5]  the  integral  equation  (4.3)  was  solved  to  yield  the  following  explicit 
formula  for  Lt: 

(4.7)  L * exp/  / S(t|t)  Y(dr)  - / S2(t|t)  dr 

l At  Afc 

+ / p(t,t'|tvt')  [dY  -S (t | tvt  * ) d t ] [ d Y , — S ( t * | tvt ' ) ] 

* ..  i * 1 
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1 

2 


J J p (t,t' |tvt')  dt  dT 

Z A x A 
t t 


') 


Equation  (4.7)  is  a full  generalization  of  (2.2),  and  our  objective  is  attained. 


Equations  (4.3)  and  (4.7)  show  that  the  problem  of  computing  the  likelihood 
ratio  can  be  reduced  to  that  of  computing  S and  p.  Once  again  the  hypothesis 
testing  problem  is  reduced  to  a filtering  problem.  If  S is  Gaussian,  then  the 
covariance  p is  necessarily  a deterministic  function,  and  if  S can  be  computed 
recursively,  then  so  can  L.  In  [7]  such  a recursive  procedure  for  computing  S 
is  given. 
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OPTIMIZATION  OF  THE  MEMORY  CAPACITY  OF  A STORE  AND  FORWARD  RELAY* 
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ABSTRACT 

It  is  shown  that  an  array  transmitting  fixed  format  messages  at 
random  over  several  channels  to  a single  data  relay  can  be  modeled 
as  an  appropriate  queue.  Bounds  for  the  system  characteristics  are 
calculated  for  a wide  variety  of  traffic  conditions  and  compared  with 
other  models.  In  particular,  the  percentage  of  messages  lost  is 
expressed  as  a function  of  the  finite  memory  length  and  the  ratio 
of  the  mean  arrival  and  service  times. 


*This  research  was  supported  under  the  In-House  Laboratory  Independent 
Research  program. 

**The  authors  of  this  paper  presented  it  at  the  23rd  Conference  of 
Army  Mathematicians. 


1.  Introduct ion 

The  problem  to  be  considered  Is  as  follows:  A data  relay  under 
design  is  to  be  used  in  a proposed  field  artillery  acoustic  location 
system.  In  this  system  acoustical  sensors  are  distributed  in  an  array 
at  known  positions  beyond  the  forward  edqe  of  the  battle  area  (FE8A). 

The  time  of  arrival  and  possibly  other  signal  characteristics  of  an 
acoustic  siqnal  qenerated  by  an  explosion  are  transmitted  in  a fixed 
format  message  from  the  sensors  to  a central  processing  unit  on  the 
friendly  side  of  the  FFBA,  which  then  evaluates  the  location  of  the 
enemy  artillery  and  time  of  firing.  At  extended  ranqes  a relay  is  nec- 
essary. Great  emphasis  is  placed  on  minimizing  the  weight  and  volume 
of  the  relay  as  it  must  be  implanted  not  only  by  land  or  aircraft  but 
also  possibly  delivered  by  artillery  shell.  In  addition,  the  smaller 
the  size  of  the  relay  the  lower  the  chances  of  detecting  it. 

Several  (say  N)  transmission  channels  from  the  sensors  to  the  re- 
lays are  required  in  order  to  minimize  radio-frequency  overlap  and 
consequent  loss  of  the  message  at  the  receiving  antennas  of  the  relay. 

In  passing,  we  mention  that  a similar  problem  occurs  in  the  possible 
overlapping  of  acoustic  signals  received  at  a single  sensor  and  also 
In  the  RF  message  overlap  at  the  CPU.  These  two  problems  can  be  treated 
analogously  and  the  percentage  loss  of  messages  calculated,  although  we 
do  not  do  that  here. 

At  the  relay,  the  N channels  are  electronically  scanned  and  their 
contents  merged  into  a single  memory  queue  of  length  K.  Effectively, 
this  procedure  can  be  considered  to  be  instantaneous  relative  to  the 
time  scale  we  are  concerned  with.  The  messaqes  are  then  selected  in 
accordance  with  some  queueing  discipline,  say  FIFO',  time-tagqed,  error- 
coded  and  r*.  t ransmi  t ted  as  another  fixed  format  message.  Thus,  the 
service  time  is  deterministic.  Our  liosic  concern  is  to  determine  the 
number  (or  percentage)  ot  rrc^ivcii  ' r.'S  w.iich  are  ior-t  >'farr»  re- 
transmission because  of  the  finite  storage  capacity  of  the  relay. 

2.  Formulation  of  Problem 

We  now  formulate  the  problem  more  carefully.  The  nomenclature  we 
will  use  is  standard  in  the  literature  on  queueing  theory. 

First,  we  postulate  that  the  number  of  messages  arriving  per  unit 
time  at  each  channel  follows  a Poisson  distribution  with  mean  arrival 
rate,  b.,  per  unit  time.  (This  is  equivalent  to  stating  that  the  inter 
arrival  times  are  distributed  exponent ia I ly  with  averaqe  time  between 
arrivals  equal  to  I /b ; (sec  £lj  pages  23-2-3  tor  a proof).  Further, 
consider  the  N independent  channe  i sources  of  Passages  where  for  chan- 
nel i the  mean  number  of  messages  per  unit  time  is  bj.  It  can  be  proved 
that  the  simple  queue  formed  by  merging  the  input  from  each  of  the  N 


* First  in,  first  out.  See  Section  4 after  equation  (7)  for  discussion 
of  queueing  discipline. 
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sources  is  also  Poisson  with  parameter  b = b|  + b2  + . ..+  bn.  See  C 2]  for 
a proof. 

Thus,  we  can  now  formulate  our  mathematical  model  as  a single  queue 
(I)  with  exponential  arrivals  (M)  at  the  memory  bank  having  a finite 
storage  capacity  (K)  and  a fixed  deterministic  service  time  (0),  the 
retransmission  message  length. 

In  standard  notation,  it  is  an  M/o/l/K  queueing  model.  We  comment 
on  this  notation.  In  general,  the  entries  in  the  first  and  second  spaces 
designate  the  arrival  ano  service-Time  distributions  resDect i ve I y . The 
entry  in  the  third  space  gives  the  numper  of  parallel  service  channels, 
and  the  last  entry  signifies  the  maximum  queue  capacity. 

For  later  use,  we  give  the  Poisson  and  exponential  frequency  distri- 
butions, their  means  and  variance  in  Figure  I. 

3.  The  General  Approach 

We  have  been  unable  to  find  a treatment  of  the  specific  model  M/D/l/K 
in  the  literature  and  leave  its  analytic  investigation  to  a future  time. 
Instead,  we  will  study  the  statistics  of  three  other  mathematical  models: 
M/M/l/oo,  M/M/l/K,  and  M/D/l/oo.  We  show  the  relationship  among  those 
models  and  M/D/l/K  as  a function  of  queue  capacity  and  service  frecuencv 
distribution  in  Fi cure  2.  The  reason  we  study  these  models  is  that  their 
important  statistical  properties  have  oreviously  been  decuced  and  they  re 
"neighboring"  models  of  M/D/l/K.  In  particular,  we  shall  focus  on  the  oueue 
M/M/l/K  because  it  is  a general  rule  of  queueing  theory  that  when  a determi- 
nistic parameter  is  replaced  by  a probabilistic  parameter  things  "get  worse" 
See  Klei nrock  [2^,  pp.  163,  191  for  a general  discussion  and  some  specific 
examples.  In  our  case,  the  determi n i st i c serving  rite  m with  variance  ;ero 
of  the  queue  M/D/l/K  is  replaced  by  the  exponential  serving  rate  wirh  .pan 
also  equal  to  m,  but  with  variance  equal  to  that  of  the  model  M/M/l/K.  See 
Figure  3. 

Therefore,  the  results  we  obtain  from  the  M/M/l/K  model  are  conserva- 
tive and  will  place  an  upper  bounq,  for  example,  on  the  percentages  of 
messages  lost  tor  specified  values  of  the  data  storage  capacity.  For 
utility  and  in  order  to  determine  the  sensitivity  of  cur  model,  we  eval- 
uate the  model  statistics  for  a wide  range  of  the  par. .meters,  r and  K. 

Here,  K has  been  defined  previously  and  r is  tne  trjffic  intensity 
r ■ b/m,  ( I ) 

where  b is  the  mean  arrival  rate  and  m is  the  mean  service  rate. 

In  section  4,  we  perform  the  analysis  and  summarize  the  results.  In 
section  5,  we  apply  our  results  and  comment  on  the  need  for  field  reasure- 
ments  to  validate  the  modei  and  estimate  the  parameters.  We  conduce  wi*h 
j remark  c-.  the  usefulness  of  powerful,  modern  simulation  techniques  now 
avai table. 
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4 . Analysis 

We  list  in  Figures  4-6  the  relevant  statistics  of  the  three  queue 
models  M/M/l/oo,  M/M/l/K,  and  M/D/l/oo.  The  eauations  have  been  extracted 
from  references  D,2j,  which  also  contain  the  derivations  of  these  formulas. 
Some  comment  on  the  notation  used  is  necessary,  we  define  pn  as  the 
probability  of  having  n messages  in  the  system  (aueue  plus  server),  rather 
than  the  queue  alone,  as  is  done  in  some  texts.  The  important  queue 
parameter  r - the  traffic  intensity  - i s as  defined  in  eouation  (I)  of 
section  3.  The  number  of  messaqes  in  storage  fluctuates  of  course. 

LQ  is  the  average  numoer  in  the  aueue,  L tne  average  numoer  in  the  system, 
and  is  the  variance  of  the  number  in  the  sysTem  from  its  mean  value  L. 

Examination  of  Figures  4-6  provides  some  useful  insights.  It  is 
surprising,  perhaps,  how  simple  the  statistics  are  for  the  infinite  single- 
server  queue  with  exponential  arrivals  and  service  (Figure  4).  It  is  as 
though  the  variance  of  the  server  rate  absorbed  much  of  the  variance  of 
the  arrival  rate  so  that  all  statistics  can  be  expressed  conveniently  in 
terms  of  the  traffic  intensity.  Even  when  the  aueue  length  is  restricted 
to  be  finite  (Figure  6),  the  eauations  are  in  closed  form  and  although 
more  complicated  are  still  relatively  simple.  However,  when  we  consider 
the  infinite  s i ng I e-server  queue  with  exponential  arrivals  out  deterministic- 
fixed  serving  rate  (Figure  5),  M/D/l/oo,  the  "mismatch"  causes  difficulty. 
Note  that  the  formula  for  pn  becomes  ever  larger  and  unwieldy  as  n increases. 
Thus,  although  there  may  exist  formulas  for  pn  in  the  correspond i nq  mocel 
of  finite  queue  lengTh,  M/D/l/K,  they  are  likely  to  be  so  complicated  that 
approximation  methoas  would  probably  be  necessary  in  this  eventual iTy. 

In  section  3,  we  stated  that  introducing  randomness  (variance)  makes 
things  (aueue  statistics)  worse.  Here  we  clarify  this  statement.  Follaczek 
and  Khintchine  , (PK)  have  proved  the  following  theorem  flj,  pp.  225-223): 

For  an  infinite  single-server  queue  with  exponential  arrival  di str ituT ion 
(M)  and  general  service  distribution  (G),  f'/G/l/oo,  the  average  number  in 
the  system  (L)  is 

L - r + (Cr2  + b2s2)/2(l-r))  (2) 

Here  L,  r,  and  b are  as  previously  defined.  The  auantity  sv  is  the  variance 
of  the  general  frequency  distribution  characterizing  the  service.  If  we  set 
G equal  to  0 (i.e.  a fixed-deterministic  service  rate)  then  sv  is  ecua!  ro 
zero  and  (2)  becomes 

L = r + (r2/  2(l-r)  ) (3) 

Combining  equations  (I)  and  (2)  of  Figure  5 gives  exactly  (3)  above.  If 
we  let  G equal  M (i.e.  an  exponential  service  rate)  then  from  {6)  of  Figure  I 

sj  - I/m2  (4 ) 


a,  - • ;• 


. 


Inserting  (4)  in  (2)  and  using  (I)  gives  exactly  equation  (3)  of  Figure  4: 

Thus,  we  have  verified  the  validity  of  the  (PK)  general  formula  for 
the  special  cases  M/D/l/oo  and  M/M/l/oo.  In  general,  equation  (2)  states 
that  adding  variance  to  the  serving  process  increases  the  average  number 
in  the  system  by  b2  s.,  /2  (l-r).  From  (2)  and  (3)  of  Figures  4 and  (I) 
and  (2)  of  Figure  5 we  also  see  directly  that 

Lq  (M/D/l/oo)  = i Lq  (M/M/l/oo), 

L (M/D/l/oo)  = (I  " j-  ? L (M/M/l/oo), 

o < r < I 

If  we  now  consider  M/D/l/K  and  M/M/l/K,  the  two  analogous  models  with 
finite  system  capacity  K,  then  we  are  persuaceb  by  the  prior  discussion 
that  it  is  more  likely  that  the  Kth  slot  of  the  latter  model  will  be 
occupied  than  the  Kth  slot  of  the  first,  that  is 

pk  (M/M/l/K)  > pk  (M/D/l/K) 

Suppressing  the  common  queue  attributes,  we  abbreviate  the  above. 

pk  (M)  i pk  (D)  (3) 

We  are  particularly  interested  in  py  for  the  following  reason.  Cur 
major  interest  is  to  determine  the  average  number  on  percentage  of  rressages 
lost  as  a function  of  the  traffic  intensity,  r,  and  the  maximum  system  cacuoty 
K.  To  find  this,  we  must  determine  the  probability  of  an  arriving  message 
finding  the  queue  filled.  When  we  multioly  this  by  the  average  arrival 
rate,  b,  we  obtain  bbk>  the  exoectod  number  of  messages  which  arrive  at 
a filled  queue  and  are  not  sTorea . Finally,  if  we  divide  this  last 
quantity  by  the  average  arrival  rate  b,  we  obtain  the  frac'on  of  messages, pk, 
lost  on  the  average  (LS).  For  the  model  M/D/l/K,  we  writ 

LS  (D)  = Pk  (D).  (6) 

Then  from  (5) 

LS  (D)  < pk  (M).  (7) 

This  is  our  key  equation.  It  should  be  noted  that  although  we  have  speci- 
fied a FIFO  queue  disciple  in  section  I,  it  is  not  necessary  to  do  so 
for  our  limited  purposes.  If  the  queue  is  tilled  and  a new  message  arrives 
it  is  irmateria!  to  us  if  this  message  is  lost  or  another  message  is  dis- 
placed from  the  queue.  An  alternate  queueing  discipline  savs  FILO  ~ first 
in,  last  out  - wculd  vield  the  same  pk  but  different  waiting  time  stuTistics. 

We  are  not  concerned  with  this  latter  p'-oblem  here. 

From  equations  (I)  and  (2)  of  Figure  6 we  can  compute  Pk<M)  as  function 
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of  r and  k.  we  have  done  this  for  o S r £ I and  k = 1 ,2,***,  10,  1 5, 20,40. 

Our  results  are  shown  in  graphical  form  in  Figure  7.  |n  addition  to 
numerical  values  the  graph  serves  to  determine  the  sensitivity  of  any 
one  variable  to  variations  in  the  other  two.  For  more  precise  calculations, 
the  formula 


p'k  = (l-r)  rk  / (l-r  k+') 


(8) 


may  be  used. 


5.  Implementation,  Final  Comments 

It  is  possible  to  use  eauation  (7),  (8)  and  Figure  7 in  a variety  of 
ways  for  design,  planning  or  operational  purposes.  For  example,  we  give 
one  design  scenario.  Suppose.  that  as  a result  of  field  manuevers  ana/or 
war-gaming,  it  is  determined  that  on  the  average  20  message/’sec  win 
arrive  at  the  relay  queue, and  the  restrictions  on  tne  contents  of  The  fixed 
format  retransmission  message  permit  36  messages/sec  to  be  sent.  Further, 
it  is  required  that  no  more  than  5J  of  the  messages  be  lost  due  to  memory 
overflow  at  the  relay,  otherwise  the  total  system  performance  will  be  de- 
graded. what  should  the  minimal  data  storage  capacity  (k-l)  at  the  relay 
be?  From  the  above 

r = b/m  = 20/36  = .555, 

pk  = .05. 

Then  from  Figure  7,  k = 4. 

Thus,  3 is  a conservative  estimate  of  the  number  of  memory  slots  for  the 
specified  r and  pk. 

We  close  with  two  final  comments.  First}  it  is  only  by  careful 
field  test  and  war-gaming  based  tan  appropriate  scenarios  that  The  M/D/i/K 
model  we  have  postulated  can  be  validated  and  the  value  of  b,  the  n?un 
Poisson  arrival  rate  determined.  Second;  regardless  of  the  type  of 
frequency  distribution  of  arriving  messages  which  is  ultimately  determined 
to  be  valid,  modern  simulation  techniques  on  high  speed  computers  are  now 
available  to  calculate  the  requisite-  queue  statistics.  Shannon  (3)  in  a 
recent  text  includes  chapters  on  event-or i ented  discrete  simulation 
techniques  (appropriate  for  aueueing  problems)  :nd  design  of  computer 
experiments.  Pritsker  («•)  has  proouced  a Fontran-based  simulation  language, 
GASP  IV.  quite  suitable  for  queueing  models.  Here  we  have  used  an  analytic 
approach. 
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Poisson: 


Pn  - bn  exp(-b)/n( 


0) 


The  mean  n ■ b » and 
2 

The  variance  s ■ b 


(2) 

(3) 


Here  Fn  is  the  probability  of  n arrivals  in  a time  interval  of 
unit  length,  n being  a non-negative  integer.  The  distribution  is 
discrete. 


Exponential: 

f (t)  • m exp  ( - mt) 

The  mean  t ■ 1/  m and 

2 2 

the  variance  s » l/m 


(<♦) 

(5) 

(6) 


Here  f (+)ls  the  probability  of  t being  the  time  between  successive 
arrivals.  T"e  distribution  is  continuous. 


Figure  1.  Poisson  and  Exponential  Distributions 
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FIGURE  3.  Neighboring  Queue  Models 


SERVICE 

DISTRIBUTION  EXPONENTIAL 

Mean  m 

Variance  m 


ARRIVAL 
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Traffic  Intensity: 


r ■ a/m 


where  a and  m 


are  the  mean  arriul  and  service  rates  respectively. 


0)  P„ 


0-r)rr 


0,1,2... 


(2)  Lq  - rV(l-r) 


(3)  L 


r/(l-r) 


<*>  S2  - r/(l-r2) 


FIGURE  4.  Statistics  of  Queue  M/M/l/oo 
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(1)  L * r2/2( l-r) 

P 

(2)  L = r + L 

P 

(3)  P = I - r , P . = ( I - D(er  - I) 

o * I 

(4)  P2  = (I  - r)(e2r  - er( I ♦ r)) 

(5)  p • (|  - r)  J-  (r2  + 2r)  + e2r( I - 2r)  + e3r 


= (I  - r){ 


(ir)n-i_l 
(n  - i - 1)1 


* Exclude  I = n In  second  term. 


Figure  5.  Statistics  of  Queue  M/D/l/*» 
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FIGURE  7.  FRACTION  OF  INPUT  MESSAGES  TO  QUEUE  M/M/1/K 
WHICH  IS  LOST  (Pk) 


Traffic  Intensity 
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